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@R August 21, 1959 Nikolai Nikolaevich Bogolyu- 
bov, one of our most prominent mathematicians 
and theoretical physicists, attains the age of fifty. 


N. N. Bogolyubov was born in the city of Gor’kil. 


His exceptional gift for mathematics was noted 
very early. Already in 1923 he took part in the 
seminar of Academician N. M. Krylov. In 1924 he 
wrote his first scientific paper, and next year, at 
the age of sixteen he became a graduate student 

in the faculty of mathematical physics of the Acad- 
emy of Sciences of the Ukrainian S.S.R. In 1928 he 
defended his candidate’s dissertation, and in 1930 
he was awarded the degree of Doctor of Mathe- 
matics honoris causa. 

At first Bogolyubov’s scientific and pedagogic 
activities took place in Kiev. There he worked in 
the Academy of Sciences of the Ukrainian S.S.R. 
and taught at Kiev University, where from 1936 
he held a chair, while between 1946 and 1949 he 
was the dean of the Mechanical and Mathematical 
Faculty. After his transfer to Moscow Bogolyubov 
became the head of the division of theoretical 
physics of the V. A. Steklov Mathematics Institute 
of the U.S.S.R. Academy of Sciences and became 
(beginning in 1956) the head of the Theoretical 
Physics Laboratory of the Joint Institute for Nu- 
clear Research. His pedagogic activity is con- 
tinued at Moscow University where he holds the 
chair of Statistical Physics and Mechanics. 

Bogolyubov is the author of approximately 200 
scientific publications on various problems of 
mathematics and theoretical physics. His impor- 
tant contributions to science are recognized not 
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only in the Soviet Union but also abroad. His books 
have been translated into many languages; his 
appearances at international conferences are in- 
variably greeted with interest. 

In 1947 Bogolyubov was elected corresponding 
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member of the U.S.S.R. Academy of Sciences, in 
1948 he was elected an active member of the 
Academy of Sciences of the Ukrainian S.S.R., and 
in 1953 he became an academician of the U.S.S.R. 
Academy of Sciences. He has also been awarded 
a doctor’s degree honoris causa by the Hyderabad 
University (India). 

Bogolyubov’s scientific and social activities 
have received high recognition by the Party and 
the Government. He was awarded a Stalin prize, 
and in 1958 he was honored with a Lenin prize. 

He was also awarded six decorations, among them 
two orders of Lenin. 

The first papers which gained Bogolyubov wide 
recognition were of a purely mathematical nature. 
Thus, a series of his early investigations had for 
its aim the study of the direct methods of the cal- 
culus of variations. One of the papers of this 
series! received the distinction of being awarded 
a prize by the Bologna Academy of Sciences (The 
Merlani prize). We should also note his impor- 
tant contributions to the theory of nearly-periodic 
functions,” to the theory of boundary-value equa- 
tions,’ and to the theory of dynamic systems‘ (to- 
gether with N. M. Krylov). 

During the period from 1932 to 1943 Bogolyubov, 
together with Academician N. M. Krylov, devel- 
oped the theory of nonlinear oscillations (“non- 
linear mechanics”). Nonlinear mechanics, which 
at the present time forms a division of mathemat- 
ical physics, has been to a large extent created by 
the papers of Bogolyubov and Krylov,4~? among 
which we should especially note the basic mono- 
graph’ which has received wide recognition in the 
leading countries of the world. These investiga- 
tions have important technical applications. The 
methods of solving problems in the theory of non- 
linear oscillations, developed by Bogolyubov and 
his pupils, have been described in a book!” written 
by him together with Yu. A. Mitropol’skil. 

Bogolyubov’s intensive scientific activity in the 
field of physics began in the postwar years. In his 
first papers on physics he applied the asymptotic 
methods developed by him earlier to problems 
in statistical mechanics. In particular, he inves- 
tigated in these papers the establishment of sta- 
tistical equilibrium in a system in contact with 
a heat bath.3 

The name of Bogolyubov is associated with 
methods of constructing distribution functions and 
kinetic equations in statistical physics.!! These 
methods are the most general ones of all those 
in existence. For these investigations and also 
for his monograph,? Bogolyubov was awarded the 
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distinction of being named a laureate of the Stalin 
prize, first class. He later generalized his deri- 
vation of the kinetic distribution functions to in- 
clude quantum statistics.” 

Bogolyubov proposed a method of approximate 
second quantization.'? In particular, this method 
(in an article together with S. V. Tyablikov!?) 
made it possible to give a consistent formulation 
of the polar model of metals due to S. Shubin and 
S. V. Vonsovskil. 

Bogolyubov is responsible for an important 
method in the theory of superconductivity. Already 
in 1947, in an article on the microscopic theory of 
superfluidity,!4 he showed that an imperfect Bose 
gas may possess the properties of superfluidity. 
In the course of this research, he developed the 
method of canonical transformations, which 
played an essential role in the development of the 
theory of superconductivity. In 1957 after the ap- 
pearance of the note by Bardeen, Cooper and 
Schrieffer (which communicated certain results 
of calculations carried out on the basis of the idea 
of the essential role played by paired interactions 
between electrons) Bogolyubov developed a con- 
sistent theory of superconductivity, using for this 
purpose the method of canonical transformations. 
He confirmed the point of view that superconduc- 
tivity may be treated as superfluidity of the elec- 
tron gas! 

This method was later developed in detail by 
Bogolyubov together with his pupils, and has been 
described in the monograph written together with 
V. V. Tolmachev and D. V. Shirkov.’® The new 
method turned out to be useful also for the inves- 
tigation of the properties of nuclear matter.'” The 
development of this method has led to the formula- 
tion of a variational principle which is a generali- 
zation of the well known Fock method in atomic 
physics.!8 

Bogolyubov has also made a fundamental con- 
tribution to quantum field theory. In an extensive 
series of papers he investigated, together with 
his pupils, the mathematical structure and the 
principles of causality and unitarity in quantum 
field theory. He developed (together with O. S. 
Parasyuk) a general theory of the multiplication 
of causal functions as applied to the regulariza- 
tion of the scattering matrix.!? Building upon 
these rules and upon a clearly formulated prin- 
ciple of causality, he gave a mathematically rigo- 
rous formulation of quantum field theory on the 
basis of perturbation theory. This work has been 
described in an original monograph written by him 
together with D. V. Shirkov.2” One can also include 
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among the same series of papers the articles on 
the renormalization group (also together with 
D. V. Shirkov”!), 

A second extensive series of papers by Bogo- 
lyubov on quantum field theory is devoted to the 
theory of dispersion relations. In this field, which 
is considered to be the most promising one in con- 
temporary quantum field theory, he is associated 
with the method of formulating dispersion rela- 
tions and with the first rigorous proof of the dis- 
persion relation for the scattering of mesons 
by nucleons. In the course of these proofs Bogo- 
lyubov investigated a number of subtle questions 
relating to the theory of generalized functions and 
to the theory of functions of many complex vari- 
ables. The method of dispersion relations is de- 
scribed in his monograph written together with 
B. V. Medvedev and M. K. Polivanov.”* This 
monograph is the only book in the world litera- 
ture devoted to dispersion relations. His work on 
the theory of generalized functions and on the . 
theory of dispersion relations has led to the cre- 
ation of a new direction of research in contem- 
porary quantum field theory.. It is specifically 
for his work on superconductivity and on quantum 
field theory that Bogolyubov was awarded a Lenin 
prize in 1958. 

Bogolyubov devotes much effort to the educa- 
tion of young scientists. He responds in a lively 
fashion and with great enthusiasm to each new 
interesting paper, to each new physical idea. He 
has brought into being schools of nonlinear me- 
chanics (in Kiev) and of theoretical physics (in 
Moscow). 

The editorial board of this journal expresses 
their hearty greetings to Nikolai Nikolaevich 
Bogolyubov and wishes him many years of health, 
happiness and significant creative attainments for 
the benefit of Soviet science. 
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The concurrent surface ionization of the alkali earth metals (barium, strontium, calcium, 
and magnesium) and an alkali metal (sodium) on incandescent tungsten was investigated 
with a mass spectrometer. The ionization coefficients were found to be significantly 
higher when oxygen was circulated over the tungsten. The results obtained are explained 
on the basis of the Saha-Langmuir theory. The specific character of the ionization of 
alkali-earth metals when the tungsten is oxidized is related to the evaporation of molecules 


of the oxides of these metals from the surface. 


Esme surface ionization was investigated 
thoroughly only for alkali metals. The experi- 
mental data agree in this case satisfactorily with 
the Saha-Langmuir theory.!~* The results of the 
relatively small number of investigations with the 
alkali-earth metals, which furthermore were not 
carried out under identical conditions, cannot be 
interpreted unambiguously. 

It was established by Starodubtsev and Timo- 
khina,°® who used a mass-spectrometric procedure 
to investigate concurrent surface ionization of 
magnesium and sodium, that the temperature vari- 
ation of the ion currents from pure tungsten cor- 
responds approximately to the Saha-Langmuir 
theory. However, the estimated ionization coeffi- 
cients for magnesium were found to be consider- 
ably higher than the theoretical ones. Morozov® 
in his experiments on barium observed no great 
deviations from the theory in the high-temperature 
region, while at low temperatures the results were 
affected by inadequate vacuum conditions. Along 
with this, Dobretsov, Starodubtsev, and Timokhina 
have observed, in an investigation of the ionization 
of calcium and magnesium on tungsten coated with 
a thin layer of oxides of these elements, unique 
phenomena which do not lend themselves to a 
simple interpretation. 

In our own paper® we cited several results of 
a mass-spectrometric investigation of the surface 
ionization of strontium, calcium, and manganese, 
results that found use in the measurement of the 
magnetic moments of nuclei by means of magnetic 
resonance in molecular beams.’ Further experi- 
ments have supplemented and refined these results 
and have made it possible to explain the mechanism 
of the phenomenon. The experiments were carried 
out with a mass-spectrometric detector of molec- 
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ular beams.!”? The measurement procedure is 
analogous to that described in reference 5. 

Typical temperature characteristics of con- 
current surface ionization of Ba, Sr, Ca, Mg, and 
the alkali metal Na, used for comparison, on a 
highly -incandescent tungsten filament, upon si- 
multaneous evaporation of the metals from vari- 
ous furnaces, are shown in Fig. 1. At filament 
temperatures ranging from 1600 to 2200°K, the 
logarithms of the ion currents of the investigated 
elements are approximately linear in 1/T, while 
the values of the effective work function of tung- 
sten, calculated by the Saha-Langmuir formula 
from the slopes of the lines, had a spread ranging 
from 4.6 to 4.8 volts for different elements and 
in different experiments. The coefficients of 
surface ionization, estimated from the values of 
the ion current, from the temperature of the 
calibrated-slit furnace temperature, and from 
the geometry of the instrument are of the same 
order of magnitude as the theoretical ones. Tak- 
ing into account the “spotty” structure of the sur- 
face of the metallic filament, the results obtained 
can be explained on the basis of the Saha-Langmuir 
theory. 

As is well known, a considerable increase in 
the coefficient of surface ionization for alkali 
metals can be attained upon oxidation of the tung- 


FIG. 1. Temperature 
characteristics of ion cur- 
rents from pure tungsten 
(i, amperes). 
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sten by increasing the work function. However, 
at temperatures above 1600°K, necessary for the 
evaporation of the adsorbed atoms of the alkali- 
earth metals, the oxygen film on the tungsten be- 
comes unstable. 

A considerable and stable increase in the ef- 
fectiveness of the ionization in the high-tempera- 
ture range is observed during continuous oxida- 
tion of tungsten in a stream of oxygen.® However, 
this method does not make it possible to compen- 
sate fully for the desorption of oxygen from the 
surface, owing to the partial destruction of the 
oxygen film by the oxygen molecules formed when 
the volatile tungsten oxide WO 3 interacts with 
this film.!! One can therefore expect that under 
increased oxygen pressure, the oxygen film on 
the tungsten and accordingly the work function 
will tend to limiting values, determined by the 
filament temperature. 

The dependence of the Na and Sr ion currents 
on the oxygen pressure in a system operating at 
constant filament temperature (Fig. 2) confirms, 
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FIG. 2. Dependence 
of the ion currents of 
Sr and Na on the oxy- 
gen pressure. 
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in general outline, this hypothesis. Certain re- 
ductions in the Na and Sr ion currents at T= 
1900°K in the high-pressure region can be natu- 
rally attributed to scattering of the atomic and 
ion beams by the oxygen. It is interesting that 
as the temperature of the filament drops, the 
curves for Sr, unlike those for Na, drop ever 
more rapidly with increasing pressure. This 
effect is particularly pronounced in the case of Ba. 
At a constant inflow of oxygen, the ion current 
of Na monotonically increases with diminishing 
temperature, reaching saturation at T < 1600° 
(Fig. 3). Thanks to the stability of the oxygen 
film on the tungsten at such temperatures, the 
cessation of oxygen flow no longer causes a re- 
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FIG. 3. Temperature depend- 
ence of the ion currents of Sr and 
Na from oxidized tungsten. Oxy- 
gen pressure p = 3.5 x 10-°mm. Hg. 


1500 1750 200 «*T,°K 


K. SZHENOV 


duction in the sodium ion current. The strontium 
ion current at T > 1800°K behaves similar to 
sodium in a qualitative way, but it drops sharply 
at lower temperatures. An analogous situation is 
observed for the other alkali-earth metals (Fig. 4). 


1600 1750 2000 


2250 1° 
FIG. 4. Temperature dependence of the ion currents of Ba, 


Sr, Ca, and Mg from oxidized tungsten. The oxygen pressure 
in mm. Hg. is indicated on the diagram. 


For an identical inflow of oxygen, the positions of 
the maxima of the ion currents are arranged in 
order of increasing atomic numbers of the ele- 
ments. As the oxygen pressure is increased, the 
maxima shift towards the higher temperatures. In 
the high-temperature region, beyond the maximum of 
the ion current vs.temperature curve, the ionization 
coefficients increase with inflow of oxygen to an 
equal degree for all of the investigated elements. 
The foregoing results have a natural explana- 
tion, if it is assumed that the Saha-Langmuir the- 
ory is applicable in the foregoing region of high 
temperatures. As the temperature is reduced 
from the maximum, the ion-current exhibits con- 
siderable inertia, as manifest by rapid variations 
of filament temperature or rapid variations of the 
intensity of the atomic beam. This inertia is due 
to the long lifetime of the atoms on the film. Fig- 
ure 5 shows curves of the logarithm of the time 
(in seconds), during which the ion current is re- 
duced by % after a sudden blocking of the atomic 
beam, vs. 1/T. Under these conditions, the sur- 
face ionization of alkali-earth metals assumes a 
clearly pronounced specific character. The sharp 
reduction in the ion current with decreasing tem- 
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FIG. 5. Temperature charac- 
teristics of the lifetimes of the 
atoms on the filament. The oxy- 
gen pressure Po, is indicated 
on the curves in mm. Hg. 
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perature (Figs. 3 and 4) and with increasing pres- 
sure of oxygen (Fig. 2), not observed for sodium, 
cannot be attributed to a reduction in the work 
function by the adsorbed atoms of the alkali-earth 
metals, for example, because an analogous situa- 
tion is observed at a very weak atomic-beam in- 
tensity and correspondingly at negligibly small 
equilibrium covering of the surface by the adsorbed 
atoms. Nor can we accept an explanation that 
brings into play the surface diffusion of the ad- 
sorbed atoms. If the coefficients of diffusion over 
the surface of the tungsten are taken into account,!? 
the time necessary to go beyond the limits of the 
effective section of the ionizer filament is several 
orders of magnitude greater than the mean life- 
times of the atoms on the filament. 

The most probable premise is that the peculi- 
arities of surface ionization of alkali-earth metals 
are due to a possible formation of molecules of 
the oxides of these metals on the surface, followed 
by evaporation of these molecules. Similar phe- 
nomena take place in surface ionization of rare- 
earth elements and actinides, where ions of the 
oxides are observed directly along with the atomic 
ions.!8-16 In our experiments, the ions BaO* and 
SrO* were observed when the ion source of the 
detector operated in a mode wherein volume ioni- 
zation of the gas molecules was produced by the 
electrons emitted by the filament. The formation 
- and evaporation of oxides should play an increas- 
ing role with increasing oxygen pressure and with 
decreasing filament temperature, leading to a de- 
crease in the yield of atoms from the surface. Re- 
taining the premises of the Saha-Langmuir theory 
as regards the surface ionization of the atoms, we 
can explain qualitatively the anomalous drop in the 
ion currents observed under these conditions for 
alkali-earth metals. 

In conclusion, I express my deep gratitude to 
Prof. V. Hartman for guidance in the initial stage 
of the investigation, to A. G. Kucheryaev and Sh. 
M. Gogichaishvili for help with the work, and to 
A. M. Romanov for valuable critical comments. 
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It is shown that the discrete energy losses of the electrons reflected from a CdO surface 
are determined by the CdO crystal structure. The spectra of the discrete losses in CdO 
and MgO, which have identical crystal lattices (face-centered cubic), are similar and 
their differences are due to differences in the lattice constants. The groups of genuine 
secondary electrons with discrete energies are produced in CdO by a single type of 
mechanism, which yields the aforementioned discrete electron energy losses. The maxi- 
mum value of the secondary electron emission coefficient for CdO is only 6max =1.25. 
The small magnitude of this quantity confirms an earlier suggestion regarding the depend- 
ence of édmax on the relation between the minimum discrete energy loss and the electron 


work function. 


INTRODUCTION 


Many investigations of the discrete electron 
energy losses lead to the conclusion that these 
losses are connected with the crystal structure 
of the given substance.'!~* Of all the substances 
investigated, the least definite results were ob- 
tained for MgO. As the energy Vp of the pri- 
mary electrons is increased, the peaks of the 
discrete electron energy losses in MgO become 
“smeared” and consequently less and less dis- 
tinguishable.®6 For MgO with a face-centered 
cubic lattice the structural factor for the (210) 
and (211) [also (110)] planes is zero, and no 
discrete losses with the corresponding energy 
values should be observed. However, we did 
observe energies close to these values.® It was 
therefore of interest to investigate the discrete 
electron energy losses in a substance analogous 
to MgO and having the same crystal structure. 
CdO was chosen for this purpose. 

It was also deemed interesting to verify with 
CdO the correctness of the relation, established 
for several substances, between the ratios of the 
values of the discrete electron energy losses to 
the work function, on the one hand, and to the 
yield of secondary electrons on the other.’ We 
investigated therefore the secondary electron 

emission of CdO. 

As far as we know, neither the discrete elec- 
tron energy losses nor the yield of secondary 
electrons from the surface of CdO have been 
investigated heretofore. 
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EXPERIMENTAL DATA 


A round plate was made of a piece* of CdO 
approximately 0.5 mm thick. After treatment 
with acid and alkali and subsequent washing in 
distilled water and pure alcohol, the plate was 
placed in the instrument. The construction of 
the vacuum instrument was similar to that used 
in reference 8. After prolonged training and de- 
gassing of the instrument, the pressure (meas- 
ured with an ionization manometer) prior to the 
sputtering of the getter and sealing of the instru- 
ment was less than 3 x 10°’ mm mercury. 

In the measurements of the electron energy 
distribution, the magnetic field of the earth was 
compensated for by two coils 1 m in diameter. 
The corresponding measurements were carried 
out at night, when the noise level was a minimum. 

Electrical differentiation in a spherical-capac- 
itor circuit! was employed to investigate the dis- 
crete energy losses of the electrons reflected 
from the surface of the CdO. Figure 1 shows 
the distribution of inelastically-scattered elec- 
trons, at several values of energy of the incident 
electrons, Vp> and at 250°C. All curves of 
Fig. 1 show distinct peaks of discrete energy 
losses. An analysis of the experimental curves 
displays more clearly the positions of the indi- 
vidual discrete-loss peaks. The dotted curves next 
to the experimental curves (Fig. 1) characterize 
the continuous background due to inelastic losses. 


*The CdO was graciously supplied by V. P. Zhuze, to 
whom we are most grateful. 
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FIG. 1. Energy distribution of inelastically 
scattered electrons, obtained for CdO at several 
values of V. and at t = 250°C. The peaks of 
elastically-rebounding electrons are drawn on a 
smaller scale. 
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The first four rows of the table list the values It can be seen from the table that the corre- 
of the discrete-energy losses, Vp-—Vk, which sponding experimentally-determined peaks of 
we obtained at the corresponding values of Vp. Vp - Vk are the same, within experimental accu- 
Line 5 shows the Miller indices h, k, and J, racy, for all energies of the incident electrons 
for which the values of the energy W were cal- investigated. The experimental values of the dis- 
culated with the following formula® crete electron energy losses, Vp-— Vk, are in 

pe Mx . good agreement with the values of W, calculated 
W = hh? (h? + R? + 1?) /8ma’, (1) ieee MCN? 

where m is the electron mass, a is the lattice To verify that the discrete losses obtained 
constant of CdO, and h is Planck’s constant. were due to electron transitions between bands,!*® 
These values are listed in line 6 of the table. we investigated the energy distribution of the true 


Values of discrete energy losses in CdO 
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secondary electrons. Figure 2 shows the energy 
distribution, obtained for the genuine secondary 
electrons by the method of electric differentiation, 
at several values of Vp. In all curves of Fig. 2, 
we See, apart from the principal maximum, also 
a bend that indicates the presence of a discrete 
group of genuine secondary electrons with an 
approximate energy of 14 ev. 

The secondary electron emission from CdO 
was investigated with the same vacuum instrument 
as used to determine the discrete energy losses. 


100 300 500 700 I00 1100 1300 1500 
FIG. 3. Curves 6 = £(Vp), obtained from the surface of CdO 
at t = 20°C (open circles) and t = 400°C (full circles). 


FIG. 2. Curves showing the energy distribu- 
tion of the genuine secondary electrons, obtained 
for CdO at several values of Vp and at t = 2502C 
(lower set of coordinates — for the curve at Vp = 30 v; 
middle set — for Vp = 50 v; upper set—for Vp = 100 v). 
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Since our sample of CdO had a relatively low re- 
sistance (p = 0.027 ohm-cm at room temperature), 
the secondary emission was investigated in the 
static mode. 

Figure 3 shows the curves 6=f(Vp), which 
characterize the dependence of the secondary- 
emission coefficient 6 on the energy of the inci- 
dent electrons Vp at 20° and 400°C. For CdO, 
the maximum value of 6 was found to be 1.25 at 
Vp = 500 volts. In the entire measured range of 
Vp, 6 varied very little with the temperature. 

To determine the character of the variation of 
the energy distribution of the secondary electrons 
with Vp, we plotted delay curves, I, /I, =f (Vx) 
for several values of Vp> at room temperature 
and at t = 400°C. The curves obtained for equal 
values of Vp but different temperatures were 
found to be identical. Figure 4a shows delay 
curves obtained for Vp = 150 volts (curve 1) 
and Vp = 500 volts (curve 2) at 400°C, while 
Fig. 4b shows the secondary-electron energy 
distribution curves obtained by numerical dif- 
ferentiation of the delay curves of Fig. 4a. 
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FIG. 4. a—delay curves, b—energy distribution of the 
secondary electrons (both for t = 400°C). Curves 1— Vp = 
150 v, curves 2 =Vo = 500 v. 


Curve 1 (Fig. 4a) is normalized so that its 
points in the range of positive V,_ coincide with 
the points of curve 2. 

It can be seen from Fig. 4b that the distribu- 
tions obtained at Vp = 150 and 500 v are prac- 
tically the same; the values of the most probable 
electron energies are also the same. 


DISCUSSION OF THE EXPERIMENTAL DATA 


The distributions of the inelastically-scattered 
electrons, obtained for CdO (Fig. 1), are similar 
in external appearance to the distributions ob- 
tained for MgO (reference 6), at lower incident- 
electron energies (Vp ranging from 30 to 40 v). 
Only the peaks of discrete losses on the CdO 
curve are shifted towards the region of lower 
values of Vp —- Vk compared with the MgO curve, 
because CdO has a greater lattice constant than 
MgoO. 

To compare the data obtained for MgO with 
those obtained for CdO it is necessary to recon- 
cile the values of the discrete losses Vp - Vk for 


MgO (reference 6) with the lattice constant of CdO. 


For this purpose, values of Vp—Vk [see Eq. (1)] 


must be multiplied by (4.:21/4.70)*, where 4.21 
and 4.70 are the lattice constants of MgO and CdO 
respectively. All the discrete losses we obtained 
for MgO (line 7 of the table), reduced in this 
manner, are in very good agreement with the 
discrete losses for CdO. 

Comparing the Miller indices corresponding 
to the values of discrete losses W in CdO (see 
table) with those previously obtained® for W in 
MgO, we note that they are in complete agree- 
ment with each other. Furthermore, two peaks 
were obtained for CdO, exactly as for MgO, cor- 
responding to the indices* (210) and (211), for 
which the structural factor is zero and the corre- 
sponding values, W=8.6 and 10.3 ev, should 
not be observed. The only values not noted in ref- 
erence 6 for MgO are W=4.3 ev and W = 34.2 
ev, corresponding to the indices (110) and (400) 
respectively. However, the value Vp'— Vk = 9¥, 
listed in Table 3 of reference 6, does correspond 
to W =4.3 ev, and the peak of the discrete losses, 
W = 34.2 ev, is seen on the curves obtained for 
Vp values of 50 and 100 v (Fig. 3 of reference 6), 
although it is not noted in the table. It is possible 
thus to assume that all the discrete losses ob- 
tained for CdO were also obtained for MgO. 
Leder, Mendlowitz, and Marton! established a 
correspondence between discrete energy losses 
and crystal structure for several substances. We 
observed the same correspondence between the 
discrete losses of GeO, and MoO,, which have 
an identical crystal structure.° Comparison of 
the data obtained for CdO and MgO confirms the 
connection between the foregoing discrete electron 
energy losses and the crystal structure of the 
given substance. 

It must be noted that the smoothing of the 
peaks of discrete losses with increasing energy 
of the incident electrons, which we observed for 
MgO, were not noted for CdO. As Vp increases 
the peak at Vp -Vk = 12v of the MgO distribu- 
tion curves becomes smoothed out, but the corre- 
sponding CdO peak at 9 volts, to the contrary, be- 
comes even more pronounced. As already pointed 
out in reference 6, the primary and secondary 
electrons lose their energy to phonon excitation 
as they are displaced in MgO. This leads to an 
ever increasing smoothing of the MgO peaks with 
increasing energy of incident electrons. The fact 
that the curves 6=f(Vp) for CdO do not change 
with the temperature (Fig. 3) indicates the ab- 
sence of losses to phonon excitation. Therefore 


*Table 3 of reference 6 contains an erroneous value (411). 
in column 6 instead of (211). 
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the peaks of CdO, unlike those of MgO, remain 
pronounced (unsmeared) with increasing Vp: 

We already noted that the energy distribution 
curves of the genuine secondary electrons (Fig. 2) 
have, in addition to the principal maximum, also 
an inflection point due to the peak of the ~ 14-ev 
genuine secondary electrons. It is natural to 
assume that groups of genuine secondary electrons 
with discrete energies appear in the substance 
during acts of inelastic interaction between the in- 
cident electrons and the lattice electrons of the 
solid, which lead to discrete energy losses of the 
incident electrons.!**® The curves showing the dis- 
tribution of the inelastically-rebounding electrons 
(Fig. 1) contain two most intense groups, for which 
the mean values of the discrete losses are 8.5 —9 
and 18 —18.5 ev. Apparently the second group of 
discrete losses causes the appearance of the afore- 
mentioned group of 14-ev genuine secondary elec- 
trons. The work function for CdO is found here to 
be approximately 4—4.5 ev. The first group of 
discrete losses (8.5 —9 ev) should cause the ap- 
pearance of a group of genuine secondary electrons 
with energies 4—4.5 ev. The peak due to a group 
of electrons with such energies would be located 
on the curve (Fig. 2) at the principal maximum, 
in the steepest portion of the distribution curve, 
where it is most difficult to detect. From the 
distribution curves for the inelastically-rebound- 
ing electrons (Fig. 1) it is seen that as the energy 
Vp of the incident electrons increases from 30 to 
100 ev, the intensity of the peak at Vp -Vk =9v 
increases. Consequently, the peak of the group of 
genuine secondary electrons, caused by this dis- 
crete loss, should also increase with increasing 
Vp within the indicated limits. This should lead 
to a corresponding increase in the ordinates of 
the distribution curves of the genuine secondary 
electrons with increasing Vp in the region of 
Vk =4—4.5 v. Figure 2 shows the shift of the 
principal peak of the true secondary electrons 
towards higher energies as Vp increases from 
30 to 100 v, in agreement with the foregoing con- 
siderations. 

Thus, the presence of a group of genuine sec- 
ondary electrons with the indicated energy values 
shows that the discrete losses in CdO are pro- 
duced by excitation of electron transitions be- 

‘tween bands. 

Proceeding now to a discussion of the CdO 
curves of the secondary-electron yield [6 =f (Vp) 
(Fig. 3)], the delay curves, and the distribution 
curves obtained at considerably differing values 
of Vp (Fig. 4), we note that they differ consider- 
ably from the corresponding curves obtained for 


MgO. Whereas the 6=f(Vp) curves obtained 
for CdO (Fig. 3) hardly vary as the temperature 
changes from 20 to 400°C, the curves for MgO 
drop considerably with increasing temperature. 
This means that the energy lost by electrons to 
phonon excitation is quite small in CdO and rela- 
tively large in MgO. 

The fact that the relative number of low-energy 
secondary electrons (Fig. 4b) fails to increase 
with increasing Vp up to Vp = 500 v, at which 
the 6=f(Vp) curve has a maximum, shows that 
in practice the energy lost by the secondary elec- 
trons does not increase with increasing Vp, in 
contrast with what takes place for Mgo.!! These 
two features of CdO, and also the small value of 
émax = 1.25 and the negligible variation of 6 
with Vp, indicate that the secondary electrons 
are emitted from a smaller effective depth than 
from MgO, and that this depth varies little with 
Vp. 

It was shown in several investigations that for 
a given substance the effective depth of emission 
of secondary electrons is independent of or hardly 
dependent on the energy of the primary electrons 
Vp, and remains constant over a wide range of 
the latter.!*-!° The research of Morgulis and 
Nakhodkin"* indicates here that: 1) at a given Vp, 

6 increases more rapidly with increasing film 
thickness for a more effective emitter (Sb —Cs, 
Omax = 10) than for a less effective emitter (Ge, 
Omax = 1.2), and 2) the effective depth is greater 
than 100 mp for Sb—Cs and 70 my for Ge. 

Let us try and determine the cause of the low 
value of the coefficient of secondary emission of 
CdO. It is known that the secondary electron 
emission is a complicated phenomenon, consisting 
of several processes. The principal processes are: 

1. Displacement of the primary electrons in the 
solid, accompanied by an energy loss to the excita- 
tion of the internal secondary electrons. 

2. Energy lost by the secondary electrons as 
they move in the solid, accompanied by possible 
formation of tertiary electrons. 

3. Emission of the secondary and tertiary elec- 
trons from the solid. 

Since CdO and MgO have an identical crystal 
structure and an identical mechanism of discrete 
losses, and have consequently an identical mech- 
anism of secondary-electron excitation, the first 
two of the above processes should not differ greatly 
for these substances. Obviously, the third process 
is very important in this case. The considerable 
difference in the coefficients of secondary emission 
of CdO and MgO is apparently due to the differ- 
ence in the probability of the emission of secondary 
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and tertiary electrons through the outer surfaces 
of these substances. 

This difference in the electron-emission prob- 
abilities can be explained by starting with the cri- 
terion that determines the secondary-emission 
probability as a function of the ratio of the least 
discrete-energy loss, (Vp - Vk)min; to the work 
function eg of a given substance.’ The secondary 
electrons which have energies E greater than 
(Vp -— Vk)min while inside the substance, will ex- 
pend their energy on phonon excitation as they 
move (losing an insignificant amount of energy, 
~kT, during each act of excitation and on the 
excitation of the lattice electrons losing thereby 
an energy not less than (Vp -Vik)min during 
each such process. The second energy-loss 
process experienced by the secondary electron 
will continue until its energy is reduced to a value 


at which the loss probability becomes close to zero. 


This occurs when E = (Vp-Vk)min- Thus, the 
overwhelming majority of secondary and tertiary 
electrons that move towards the surface reach it at 
an energy close to (Vp—Vk)min. If (Vp — Vk)min 
of a given substance is greater than the work func- 
tion eg, then most of the excited electrons of the 
crystal lattice, moving towards the surface and 
having an energy (Vp-—Vk)min, may still have 
an energy greater than eg as they reach the sur- 
face, enough to escape outside. This can be true 
for electrons which arrive even from a relatively 
large distance and which have lost a certain portion 
of their energy to phonon excitation. For such a 
substance, the effective depth of emission will be 
comparatively greater, the yield of secondary 
electrons will be considerable, and phonon losses 
should cause a noticeable dependence of the yield 
of electrons on the temperature. 

On the other hand, if (Vp-Vk)min of a given 
substance is less than eg, then the overwhelming 
majority of these electrons with energy close to 
(Vp —Vk)min cannot escape outside, with the ex- 
ception of a small group of secondary electrons 
which are produced on the surface and which do 
not have a chance to expend their energy to a 
value close to (Vp-Vk)min 4S they move on 
toward the surface. Consequently, the effective 
depth of emission of secondary electrons for such 
a substance is small, the yield of secondary elec- 
trons is insignificant, and no temperature depend- 
ence should be observed for the yield of secondary 
electrons, owing to the insignificant energy ex- 


pended for phonon losses at the small emission 
depth. 

For MgO, (Vp-Vk)min = 5 ev and exceeds 
the work function. For CdO, (Vp-—Vk)min = 
3 —3.5 ev (see table) and is less than ey. There- 
fore MgO belongs to the first group of substances, 
with a large yield of secondary electrons, while 
CdO belongs to the second group, with a small 
yield of secondary electrons.’ 

In conclusion I express my gratitude for M. M. 
Kozlovskii and A. G. Podgaiskii for help in the 
measurements. 
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It has been established that a spectroscopic light source — a vacuum “hot” spark — emits 
soft x-ray radiation (wavelengths shorter than 6A). The radiation intensity remains quite 
high in the arc stage of the discharge, in which case the potential difference across the 
electrodes is less than 100 volts. A spectroscopic measurement of the electron tempera- 


ture (Al VII line) indicates Te = 200,000°. 
INTRODUCTION 


Ir is well known that in the so-called “hot” vac- 
uum spark, spectra due to highly ionized atoms 
are excited; in many cases these atoms lose half 
or more of their electrons, for example Fe XVII, 
Al XII, or C V. The radiation from these atoms 
lies in the vacuum ultraviolet and the soft x-ray 
regions of the spectrum. The spectra of these 
sparks have been investigated to 6A.! These 
emission spectra require energies of the order 
of 2000 ev in order to be excited.* Although the 
vacuum spark has been used for a long time in 
spectroscopic investigations to produce spectra 
of multiply charged ions the excitation mechan- 
ism is not yet understood. A first step toward 
this goal is the correlation of the time behavior 
of this radiation with the electrical characteris- 
tics of the discharge. 

The present paper describes the results of an 
investigation of this problem in the harder radiation 
region with wavelengths shorter than 6A. 

It is also of interest to estimate the tempera- 
ture of the discharge by a spectroscopic method. 
Temperature measurements of this kind have re- 
cently been reported by Akimov and Malkov.? 


METHOD 


The spark was excited between two iron elec- 
trodes: one was a plate 2 mm thick with an aper- 
ture 5 mm in diameter while the other was a cyl- 
inder 4 mm in diameter. The distance from the 
base of the cylinder to the plate was 4mm. The 
spark was observed through the aperture in the 
plane electrode. The pressure in the working 


*For example, in Fe XVII and Al XII the ionization poten- 
tials are 1266 and 2085 volts respectively. 


volume before the discharge was 1 x 10° mm 
Hg. Breakdown in the interelectrode space was 
realized by means of a triggering device. The 
current source was a 3.3-ufd capacitor charged 
to 40 kv, the inductance of the circuit was 1.5 uh, 
the damping resistance was 0.2 9, and the maxi- 
mum current i was 4.8 x 104 amp. During the first 
half-cycle the cylindrical electrode was the anode. 
The radiation from the spark was passed 
through a beryllium filter which absorbed com- 
pletely the longwave-part of the spectrum (to 6 
or 7A). A scintillator wavelength shifter placed 
directly behind the filter was used to shift the 
radiation to the ultraviolet and visible; this con- 
verted radiation was detected by a system con- 
sisting of a FEU-25 photomultiplier and a 
cathode-ray oscilloscope. The photocurrent I(t) 
was compared with the current i(t) recorded 
by the other beam of the oscilloscope. The rated 
integrated sensitivity of the photomultiplier is 
10 amp/lumen. The thickness of the beryllium 
filter was 0.25 mm, the diameter was 18 mm, 
the distance between the filter and the spark was 
15 cm, and the distance to the input window of the 
photomultiplier was 10 cm. Two scintillators 
were used; A, tetraphenyl-butadiene in polysty- 
rene 3 mm thick and B, a CsI(T1) scintillator 
5 mm thick. 


RESULTS OF THE EXPERIMENTS 


The first group of experiments was carried 
out with scintillator A. The photomultiplier was 
oriented in such a way that only the luminescent 
radiation from the scintillator reached it. Since 
this scintillator passes radiation shorter than 
approximately 1A (which did not strike the 
photomultiplier ) without noticeable absorption, 


_ the radiation of the scintillator detected by the 
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photomultiplier consisted of the softer part of the 
radiation (1 to 6A). Examples of the photocurrent 
oscillograms obtained in this way are shown in 
Figs. la and 1b. It is apparent from these oscillo- 
grams that when the discharge is excited the radi- 


ation intensity remains sizeable for 5 to 7 micro- 
seconds. 


FIG. 1. Upper oscillogram: 
photocurrent as a function of 
time; this photocurrent charac- 
terizes the radiation of the vac- 
cuum spark; the lower oscillo- 
gram is the current in the spark 
gap. The photomultiplier is ex- 
cited by the luminescence radia- 
tion of scintillator A which ab- 
sorbs radiation from the spark 
in the region between 6 and ap- 
proximately 1.5 A. The dip at 
the beginning of the current 
curve is due to the exposure 
marker in the photography of the 
spark. 


The second group of experiments was carried 
out with scintillator B, which absorbs completely 
all radiation passing through the beryllium filter. 
Examples of the photocurrent oscillograms ob- 
tained in this case are shown in Figs. 2a, 2b, and 
2c. In the oscillograms in Figs. 2a and 2b the 
scintillator radiation was attenuated by six sheets 
of writing paper; in the oscillogram in Fig. 2c 


FIG. 2. The same as Fig. 1 
for scintillator B, which ab- 
sorbs all radiation from the 
spark at wavelengths shorter 
than 6 A. The scintillator radi- 
ation is attenuated by six (Fig. 
a, b) and two (Fig. c) sheets of 
paper. In the last case the 
‘photomultiplier operates close 
to saturation. The photocurrent 
curves are displaced along the 
time axis with respect to the 
current curves (in Figs. 1 and 3 
this displacement is much 
smaller). 


249 


two sheets were used. In the last case the photo- 
multiplier was operated almost at saturation, 
Since the light flux incident upon it was very large. 
Hence, at the beginning of the oscillogram in Fig. 
2c the sensitivity of the photomultiplier is much 
smaller than in the other experiments. These 
measurements also indicate that the radiation 
lasts for a significant interval of time after break- 
down — approximately 10 microseconds. The 
change in the radiation intensity as a function of 
time has a characteristic form: at a definite in- 
stant of time the radiation falls off sharply; then, 
near the point at which the current passes through 
zero, the radiation again increases, reaching a 
maximum at i=0, then falling off and again 
rising, exhibiting a second maximum. In Figs. 

2a, 2c, and 3b the positions of the maxima are 
denoted by arrows. 

In a third group of experiments the photomul- 
tiplier was placed directly in the path of the beam, 
which passed through scintillator A; the emission 
of the scintillator was stopped by a filter made 
from black paper. The photomultiplier was ex- 
cited directly by the hard radiation (A < 1to1.5A), 
which was not registered in the first group of ex- 
periments and which was not separated from the 


FIG. 3. The same as Fig. 1 
for direct irradiation of the 
photomultiplier by shortwave 
radiation from the spark; a and 
b) wavelengths shorter than 1.5 
A; c) shorter than 0.6 A; d) re- 
sults of a control experiment in 
which a photomultiplier was 
covered by a copper shield 0.5 
mm thick. 
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total radiation in the second group of experiments. 
The photocurrent oscillograms shown in Figs. 3a 
and 3b have the same characteristic features as 
the oscillograms of Fig. 2. The use of a supple- 
mentary filter made from nickel, 0.1 mm thick 
(Fig. 3c) and 0.2 mm thick leads us to the con- 
clusion that this radiation continues to exhibit a 
significant intensity at least up to A= 0.6A. 

The scales for Figs. 1, 2, and 3 are apparent 
from the maximum value of the current, which is 
4.8 x 104 amp, and from its half-wavelength, which 
corresponds to a time of 7 x 10° sec. The photo- 
current scale is given in amperes and applies only 
in the oscillogram limits which have been indicated. 

The results of these experiments indicate that 
the radiation at wavelengths between 0.6 and 6A 
has a “post-starting” characteristic, i.e., it ap- 
pears after breakdown of the gap. The results 
which have been observed cannot be explained by 
the “stretching” of the scintillator radiation. In 
the first group of experiments the scintillator was 
characterized by an emission time of less than 
10° sec. However the rate of decay of the photo- 
current on the oscillograms in Figs. la and b is 
considerably smaller — a reduction of the photo- 
current by a factor of e (in the linear region of 
amplifier operation) corresponds to a time of 
approximately 1 x 10°-° sec. Scintillator B, used 
in the second group of experiments, had an emis- 
sion time of 1 x 107° sec; however the shape of 
the photocurrent curve observed in these experi- 
ments (the existence of two maxima) again in- 
dicates that the effect cannot be explained by 
“stretching” of the scintillator radiation. 

In all experiments the time delay in the oscillo- 
scope amplifer and cable was less than 7 xX 1Ome 
sec. Consequently no element in the detection 
system could delay the signal by a time of the order 
of a microsecond. 

To insure that the results were not due to spuri- 
ous effects, the photomultiplier was shielded by 
black paper in the first and second groups of ex- 
periments; in the third group a copper foil was 
used. The photocurrent oscillograms obtained 
under these conditions are shown in Fig. 3d. It 
should be noted that each experiment was re- 
peated at least 10 times and that the characteris- 
tic features were reproduced in all cases (Figs. 
3a and 3b). The maximum spread in the photo- 
current can be ascertained by a comparison of 
Figs. la and 1b. This spread is due to the fact 
that the luminous spot onthe electrodes does not 
remain fixed; this was verified by photographing 
the electrodes in the visible region of the spectrum 
with an exposure time of 0.3 microseconds. Thus, 
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the presence of soft x-rays, which continues in the 
post-breakdown stage of the discharge, has been 
established rather reliably. | 

Measurements were also made to enable us to 
estimate the voltage drop across the interelec- 
trode space in the stage of the discharge being 
discussed here. The discharge circuit described 
above was used for this purpose but the initial 
condenser voltage was reduced to 22 kv and the 
length of the spark gap was reduced to 2 mm. The 
electrodes in this case were iron and copper rods 
5 mm in diameter. A lead-out section was sealed 
to the system at a distance of 0.5 mm from the 
ends of the electrodes and connected to the oscil- 
loscope through a voltage divider (the resistance 
of the divider was 1 x 104Q, the input capacity of 
the oscilloscope was 3 X 107° pfd. ). The oscillo- 
scope records the sum U = Ug + Ua + Uind 
where Ugt uipa is the voltage across the dis- 
charge channel (averaged over the cross section ) 
and ua is the voltage across the output section 
and divider induced by the current i. The U (t) 
oscillogram is shown in Fig. 4. The U’(t) ~ di/dt 
patterns were obtained by moving the electrodes 


FIG. 4. The upper oscillo- 
gram is the total voltage along ~ 
the inter-electrode gap andthe 9 
measurement circuit, U(t). The 
maximum current value in the 
spark (lower oscillogram) is 
2.5 x 10* amp and the half- 
wavelength corresponds to a 
time of 7 x 10~ sec. 
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together until contact was made; these differ from 
U(t) by the absence of discontinuities at the point 
at which the current (i) passes through zero (the 
difference in the corresponding values of U and 
U’ is close to the value of the discontinuity. From 
this it is apparent that the part of the detected total 
voltage U(t) proportional to di/dt is determined 
basically by the voltage Ui®4 and that ie has 
almost no effect on the shape of the oscillogram. 
Consequently U4 is much smaller than Uind. 
According to Fig. 4 the maximum value of U (t) 

is approximately 100 volts; hence the factor Uind 
is not more than several tens of volts. The other 
part of the voltage drop in the interelectrode space 
Ug is not due to the inductance and is clearly ex- 
pressed at the end of the U(t) oscillogram where 
uind + uind pecome small because the current i 
is reduced. Ug(t) exhibits approximately the 
same nature and magnitude (approximately 20 
volts ) as the voltage drop across a gap in air, 
which has been studied in detail at lower currents. 
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Thus, the total voltage drop in the vacuum spark 
Ut Sees amounts to tens of volts and, in any 
case, is never greater than 100 volts. However 
we may note that at higher currents and frequen- 
cies uit increases in proportion to di/dt. 

In principle the connection between the first 
maximum on the photocurrent oscillograms in 
Fig. 2 and the possible significant increase in 
the voltage between the electrodes at the moment 
the current in the spark passes through zero is 
not unusual; this phenomenon is well known for 
air discharges. However we do not see the volt- 
age discontinuities in our oscillograms; hence if 
they appear in the vacuum spark their duration is 
less than 3 x 107‘ sec. It should also be noted 
that voltage discontinuities cannot explain the 
second maximum in the photocurrent oscillograms. 


ESTIMATE OF THE TEMPERATURE OF A 
VACUUM SPARK 


The temperature of a vacuum spark was deter- 
mined by the Ornshtein technique, using the inten- 
sities of the Al VII lines. The transition probabil- 
ities for these lines were computed in the Coulomb 
approximation using the Bates and Damgaard tech- 
nique. The wavelengths, spectroscopic notation, 
upper level energies, and transition probabilities 
(AiGi) are given in the table. 

In these measurements the maximum current 
in the spark was 1.3 x 10* amp and the circuit in- 
ductance was 2.6 wh. The spark was produced by 
a 1-yfd capacitor charged to 24 kv. These spec- 
tra were obtained with a vacuum spectrograph 
(DFS-6) with a diffraction grating in the oblique 
incidence unit. The spectrum was photographed 
on a film which was sensitized by a solution of 
sodium salicylate in methyl alcohol. The measure- 
ments of the relative intensities of the spectral 
lines were carried out in the first and second 
order spectra under the assumption that the quan- 
tum yield of the luminescent radiation of the so- 
dium salicylate is constant. Intensity markers 
were obtained by means of a stepped quartz ab- 
sorber at a wavelength close to the maximum of 
the radiation of the sensitizer. 

The value of the electron temperature in the 
vacuum spark was found to be of the order of 
Dexet0? °K. 


It should be noted that although the heterochro- 
matic photometry technique which we have used 
is standard in the vacuum region of the spectrum 
the constancy of the quantum yield of the sensi- 
tizer used by us has been checked only up to 
700A.*»> Hence it is possible that the use of this 
method in the shorter wavelength region may lead 
to errors which we are not able to evaluate at the 
present time. 

The measured value of the temperature is in 
good agreement with an estimate made from the 
general form of the spectrum. An analysis of the 
spectrogram indicates that for the conditions at 
hand the Al VI and Al VII lines are intense, the 
Al VIII line is weak and the Al IX and Al X 
lines are invisible. In Fig. 5 is shown the line 
intensity for these ions, as a function of tem- 
perature, computed from the Saha-Boltzmann 
formula for the lines with the highest intensities 
with excitation potentials of 30 —40 volts for 
electron concentrations* ne = 10'8 electrons/cm’. 
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FIG. 5. Intensity of the lines of multiply charged ions as a 
function of temperature computed from the Saha-Boltzmann for- 
mula for n, = 10*® electron/cm’. 


It is apparent from this figure that the observed 
shape of the spectrum corresponds to a tempera- 
ture ‘T= 168 ~10°°K. When ng= 10° and nes 
10! electrons/cm? the intensities of the Al VI and 
Al VII lines become equal to T = 1.5 x 10° and 
T = 2.1 x 10°°K; all of these values are in good 


*The quantity n, is estimated from the conductivity of the 
discharge on the basis of the current measurements, the mea- 
surements of the voltage drops between electrodes, and the 
diameter of the discharge channel (the channel was photo- 
graphed in the visible region with a Kerr cell). Values of nie 
between 10*? and 10'° electrons/cm’ were obtained. 
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agreement with the results of the present tem- 
perature measurements Te = 2 Xx 10°°K and are 
much higher than the value T © 4.6 x 105° K: ob- 
tained by Akimov and Malkov? using the Al III 
lines. As has been noted by these authors, the 
temperature values they report correspond to 
the instant at which the ions are excited. It is 
probable that this given temperature character- 
izes the peripheral (colder) portions or later 
stages of the discharge. 


CONCLUSION 


We have observed shortwave radiation which, 
to a considerable degree, is not “starting” radia- 
tion and which is to be associated with the later 
stages of the discharge; it is probable that this 
radiation is due to the radiation of the plasma 
itself — the ion line and continuous spectra. How- 
ever the possibility is not excluded that the radi- 
ation is due to electron bremsstrahlung at the 
electrodes. Before this problem can be solved 
the radiation will have to be examined by means 
of spectral analyses. 

The energy of the corresponding photons is 
2 x 10? to 2 x 104 ev; thus, this radiation cannot 
be attributed to electrons which are directly ac- 
celerated by the voltage between the electrodes 
since this voltage is less than 100 volts. More- 
over, the observed radiation cannot be explained 
by “thermal” electrons because at a temperature 
of 20 ev the number of electrons with energies 
between 2 x 10° and 2 x 104 ev is clearly not 
sufficient to produce the sizeable intensity which 
is observed. Thus we are forced to assume that 


the mechanism by which this radiation is produced 
is analogous to the mechanism responsible for the 
hard radiation in high-intensity pulsed discharges, 
such as those which have been observed in recent 
years;°»" this mechanism is still not fully under- 
stood. The problem will require further investi- 
gation and is under study at the present time. It 
seems to us that one of the probable origins for 
this effect may be the production, in localized re- 
gions of the plasma, of high-intensity electric 
fields, which are induced as a consequence of its 
deformation.® 
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The absolute number of spurious tridents for 10!°, 10!!, and 10!2 ev primary electrons is 
computed by the Monte Carlo method for two types of the bremsstrahlung spectrum: for 
the one given by the Bethe-Heitler formula and for that described by the Migdal formulae, 
which take into account the Landau-Pomeranchuk and the Ter-Mikaelyan effects. It is 
shown that it is feasible to measure the energy of fast electrons by determining the energy 
dependence of the mean transverse distance between the vertices of electron-positron 
pairs produced by bremsstrahlung y quanta. The value of the cross section for the direct 
production of electron-positron pairs calculated by Bhabba is confirmed experimentally. 


1. INTRODUCTION 


Many investigations!~!8 have been devoted to 
the determination of the cross section for the 
direct pair production by high-energy electrons 

in the energy range 0.5 —100 Bev. Different au- 
thors obtained different cross sections for direct 
pair production. The cross sections measured in 
references 1, 3, 6, 7, and 8, are several times 
larger than the value calculated by Bhabha, !* while, 
in the other experiments, no such discrepancy is 
observed. 

The basic difficulty in an experimental deter - 
mination of the cross section for direct production 
of electron-positron pairs by high-energy electrons 
lies in the necessity of excluding the so-called 
spurious tridents.* . 

In the majority of the experiments mentioned 
above, a correction for the number of spurious 
tridents, calculated by Kaplon and Koshiba,! has 
been used. However, this correction for the num- 
ber of spurious tridents represents only a rough 
approximation, since a number of factors, which 
substantially influence the number of the spurious 
tridents, have been neglected. In the calculations 
of Kaplon and Koshiba, the change in the energy of 


*We shall use the following terminology: trident — an event 
of a direct production of an electron-positron pair by an elec- 
tron; spurious trident — an electron-positron pair produced in 
the conversion of a y quantum of the bremsstrahlung radiation 
of an electron at a very small distance from its track. The 
tracks of the electron and of the pair produced by the y quan- 
tum cannot be distinguished in experiments from the event ofa 
direct production of an electron-positron pair by an electron; 
an observed trident is either a trident or a spurious trident. 
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the electron due to the emission of bremsstrahlung 
quanta had been neglected. This energy decrease, 
however, has a direct bearing on the electron scat- 
tering, which determines essentially the number of 
spurious tridents. In addition, the decrease in the 
electron energy softens the energy spectrum of the 
emitted photons and leads to an increase of the 
angles at which they are emitted. The conversion 
mean free path was assumed to be the same for 
y quanta of all energies, and to be equal to its 
minimum value, i.e., % radiation lengths, al- 
though, for photons of comparatively small ener- 
gies (<1 Bev), its marked increase should be 
taken into account. The angular distribution of 
photons was assumed to be Gaussian, which also 
is an insufficiently accurate approximation. 
Finally, the results of the calculation are 
given as a ratio of the number of spurious tri- 
dents to the total number of pairs produced in 
the conversion of y quanta of the electron brems- 
strahlung. The use of a correction of such a form 
for the number of spurious tridents can lead to 
ambiguity, since the pairs produced by electron 
bremsstrahlung at sufficiently large distances 
from the track of the electron have a rather low 
detection efficiency in contrast to the pairs near 
the track, and spurious tridents are detected with 
an efficiency of almost 100%. On the other hand, 
the presence of secondary pairs of the electromag- 
netic cascade is always possible near the electron 
track, and a suitable procedure of distinguishing 
these pairs from those produced by the brems- 
strahlung radiation of the primary electron does 
not exist. It should still be noted that the number 
of pairs of high-energy electrons produced by the 
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bremsstrahlung is subject to marked fluctuations 
even for a strictly fixed value of the electron 
energy. 

The difficulty in applying the correction was 
partially avoided in the experiment of Fay,” who 
calculated the average number of bremsstrahlung 
pairs for the energy range of the measurements 
of the cross section for the production of tridents 
by electrons. 

In addition to Kaplon and Koshiba,! the correc- 
tion for the spurious tridents has also been calcu- 
lated by Block and King,? but their work is also 
not free from the above-mentioned errors, and, in 
addition, they assumed that the bremsstrahlung 
quanta are emitted only at the beginning of the 
electron trajectory, which is not the actual case. 

In connection with the above, a calculation of 
the number of spurious tridents has been carried 
out in reference 4 by means of the Monte Carlo 
method. The calculation has been carried out, as 
in reference 1, for nuclear emulsions. After ref- 
erence 4 had already gone to press, the authors 
had the occasion to get acquainted with the work 
of Weill, Gailloud, and Rosselet,® who calculated 
the number of spurious tridents by numerical in- 
tegration. 

In the present article, a new, improved calcu- 
lation by the Monte Carlo method is presented. 

A detailed comparison (where this is possible) 
with the calculations of Weill et al.° is carried 
out. The absolute number of spurious tridents 
obtained is used in a calculation, based on our 
experimental data, of the cross section for direct 
pair production by electrons. 


2. CALCULATION OF THE ABSOLUTE NUMBER 
OF SPURIOUS TRIDENTS BY THE MONTE 
CARLO METHOD 


The calculation was carried out for electrons 


of three primary energies: 10!%, 10!!, and 10! ev. 


A total of 105 case histories of the passage of an 
electron through one radiation length, assumed to 
equal to 2.9 cm in the emulsion, were traced for 
each of these energies. 

It was assumed that the electron, with a given 
initial energy, is produced at the point x =y = 
z=0 (Fig. 1) and moves along the x axis. Its 
passage through matter was followed up to x = 
2.9.cm. This limitation was dictated by the fact 
that, for x> 2.9 cm, a cascade initiated by the 
primary high-energy electron develops intensely, 
which makes it difficult to follow the electron 
track in the emulsion. Apart from this, a marked 
degradation of the energy of the initial electron 
occurs at such distances. 


FIG. 1. The Monte Carlo case history. 


The coordinates xj of the points where y 
quanta were emitted by an electron of energy Ej 
were found by using the value of the total cross 
section for the bremsstrahlung, according to 
Bethe and Heitler. This cross section was ob- 
tained by integrating the differential energy spec- 
trum, for the case of complete screening, from 
the electron energy 2mc* to Bye The choice 
of the lower energy limit is due to the fact that 
the only y quanta of interest are those with en- 
ergies sufficient to produce electron-positron 
pairs. The bremsstrahlung cross section, as 
well as all the cross sections used in the calcu- 
lations for the elementary processes were com- 
puted for the NIKFI-R nuclear emulsion. How- 
ever, the results are equally correct for the 
Ilford G-5 emulsion, since the composition of 
both types is almost identical. 

The energy of the emitted y quantum was 
determined from the differential energy spec- 
trum of Bethe and Heitler.°% Two projections 
of the angle g, at which the bremsstrahlung y 
quantum was emitted, were found by using the 
expression for the angular distribution in the 
ultrarelativistic case.!® For each emitted energy 
quantum E-yj, the decrease in the electron energy 
beyond the point xj was taken into account: the 
energy of the electron beyond the point xj was 
taken as Ej,,; = Ej —E,yj. In general, it was as- 
sumed that, in the interval x; <x < xj,,, the 

i 
electron energy was Ej,; = Ey - 24 Eyk, Eo being 


the initial electron energy. All elementary proc- 
esses along the path x; = x = xj,; were found for 
an electron energy equal to Ej,,. 

The x coordinates of the conversion points 
Xm were found by means of the equations of ref- 
erence 15b for the pair production cross section 
(the formulae were integrated numerically) for 
Y quanta emitted at points x,, x)..., xj. Electron 
pairs with x’ > 2.9cm were not considered any 
further. The electron coordinates Yi» Zi, Ym; 
Zm due to the multiple scattering were then found. 
In the multiple scattering process, two angles 
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were taken into account: the angle of the chord 
@, and the angle of the tangent 3. The distribu- 
tion of the projection of the angle @, was ob- 
tained from the Gaussian distribution for y and 
Z (Qy =y/x, az =y/z). However, for fixed y 
and z, the distribution of the projection of the 
angles of the tangent is no longer Gaussian. In 
such a case, it is necessary to use the Fermi 
distribution®© which, for the projection on y 
and for a given y, is given by the formula 

2V3 4 34 2 
Px; U3'9;) dydd,— 2V> exp |- (3-25, a *)): 


252 2 
05x 02x 


However, it can be shown that the distribution for 
the projection of the angle Jy = vy —%, dy is 
Gaussian. In view of this fact, we first found the 
angles #’, and then the projections of the true 
angle of the tangent were found from the relation 
3 = 31 + *Zaj_;. (See Fig. 1; 3, was always 
assumed to be equal to zero). 

Each of the coordinates of the electron yn 
and Zn at any point xp is expressed as: 


Uh >) % (s Diy an ein) ; 
1 1 


n n a 
Zn = De (> Diz + Ons ) . 
at it 


where xj denotes the distance between xj and 
Xj-,- Coordinates of the conversion points of the 
y quanta and the vertices of the electron pairs 
are equal to 

sere! [41 
Y, = >) % (8 sie ay) aie s(¥i Biy + ty) ’ 
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on = (S92 = az) + s{ > Siz + $12), 
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where s is the path traversed by the y quantum 
before conversion, and 7 is the index denoting 
the point at which it was emitted. In this notation, 
the projections of the distance between the elec- 
tron and the vertex of the pair are equal to 
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To be able to compare the results of the pres- 
ent calculation with those of Weill et al.,° a value 
of 32 Mev-deg X (100u)-1/2 was used for the 
multiple-scattering constant, which also takes into 
account inelastic scattering. In addition, to explain 
the influence of the multiple scattering constant on 
the number of spurious tridents, the calculations 
were carried out also with the value 26.2 Mev-deg 
x (100n)71/2 , 

As in reference 4, the calculations were car- 
ried out for two forms of the bremsstrahlung spec- 


trum of the electron. However, instead of the 
bremsstrahlung spectrum of Ter-Mikaelyan, which 
was used in reference 4, we used the spectrum 
given by the formulae of Migdal!” (the numerical 
calculations of reference 18 were actually used), 
since the latter takes into account both the Landau- 
Pomeranchuk!® and Ter-Mikaelyan” effects. 

To ascertain the contribution of the process 
(in which the vertices of the pairs produced by 
bremsstrahlung y quanta of one of the electrons 
of a high-energy pair are found near the track of 
the other electron, so that the corresponding Ay 
and Az satisfy the criteria of spurious trident pro- 
duction) to the number of the spurious tridents, the 
case history of an additional electron, shown dotted 
in Fig. 1 was followed. It is assumed that the addi- 
tional electron is emitted only at an angle © with 
respect to the direction of the main electron, given 
by the formula of Stearns”! 


w@ =(2mc? / E)\n(E / me’), 


where E denotes the total energy of both elec- 
trons. For the additional electron, the radiation 
energy loss was taken into account. The projec- 
tions of the distances between the additional elec- 
tron and the vertices of the pairs produced by the 
main electron were calculated. 

The ionization loss, Compton scattering and 
nuclear photoeffect were neglected in the calcula- 
tion, because of their small role in the energy 
range under consideration. The small energy 
losses of the electron in the production of tridents 
and the increase of the length of the electron due 
to multiple scattering were also neglected. 


3. RESULTS OF THE CALCULATION 


In reference 1, the pairs produced in the con- 
version of the bremsstrahlung y quanta, with 
vertices at a distance p = (Ay? +Az2y!? S002 7p 
from the primary electron, were considered as 
spurious tridents. In reference 4, three different 
criteria were considered: p < 0.2, 0.3, and 0.4y. 
In reference 5, the following criterion of a spuri- 
ous trident is introduced: Ay S 0.2u, Azs 0.44u. 
The difference between the projections on y and 
z is due to the shrinking of the emulsion along 2Z: 

To work out a single criterion for the produc- 
tion of a spurious trident, and for the convenience 
of comparison with the work of Weill et al.,°*the 
results of the present calculations are carried 
out for the criterion Ay = 0.2u, Az = 0.44u. 
Results will be given below also for the criterion 
Ay < 0.3u, Az = 0.66y, which can be useful for 
the determination of spurious tridents in especi- 
ally unfavorable conditions of observation and, in 
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Bethe-Heitler spectrum 
: ~--- Migdal spectrum 
£ i Calculation of Weill et al. 


0 QZ a4 06 Qs LOx 


FIG. 2. Dependence of the average number of spurious tri- 
dents fn on the transverse distance x (in radiation units) for 
various electron energies. 


addition, show the dependence of the number of 
spurious tridents on the criterion used. 

The dependence of the mean number of spuri- 
ous tridents n on the distance from the point 
xX =y=2Z2=0 where the primary electron was 
produced is shown in Fig. 2. The errors shown 
represent the standard deviations from the aver- 
age calculated from the data of the Monte Carlo 
method. 

The comparison of the present data with the 
results of Weill et al.° should essentially be car- 
ried out only for the case of the Bethe-Heitler 
bremsstrahlung spectrum and for an electron 
energy of 10!° and 10!! ev, since neither the 
10’? ey energy nor the possible Migdal spectrum 
were considered in reference 5. For an energy 
of 10!9 ev, the results of both calculations coin- 
cide within the limit of errors; for 10!! ev, our 
curve calculated by the Monte Carlo method lies 
somewhat lower. This can be explained by the 
fact that, in our calculation, the radiation energy 
loss was taken into account, which leads to an in- 
crease in the average angle of multiple scattering, 
and one should therefore expect a corresponding 
decrease in the number of spurious tridents. The 
results of both calculations can, therefore, be re- 
garded as being fully in agreement. It should be 


noted that, although at 10!! ev the number of spuri- 


ous tridents for the Bethe-Heitler and Migdal 
spectra are in agreement within the limits of er- 
rors, a marked discrepancy is obtained for 10! 
ev electrons (see Fig. 3), Therefore, at energies 


~10!? ev, the question whether the bremsstrahlung 


spectrum according to Migdal!"” is correct or not 
is of primary importance in explaining the number 
of spurious tridents. 


wan 
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FIG. 3. Dependence of the number of spurious tridents n 
on electron energy. 


Using the weaker criterion Ay = 0.3y, Az = 
0.66u, the number of spurious tridents per radi- 
ation length increased on the average by ~ 20% 
for 109 and 101! ev, and by 3% for 10! ev as com- 
pared with the data in Fig. 2. For the normal cri- 
terion, Ay = 0.2u, Az < 0.44y, using a multiple 
scattering constant equal to 26.2 Mev-deg x 
Aeon instead of the 32 Mev-deg x (100p)7!/2 
used in the present calculation, the number of 
spurious tridents increases, on the average, by 
23% for 10!° and 10!! ev and by 5% for 10”? ev. 

This increase in the number of spurious tri- 
dents upon changing the criterion and the mul- 
tiple scattering constant can be explained by the 
transverse distribution of the pairs shown in Fig. 4, 
from which it follows that the number of pairs does 
not vary greatly if r is changed, for all pairs, by 
a factor of 1.2 —1.5 from the value r ~0.2y. The 
picture, however, is greatly different for electron 
energies of ~5 x 10!! ev, where the maximum of 
the transverse distribution of pairs shifts to the 
region p ~0.2—0.3y. In the reduction of experi- 
mental data on electrons of such energies, a de- 
tailed analysis of the selection criteria for spuri- 
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FIG. 4. Differential transverse distribution of pairs; n— 
number of pairs, r—distance of the pair vertices from the axis. 
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FIG. 6. Differential energy spectrum of electron- 60 
positron pair; solid line — according to Bethe-Heitler; 40 
dotted line — according to Migdal; n—number of pairs. 


ous tridents should therefore be carried out. 

A possible source of the increased number of 
spurious tridents, in the case where electron 
pairs are radiated, is the conversion of y quanta 
bremsstrahlung of a single electron of the pair 
just next to the track of another electron, i.e., 
the production of a spurious trident involving the 
second electron. Such a cause of increase in the 
number of spurious tridents can be especially 
important for such values of the pair energy at 
which its components diverge to a small extent 
at distances comparable to one radiation length. 

The information obtained by means of 105 
additional electrons showed only one additional 
production of a spurious trident. From this fact 
one can conclude that the mutual production of 
spurious tridents (taking possible fluctuations 
into account) increases the number of spurious 
tridents on each electron of the pair in not more 
than a few percent of the cases. 

The integral energy spectrum of primary 
electrons after their passage through one radia- 
tion length in the emulsion is shown in Fig. 5. 


N 
300 


FIG. 5. Integral ener- 
200 gy spectrum of primary 
electrons after traversing 
one radiation length; N— 
number of electrons, 
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It should be noted that, in the limits of standard 

deviations, a decrease of the energy by a factor 

of E was obtained for electrons traversing one 

radiation length, which is in agreement with the 

results of the cascade shower theory in approxi- 
mation A. 
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The differential energy spectrum of electron 
pairs produced in the conversion of bremsstrahl- 
ung radiation y quanta of primary electrons is 
shown in Fig. 6. The energy spectra of spurious 
tridents can be useful in accumulating a large 
amount of data for good statistical accuracy and 
may help explain the distribution of the transverse 
momenta with which the spurious tridents are pro- 
duced. 

The differential transverse distribution of pairs, 
the dependence of the average transverse distance 
of the pairs from the axis, and the average number 
of pairs produced by electrons per radiation length 
are shown in Figs. 4 and 7. In view of the fact 
that a possible new method of electron energy 
measurement in the range 10!° — 10! ev follows 
from Fig. 7, we shall discuss briefly the problem 
of energy measurement. . 

In the study of the isolated electron-photon and 
photon components of explosion showers in nuclear 
emulsions, one encounters the important problem 
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FIG. 7. Dependence of the average transverse distance of 
pairs from the axis, p, and of the average number of pairs n 
produced per radiation length on the electron energy. 
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of measuring the energy of an electron-positron 
pair above 10/9 ev. The most accurate method is 
the measurement of the primary electron energy 
from the characteristics of the electromagnetic 
cascade initiated by it. In that case one usually 
measures the energy spectrum of the cascade 
electrons at a certain distance from its origin. 
Then, from the known values of N (Ey, E> Ex, X) 
(number of electrons at a distance x with energy 
> Ek), the energy of the electron or of the pair 
producing the cascade is determined from theoret- 
ical cascade curves. This method becomes the 
more accurate the bigger the x that can be used 
to study the distribution of electrons of the cas- 
cade. However, the emulsion layers have limited 
dimensions and, therefore, it is impossible to use 
the optimal x for the energy measurement. In 
addition, events in which only the initial part of 
the cascade is recorded in the emulsion (x S 

1.5 —2 radiation lengths) are very frequent. In 
these cases, because of large fluctuations in the 
number of secondary electrons, the energy cannot 


be determined at all from the cascade development. 


Finally, the energy measurements by the above 
method are very difficult for the photon component 
of explosion showers, where it is very often im- 
possible to distinguish between separate cascades. 

Another method of energy measurement is 
through a measurement of the relative multiple 
scattering. By such a method, however, it is 
possible to carry out measurements only up to 
~10!1 ev, and it is necessary to have close, al- 
most parallel, tracks of high-energy particles. 

A unique method is that of energy measure- 
ments from the magnitude of the decreased ioni- 
zation at the initial portion of the track of very 
energetic pairs (Ep * 10’ ev) (the Chudakov- 
Perkins effect). However, the accuracy of this 
method is not high, because, in final analysis it 
is the angle of emission of the pair components, 
which has a rather large distribution, which is 
really measured. In addition, marked fluctua- 
tions of ionization are also always present. 

The possibility of the measurement of the en- 
ergy of primary electrons on the basis of the 
transverse distribution of vertices of secondary 
pairs is very attractive. It should be expected 
that the characteristics of the transverse devel- 
opment should depend strongly on the initial elec- 
tron energy. Unfortunately, calculations of such 
a type are almost completely lacking in the litera- 
ture, apart from a few qualitative considerations, 
which is clearly due to the difficulties connected 
with an analytical solution of such problems. 

The dependence of the average transverse dis- 


tance of the vertices of the pairs (produced in the 
conversion of bremsstrahlung y quanta of the 
primary electron) from the original axis, which 
coincides with the direction of motion of the elec- 
tron in the very beginning of its trajectory, has 
been calculated. This axis (the x axis in Fig. 1) 
clearly coincides with the axis of the developing 
cascade. For the calculation of the average r, 
only the pairs whose vertices were at x = 2.9 cm 
were used. The dependence of the average num- 
ber of pairs on the electron energy was also ob- 
tained. The result, however, is shown only for 
orientation purposes, since the average number 
of pairs produced in the conversion of brems- 
strahlung y quanta depends only weakly on the 
energy of the radiating electron. The number of 
these pairs has a Poisson distribution for the elec- 
tron energies used in the present calculation. It 
is evident that this result will not be correct for 
the total number of pairs, since the additional 
cascade pairs markedly increase the fluctuations 
in the number of pairs. The errors shown in 

Fig. 7 are standard deviations from the average, 
and were computed from the data of the Monte 
Carlo calculations. 

The straight line obtained for the energy de- 
pendence of the mean transverse distance of pair 
vertices from the axis, makes it possible to carry 
out an estimate of the energy of the primary elec- 
tron, provided we have data on pairs produced by 
y quanta of the primary electron or on a pair at 
a distance x = 2.9 cm from the point of origin. 
For the x axis, one should naturally take the 
center of mass of all possible trajectories. The 
proposed method makes it possible to measure 
the energy of the primary electron pair (events 
most often found in the experiment) with standard 
deviation of 64% for the energy of 10!9 ev, 44% for 
101! ev, and 39% for 10! ev. One should bear in 
mind that the accuracy of the energy estimate de- 
pends on the number of pairs produced in the con- 
version of y quanta bremsstrahlung radiation of 
the primary electron. The shown errors are cal- 
culated for the average number of pairs for each 
energy. 

The accuracy of the method decreases for 
measurements of the energy of a single electron, 
owing to the decrease of the average number of 
pairs by a factor of two. In that case, however, 
the energy cannot be measured, in general, from 
the decrease of ionization in the beginning of the 
pair trajectories, nor can the method of the rela- 
tive multiple scattering measurement be used 
as a rule (the second energy trace is missing). 
Therefore, one should think that the proposed 
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method will be useful in that case, too. 

The electron pairs of the second generation 
may represent an additional source of error. 
These pairs can be produced in the conversion 
of bremsstrahlung y quanta of all these electron 
pairs which, in turn, have been produced in the 
conversion of bremsstrahlung y quanta of the 
primary electron. Such cascade pairs may lead 
to an underestimate of the energy of the primary 
electron. 

From the results of the present calculation, 
we tried to estimate the approximate number of 
cascade pairs. For a primary electron of 10!" ev 
one should expect about three cascade pairs for 
8 pairs produced by bremsstrahlung y quanta 
(for x<2.9cm). The average distance of cas- 
cade pairs from the axis is larger, by about a 
factor of ten, than the average distances shown 
in Fig. 7. The mean longitudinal distance x at 
which cascade pairs are produced amounts to 
= 2.6 cm, while the average x for the brems- 
strahlung pairs is ~ 2 cm. 

The probability of a cascade pair production 
up to x =2cm is small, and can, in practice, 
be neglected. From the pairs observed in experi- 
ments up to x =2 cm, one can calculate their 
average transverse distance ry». It should then 
be taken into account that r, will be increased 
to x=2.9cm. If we assume that r increases 
as x/2 (in fact, after the emission of a y quan- 
tum, its distance from the axis increases only 
linearly), then r ata given point x should be 
ly = Fox/2/2V2 . Furthermore, we can introduce 
the condition that all pairs for r> 4rx be ex- 


> 


cluded, since they are due to cascade development. 


This rule is analogous to the exclusion of the de- 
viations larger than 4 times the average value in 
the multiple-scattering measurement. 

Since the cascade pairs have, on the average, 
a smaller energy than the pairs produced by 
bremsstrahlung y quanta of the primary elec- 
tron, we can introduce an additional condition 
E <«<E,, where E is the energy of the pair 
studied and E, is the average energy of the 
pairs. E, can also be estimated from Fig. 5. 

We note, finally, that beyond x =2cm the 
number of cascade pairs increases as the square 
of x, in contrast to bremsstrahlung pairs, which 
are roughly linearly distributed with respect to 
x. For an energy of 101! ev, one should expect 
one such pair per 6.5 pairs of bremsstrahlung 
radiation. The same exclusion procedure can be 
applied here. For 10! ev, one can neglect the 
contribution of cascade pairs. 

Thus, one can hope that the procedure of the 
exclusion of cascade pairs will make it possible 


to avoid an underestimate of the electron energy. 
A small fraction of the electron pairs near the 
axis, with a comparatively large energy, will be 
difficult to exclude by the above procedure. How- 
ever, because of the small transverse distances 
from the axis, this fraction of cascade pairs will 
not introduce a large error. 


4, EXPERIMENTAL RESULTS 


We recorded a high-energy nuclear interaction* 
of the type 2+31lqa in a stack of stripped nuclear 
emulsions irradiated in the stratosphere. The 
energy (measured against the value of the angle 
containing half of all the shower tracks) was 
found to be 9 x 108 ev. High-energy electron- 
positron pairs (E,) & 10 Bev) produced in the 
photon component of the star were used for the 
experimental measurements of the mean free 
path Aexp of trident production by electrons. 

The electron-positron pairs traversed ~ 1.5 cm 
in single emulsion layers, and the shower trav- 
ersed about 8.5 cm in the whole stack. 

Tracks of shower particles of the narrow cone 
and the photon component of the nuclear interac- 
tion were followed up to their exit from the stack. 
In scanning, the coordinates of the vertices of the 
electron-positron pairs were found and recorded. 
For further measurements, only the electron-posi- 
tron pairs sharply distinguishable from the main 
mass of tracks were chosen, a procedure necessary 
for a reliable identification of visible tridents. 

The measurements of the relative multiple scat- 
tering were used mainly to estimate the energy of 
the electron-positron pairs. The measurements 
were carried out using a Koristka MS-2 micro- 
scope. In calculating the electron energy from 
the average values of the second differences of 
relative multiple scattering, the results of refer- 
ence 22 were used. It is shown there that the 
usual procedure of energy determination, by 
measurement of the relative scattering of the 
components of high-energy electron-positron 
pairs, leads to a serious underestimate. 

For two electron-positron pairs, the average 
second differences of the relative multiple scat- 
tering were not larger than the noise level (0.15 
+ 0.024) even for maximum cell length (4500p). 
For such pairs, the ionization near their vertices 
was measured by the grain counting method. The 
Perkins -Chudakov effect was not detected for these 
pairs, probably because the energy was less than 
1000 Bev. In addition, the method described in 
Sec. 3 was used for the measurements of the 
energy in these two cases. The energies of the 


*The interaction has been found by A. Ya. Burtsev. 
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electron-positron pairs estimated in such a way 
were found to be (1 to 3) X 10!! ey, which did 
not contradict the estimates obtained by scatter- 
ing and ionization measurements. 

Since a large number of high-energy electrons 
is present in the photon component of a nuclear 
interaction, an increase in the number of spurious 
tridents over the calculated value is possible, 
owing to the process discussed in Sec. 3. This 
increase can occur in the conversion of y quanta 
near the track of the investigated electron. For 
an estimate of the probability of such an event, 24 
cm of shower-particle tracks of the narrow cone 
in the region of intensive development of the photon 
component were studied, and no electron pairs 
satisfying the spurious trident criterion were ob- 
served on this length. 

As a result of an experimental study of the 
photon-component of the nuclear shower, 25 
events of production of apparent tridents were 
observed. The total length of the investigated 
track, for electrons with an average energy of 
20 Bev, equals 42.1 radiation lengths. After ex- 
cluding the spurious tridents along each electron 
track, according to the results of the Monte Carlo 
calculations (Fig. 2), it was found that 9.3 4 5.5 
tridents were produced on the given total length 
of 42.1 radiation lengths, which corresponded to 
a mean free path Aexp = 4.5"§:3 radiation lengths. 
The standard deviation in the determination of the 
number of tridents is AN} = v (ANyT)* + (Ap)? , 
where ANyT is the standard deviation in the 
number of apparent tridents. The tridents were 
assumed to be distributed according to the Poisson 
law, which was confirmed by the data of the Monte 
Carlo calculation. Ap is the error in the calcu- 
lated Monte Carlo curves for the number of spuri- 
ous tridents, and it is usually small as compared 
with ANy-. 

Since the mean free path for trident production 
at 20 Bev equals, according to the Bhabha theory, 
Atheor = 7 radiation lengths, one can consider that 


the measured Aexp is in agreement with that value. 


These results contradict to a certain degree the 
results of Weill et al.,° according to which Aexp, 
outside the limit of errors, is substantially smaller 
than the corresponding theoretical value. However, 
in reference 5, the error of AN was Clearly un- 
derestimated, since, from the data presented there, 
it follows that ANp < ANyr. 

The obtained data on the production of tridents 
by electrons of an average energy of 20 Bev are 
not in contradiction with the predictions of quan- 
tum electrodynamics. 

In conclusion, the authors wish to express their 
gratitude to Prof. I. I. Gurevich for his constant in- 
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Ter-Mikaelyan for interesting and helpful discus- 
sions, A. A. Varfolomeev and B. A. Nikol’skii for 
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We have studied the angular and energy distributions of the recoil nuclei Ag!®, Ag!3.104 
Nb”, Zr®?, Rb®!:82 and Se’ produced when silver is bombarded by 480-Mev protons. 
These isotopes were separated from the reaction products radiochemically. The energy 
distribution of the recoil nuclei is shown to be exponential, and the parameters of the 
distribution are determined at an angle of 90°. We give a qualitative explanation of the 
observed distribution. The results confirm that Se’?, Rb%!:82, 7r®9 and Nb” are formed 
by evaporation of q@ particles, protons, and neutrons. 


INTRODUCTION 


iy number of recent papers!~* deal with recoil 
nuclei produced in reactions where high energy 
particles interact with complex nuclei. These 
papers give data on the kinetic energies of the 
reaction products, on their angular distributions, 
and on the excitation energy of the initial nucleus. 
The fundamental method used has been to deter- 
mine an effective range in the target material for 
nuclei recoiling in the forward, backward, and 
perpendicular directions relative to the bombard- 
ing particles. Conclusions about the mechanisms 
of the reactions are made on the basis of the val- 
ues obtained for these effective ranges. However, 
in our view there is a fundamental drawback to a 
study of the disintegration process through such 
experiments; that is, the effective range in the 
target material gives no information about the 
distribution of ranges of the recoil nuclei. 

In the following we describe briefly some ex- 
periments to measure directly the ranges and 
angular distributions of some of the recoil nuclei 
from a thin silver target. The experiments were 
carried out in 1951-52, and are described in detail 
in reference 7. Particular attention was paid to 
reaction products appearing when many nucleons 
leave the initial nucleus. The statistical theory 
is, to some extent, suitable for describing the 
production of such reaction products, and, as will 
be shown below, these nuclei are formed by the 
evaporation of neutrons, protons and @ particles. 
Our results on reaction products where only a few 
nucleons leave the initial nucleus (i.e., the radio- 
active isotopes of silver) are only preliminary. 
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METHOD 


The problem reduced to determining the activ- 
ity of a given isotope captured on a thin organic 
film placed near the silver target. Polystyrene 
was used to make the films. These were fitted into 
special containers, as shown in Fig. 1. The con- 
tainers were made of very pure graphite and had 
thick walls (1 cm) to attenuate the protons bom- 
barding the films. Container a was used to study 
the recoil nuclei at 90°, while container b was 
used to measure angular distributions. The target 
was a silver foil 0.5 mg/cm? thick. Spectral anal- 
ysis of the foil showed admixtures of Mg, Si, Fe, 
Al, and traces of Pb (< 10°%) and Au (< 107°%). 

The target was irradiated in the internal proton 
beam for an hour at a current of ~0.lya. After 
the bombardment, the reaction products of interest 
were extracted chemically from the films and the 
foil. 

The following isotopes were studied: Ag 


103 , 
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FIG. 1. Diagrams of 
the foil holders used to 
study the energy distri- 
bution of recoil nuclei 
(a) and their angular dis- 
tribution (b). 1—silver 
target; 2—polystyrene 
films; 3—celluloid 
frames. 
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Ag!4(g*, K) T=170 min; Ag! (K), T =8 days; 
zZr®? (g*, K), T=80 hrs; Nb’ (s*, K), T =16 
hrs; Rb®!+ Rb®2(g*, K), T=6 hrs; and Se’? (f*, 
K), T=6.7 hrs. Zr and Nb were not separated 
chemically. Zr®? and Nb” could easily be distin- 
guished by their decay curves. 

In the chemical separation of these isotopes, 
the films were either burned in a muffle furnace 
and the ash then dissolved (the films having been 
first wrapped in filter paper), or dissolved in sul- 
furic acid with a suitable carrier. The latter was 
the method used with selenium. The chemical 
method used in the separation and purification was 
standard,® except for minor details connected with 
the method for getting the active isotopes caught 
on the film into solution. The isotopes were iden- 
tified by their half-lives. An electromagnet was 
used to determine the sign of the particle radia- 
tion. Half-lives measured in weak activities some- 
times differed from accepted values (by not more 
than 20 or 25%). 

The yield of an isotope was calculated with al- 
lowance for the time of irradiation, the length of 
time after cessation of the irradiation, the chem- 
ical yield, and corrections for the geometry of 
the experiment. The geometrical factors were 
necessary because the first and last films did not 
subtend the same solid angles @. The geometrical 
factors were calculated only roughly, assuming an 
isotropic angular distribution for the nuclei emitted. 
For the films on the ends, the correction factor for 
solid angle at the foil varied from 1.5 to 3.5. 

Since the measurements were all relative, it 
was not necessary to introduce corrections for 
absorption of particle radiation in the counter 
walls, to take into account K capture, or to cor- 
rect the results for self-absorption. 


ANGULAR DISTRIBUTION OF THE REACTION 
PRODUCTS 


For the recoil nuclei Agile Ag ara. Nb”, 
Zr*®, and Rb*!>82, the angular distributions were 
determined in three directions: forward, 90° to 
the proton beam, and backward. The target was 
a strip of foil 5 mm wide and bent into a semi- 
cylinder 40 mm long. Table I shows the angular 


TABLE I 
Number of nuclei, % 
Isotope a forward perpendicular backward 
a (5°<6<58°) | (63°< @<117°) |(122°<0<175°) 
Ag16 90, 6.0 2.0 20 
Agi03+104 90) 6.0 3.0 1.0 
Nb? 70 2A 7 2 
Zr89 66 24 Ud P40) 
Rb81+82 Fz) =40 ~20 ~d.0 
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FIG. 2. Ratio of the activity in the first foil to that in the 
second as a function of the angle 6 with the direction of the 
proton beam. 
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distribution obtained. The same table shows the 
intervals of angle @ covered at the three direc- 
tions. The total measured activity associated 
with a given isotope (i.e., the number of nuclei 
emitted forward, backward and at 90°, plus half 
the activity remaining in the foil) was taken to 
be 100%. This sum, of course, underestimates 
the total number of nuclei (some intermediate 
parts of the film are discarded, some of the 
nuclei do not hit the detector after leaving the 
target, etc.). It was not possible to estimate 
the number of nuclei lost in these ways, and this 
reflected on the accuracy of the results. The ac- 
curacies of the data in Table I are not greater 
than 50%. The ratio of the number of nuclei 
emitted forward to those emitted backward is 

2 or 3 times greater for all the products than 

it is for gtlG, 

We measured the kinetic energies of nuclei 
emitted at various angles @ to the proton beam. 
This was done by exposing two films in container 
b simultaneously and determining the ratio of the 
activities at the corresponding places. The first 
foil was 0.48 mg/cm? thick, while the second one 
had a thickness of 0.59 mg/cm*. The ratios of 
activities at corresponding places on the two foils 
are shown in Fig. 2. From the figure it is clear 
that nuclei emitted at small angles 6 have rela- 
tively large kinetic energies. 

A special experiment was carried out in an- 
other geometry to study the anisotropy of the 
emitted nuclei. In this experiment, a 1.7x4cem 
strip of foil was oriented perpendicular to the, 
proton beam. Aluminum collecting foils were 
fastened in special graphite holders on each side 
of the foil and parallel to it. These foils were 
25 thick and had an area 2.5 times greater than 
that of the radiator. The distances between the 
aluminum and silver foils were 2—3 mm; they 
were arranged to minimize the number of nuclei 
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TABLE II 


sw 


Observed activity, % forward Yield* Relative 
Isotope backward | relative to | thick-sample 
forward foil backward ratio Agi03 £104 yield* 
Ag'°6 320) 84.7 DB 5.6 74,0 ~70.0 
Ag}03+104 EO 81.0 0) 8.5 100.9 100.0 
Nb? 49.0) 45.0 6.0 8.2 CBO) 80.0 
Zr®® 49.0 46.0 5.0 Sy Oh 42.0 38 
Se?8 67.0 Pate (0) WPA) | ORO 15 ~2 


*The relative yields are calculated without reference to the absolute number of counts 


missing the aluminum foils. In such a geometry, 
experimental errors were held to a minimum. 
The whole package was irradiated with protons 
having a mean energy 400 Mev. In this experi- 


ment, we looked for selenium rather than rubidium. 


The results are shown in Table II. For compari- 
son, the table also gives the yields of the various 
nuclei studied in this experiment relative to yields 
found with thick silver samples.? 

It is clear that the thick-target yields agree 
with those found here, to within 25%. As in the 


previous experiment, the fraction of nuclei emitted 


from the foil increases as the number of nucleons 
knocked out of the target nucleus increases. How- 
ever, for Se’?, about 20% of the nuclei remain in 
the foil, i.e., their energies are insufficient to 
penetrate a layer of Ag 0.5y thick. It is difficult 
to make a definite conclusion about the dependence 
of the anisotropy on Z. 

This experiment confirms that the forward/ 
backward ratio for Ag! is less by a factor of 
almost two than it is for Ag!3*104 


ENERGY DISTRIBUTION OF THE REACTION 
PRODUCTS 


Using the geometry of Fig. la, the energy dis- 
tribution of the recoil nuclei was studied for the 
same isotopes as those above, and also for Se’3 
at an angle 90° + 40°. For each element, the re- 
sults of direct measurements of the fraction of 
nuclei having various ranges is shown in Fig. 3. 
The error bars shown are due to the thicknesses 
of the polystyrene films. The first point is half 
the activity remaining in the silver foil. As is 
evident from the figure, for each element the 
number of recoil nuclei decreases with increas- 
ing range. The range increases with decreasing 
Z of the product nucleus. In the region of small 
ranges and for light nuclei, the rate at which the 
curve drops decreases somewhat, the effect being 
more marked for smaller Z. In selenium, there 
is an irregularity in the distribution near a range 
0.25 mg/cm”. This irregularity is probably an 
experimental error and upon changing to an en- 


ergy scale one can see that it is within the as- 
signed limits of error. The largest range shown 
corresponds to an activity equal to or less than 
the counter background, i.e., 16 counts/min. Some 
indications of activities with longer ranges were 
found, but these are not shown on the graph be- 
cause the counting rate was so slow the half life 
could not be determined. This made it difficult 

to find the longest range nuclei emitted. 

The reaction products considered appear also 
as light fragments in the fission of uranium. This 
makes it possible to go from ranges to energies 
in our experiment by using the experimental 
range-energy curve for light uranium fission 
fragments.!? The curve used is shown in Fig. 4, 
which also shows the range-energy relation for 
fission fragments in silver.!? The curve for poly- 
styrene was obtained using the atomic stopping 
power of polystyrene (the mean atomic number 
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FIG. 4. Range-energy relation for the reaction products of 
interest. 


being taken to be 3). 

The masses of the isotopes studied differ 
from those of the light fission fragments of ura- 
nium by 7 to 10 units. This difference might lead 
to a slightly greater range (at a given energy ) 
for the isotopes we are considering. However, 
this effect could not be taken into account and 
was neglected. 

Figure 5 shows the energy distribution of the 
recoil nuclei. In going from ranges to energies, 
we also made corrections for geometrical factors. 
For all the curves, the first points correspond 
to half the activity remaining in the foil. They 
correspond to a range of 0.25 mg/cm? in silver, 
or an energy loss of 2.0 Mev. Although such a 
determination of the energy loss is somewhat 
artificial, the first points agree well with the 
remaining experimental points. 

Figure 5 shows that, for all the reaction prod- 
ucts, the number of nuclei decreases linearly with 
increasing logarithm of their energy. The slopes 
of the straight lines differ, the slope being steep- 
est for silver and flattest for selenium. 


DISCUSSION OF THE EXPERIMENTAL RESULTS 


Energy can be imparted to a product nucleus 
either through a direct interaction, or after the 
formation of a compound nucleus. The energy 
and angular distributions of the recoil nuclei are 
obtained by combining the momenta obtained di- 
rectly from thé bombarding particle with the mean 
momentum possessed by the recoil nucleus after 
all particles have been emitted. 

The momentum given a nucleus by the bom- 
barding particle usually lies in the direction of 
motion of the protons, while the momentum trans- 
ferred in evaporation has an isotropic distribution. 
The sum of these two momenta, one from direct 
interaction and one from evaporation, will be a 
minimum in the backward direction. Hence nuclei 
emitted backward must have less energy than 
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FIG. 5. Energy distribution of nuclei recoiling at an angle 
of 90° + 40°. 


those emitted at 90° or forward. This conclusion 
is supported by Fig. 2, which shows the ratio of 
activities in the first and second foils grows with 
increasing 9. From this it follows also that the 
energy distribution of the reaction products at 90° 
to the proton beam should be essentially deter- 
mined by the mean energy transferred to the 
emitted particles. We note that in our case we 
can neglect cascade particles since they will have 
little effect on the distribution at 90°. Strictly 
speaking, one should take into account not only 
cascade processes, but also interactions where 
the momentum transferred by the bombarding 
particle does not lie in the direction of motion 
of the bombarding particle. The existence of 
high energy tails is presumably due to these two 
processes. The curve for Aghoseita iInskig.e5 
shows that such events are rare, but do take 
place (about 1:104). We neglect such details 
because of the computational difficulties involved. 
Let us look at the average momentum a recoil 
nucleus has after all particles have evaporated. 
The problem of finding the mean momentum after 
a number of nucleons have been ejected independ- 
ently and isotropically is analogous to the problem 
of finding the mean angle of multiple scattering 
when a fast particle traverses a layer of thick- 
ness d.* In multiple scattering,!!»!2 the mean- 
square angle of scattering is given by 


*The method described below was proposed by B. T. Gei- 


likman. We obtained similar results by considering the statis- 
tical equilibrium between the product nucleus and the emitted 
particles.’ 
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TABLE III 
——— ee a ee 
E, Mev, ry Mean number Mean enerey, Total energy 
Isotope | experi- | E, Mev, | E, Mev, of particles Carried’ otf carried off 
mental (n,p) | (n, p, &) Q:pin a. hap n (Q, p, n) 
Agist 0s 2,6 10,4 0.4 Oe Os = 5 ose 
(0:4: 4—5) 
Nb» 6 its 7 3,8 Ae eS ONO malled 63 OSs aun 192 
200—210) 
Zr®® 6 1.9 4.1 1) Bh Le CA 18) CA Oe | i 103 200 
i 200—210) 
Rb8!+82 9 2.6 6.4 AOrOmAt 33 | 106 | 136—147 ne, 
[ £12. 4—13,4 (220—250) 
Se 14 Mss 9.7 Day 278) ANG 46 | 148 176 370 
og? = (d)? d/h, (1) periments with photoemulsions, are 14 and 8 Mev 


where A is the mean free path, 
square angle of scattering in one collision, and 
d/A =n is the number of collisions. In our case, 
this is the number of nucleons evaporated. The 
size of the angle corresponds to momentum. 
Assuming, then, that when a definite kind of par- 
ticle is emitted, the recoil nucleus gets a momen- 
tum of a certain fixed magnitude, the mean-square 
momentum of the recoil nucleus can be written 


V =p. (2) 
The momentum distribution of the nuclei must 
be Gaussian, i.e., 


w (p?) = woeP*. (3) 


The constants 8 and wy are determined by nor- 
malization and evaluation of the mean, so that 
| w(p)do=1, | w(p)ptdo=p, 4) 
—oo —oo 
‘where dw =42p?dp is the volume element in mo- 
mentum space. 


can be written 


w (p?) = 0.165 (p?)” exp {— 1.5 p?/ p>}. 5) 


Upon changing from momentum to energy, one 
can compare this distribution with the experimen- 
tal one. The comparison was made in the follow- 
ing way. For each element in Fig. 5, we found the 
value Ej,/. at which the number of nuclei in the 
distribution decreased by a factor 2. From the 
value of E,/, we found the mean energy E = 
1.5 Ey/2/0.693. On the other hand, E can os ob- 
tained from the mean momentum R = p4y 
Vp2 ae Vp2 given a nucleus when it ejects a ey 
vaca Be aide ioe! The calculation was made on 


the following assumptions: a) the nucleus evaporated 


only neutrons and protons (n, p); b) the nucleus 
evaporated alpha particles, neutrons, and protons 
(a,n, p). The mean energies carried away by 

alpha particles and protons, as obtained from ex- 


(2)? is the mean- 


Finally, the momentum distribution 


respectively.'3-!® The numbers of alpha particles 
and protons were chosen to satisfy the relation* 
a/p = 0.3;'8!" the mean energy of the evaporating 
neutrons was taken to be 2.5 Mev.!® The experi- 
mental and calculated quantities are shown in 
Table III. 

The table shows that for four nuclei (Nb, Zr, 
Rb, and Se) the agreement between experimental 
and calculated values of E is improved by taking 
into account the evaporation of a@ particles. Even 
in these cases, however, the calculated values of 
E are 30 or 40% less than the experimental ones. 
The difference is presumably due to our neglect of 
cascade processes, though it is also possible that 
errors in the range-energy relation and approxi- 
mation in the calculations played a role. Rough 
estimates show, for example, that if one were to 
assume that in the formation of Nb” there is 
emitted one cascade particle with an energy of 
~ 30 Mev and travelling at 90° to the proton beam, 
then the discrepancy between the values of E is 
decreased to almost one-half. Unfortunately, lack 
of experimental data precludes a more exact treat- 
ment of cascade processes. We propose to fill in 
this gap in subsequent work. 

For Ag!3+104 the value of E calculated assum- 
ing that 4 to 6 nucleons evaporate is about 6 times 
smaller than the experimental one. Such a dis- 
crepancy can be removed only if we assume that 
each neutron emitted carries off an energy ~ 30 
Mev. In this case most of the ejected neutrons 
must be formed in cascade processes, the ob- 
served radioactive silver isotope remaining after 
a sequence of knock-on events. 

In spite of the limitations mentioned above, the 
energy spectrum of the recoil nuclei gives some 
information on the numbers of a particles, pro- 
tons, and neutrons emitted and on their energies. 


*The values of E calculated under the assumptions 
a/p = 0.5 and 0.4 differed but little from the value calculated 


with /p = 0.3. 
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One can then compute the excitation energy and 
what fractions of it are due to the various par- 
ticles. In computing the excitation energy of the 
compound nucleus, one must take into account the 
binding energies of the particles ejected. The 
binding energy of an qa particle was taken to be 
4.5 Mev, while that of neutrons and protons was 
taken to be 8.5 Mev.!®-#!_ The results of such cal- 
culations are shown in the last columns of Table 
III. The numbers in parentheses are the excita- 
tion energies calculated from the momentum 
given the compound nucleus by the incident pro- 
ton.’ These excitation energies were obtained 
from the angular distributions of the correspond- 
ing reaction products, as shown in Table I. It is 
clear that the excitation energies agree satisfac- 
torily with one another. The energy used to evapo- 
rate neutrons is almost one half of the total exci- 
tation energy. 

We should like to express our sincere thanks 
to B. V. Kurchatov and to Prof. B. T. Geilikman 
for their help and valuable suggestions. 
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Energy spectra were investigated for protons ejected from C!* and Al?! by y rays from 
bremsstrahlung spectra possessing peak energies of 82 and 89 Mev. The experimental 
data are compared with curves based on Dedrick’s data. Although the agreement is not 
very good it may nevertheless be possible that the quasi-deuteron mechanism contributes 
significantly to the interaction of y rays with the nuclei considered. 


1. INTRODUCTION 


‘leas is considerable interest at the present 
time in the interaction of high energy y rays with 
nuclei. From work with y rays having energies 
greater than 150 Mev, it can be concluded that at 
such energies the most important mechanism is 
the quasi-deuteron one. The results of Odian et 
al.! and of Barton and Smith? show that this mech- 
anism can explain almost all the yield of protons 
having energies greater than 60 Mev. For y ray 
energies less than 150 Mev, the picture is not so 
clear. The work of Gorbunov and Spiridonov® on 
the photodisintegration of He* shows that for y 
rays having energies in the interval 70 —170 Mev, 
the quasi-deuteron interaction amounts to about 
30%, and becomes less important at lower ener- 
gies. Qualitative results obtained by Chuvilo and 
Shevchenko! and also by us? indicate that the two- 
nucleon mechanism can be important at energies 
less than 100 Mev. Whitehead et al.’ have recently 
made a quantitative comparison with the calcula- 
tions of Dedrick,® which were carried out for (oh 
on the basis of the quasi-deuteron interaction. 
Using y rays in a narrow energy range (~ 20 
Mev) centered on Ey = 96 Mev, both the exci- 
tation function obtained for 37-Mev protons and 
the energy and angular distribution of the protons 
agree satisfactorily with Dedrick’s calculations. 
In the following we present some energy spec- 
tra for photo-protons from C’ and Al*". They 
were obtained by a difference method, using y 
rays in the narrow energy range bounded by the 
maximal energies of two bremsstrahlung spectra, 
the bounds being Ey max = 82 and 89 Mev. The 
spectra are compared with Dedrick’s calculations 


for the same energy range. 
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2. BRIEF DESCRIPTION OF THE EXPERIMENT 


The method used for getting the energy spec- 
trum of those protons arising from y rays having 
energies lying in a certain narrow region of a con- 
tinuous spectrum depends on the fact that two 
bremsstrahlung spectra having maximal energies 
E;, and E, (E, > E,) which differ but little from 
each other (the spectra being normalized to the 
same number of effective quanta) will then prac- 
tically coincide at energies less than E,. Figure 1 
shows two spectra with maximal energies Eymax 
= 82 Mev and Eymax = 89 Mev. The cross- 
hatched area is their difference. 

The proton energy spectra obtained with these 
two bremsstrahlung spectra were then subtracted, 
having first been normalized to a y ray dose cor- 
responding to the passage of one effective quantum 
through the target. The difference spectrum so 
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FIG. 1. Bremsstrahlung spectra of y rays having maximal 
energies: a) 82 mev, b) 89 Mev. The spectra are normalized 
to the same total number of effective quanta. Cross hatched 
area bounded by curve 1 is their difference in units E,N). 
Curve 2—difference of spectra in units of N,, the number of 
quanta. Scale along ordinate at left is for curves a, b; and as 
along the right, for curve 2. 
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obtained corresponds to the y ray spectrum shown 
by the cross-hatched area in Fig. 1. 

The protons were detected by a scintillation 
telescope, which was described previously.° The 
protons were detected at 90° relative to the y -ray 
beam. The targets were oriented at 45° to the di- 
rection of the beam. The target thicknesses were 
c!2 _ 150 mg/cm’, Al?’ — 40.5 mg/cm”. The 
solid angle of the telescope was 1.08 X 10? sterad; 
its angular resolution function was almost a tri- 
angle having a base +6.0°. Each telescope con- 
sisted of two counters. The thickness of the crys- 
tal in the back counter Nal(T1l) was 1.8 cm, 
while the thickness of the crystal in the front 
counter CsI(Tl) was 0.025 cm. Lead diaphragms 
defining the telescope solid angle did not allow 
protons to pass through without traversing the full 
thickness of the crystal in the back counter. In 
order to decrease the background, which was due 
chiefly to the layer of air near the target, the 
target was placed in an evacuated chamber. As 
a result, the proton counting rate without the tar- 
get was less than 1% of the counting rate with the 
target. Accidental coincidences, as measured by 
introducing a delay line in one of the telescope 
channels, accounted for less than 0.1% of the total 
count. 

Since the proton spectrum was obtained by 
taking the difference between two large almost 
equal numbers, it was important that the tele- 
scopes operate stably. Since the equipment was 
on round the clock for long periods of time, tem- 
perature drifts in the electronics were not im- 
portant. The gain of each channel was controlled 
using a Po*!® source. Measurements at different 
y ray energies were continuously alternated. 
Constant monitoring showed that the stability of 
the whole setup was satisfactory. More than 80% 
of the results in all series of measurements lay 
within the limits of statistical error. 

The dose of y rays passing through the target 
was measured by the same method as described 
previously.° 

With the telescopes it was easy to discriminate 


Proton yield, 
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between electrons and heavy charged particles. 
There were few enough deuterons so that these 
could not have introduced any distortions.® 


3. RESULTS AND DISCUSSION 


The table shows the proton energy spectra 
from C! and Ale taken with the continuous 
bremsstrahlung spectra having maximal energies 
82 and 89 Mev. For carbon, our data at Eymax 
= 89 Mev can be compared with the results of 
Whitehead et al.’ at Eymax = 90 Mev. These 
spectra are shown in Fig. 2. The yields of pro- 
tons having energy Ep = 37 Mev agree well 
(the errors shown are, in both cases, statistical). 
The cross shows the proton yield quoted in refer- 
ence 4, and obtained with a bremsstrahlung spec- 
trum having a maximum energy 84 Mev. The en- 
ergy spectra shown in Fig. 2 disagree somewhat 
in their decreasing portions. The discrepancy 
does not disappear completely if one takes into 
account the finite resolution of the second counter 
in the telescope and errors in the telescope’s en- 
ergy calibration. The error bars parallel to the 
abscissa take these two effects into account. Er- 
rors connected with corrections for finite target 
thickness are small at such high proton energies 
and cannot change the positions of the experimen- 
tal points very much. 

Figures 3 and 4 show the energy distribution 
of protons from C!? and Al?" obtained in the man- 
ner described above for a narrow range of y ray 
energies. Only statistical errors are shown. On 
both figures, curve 1 is calculated from Dedrick’s 
data. The experimental results represent the dif- 
ference in proton yields per effective quantum, so 
in comparing with Dedrick’s data it is convenient 
to place it on the same footing, especially as this 
takes into account the contribution of low energy 
quanta (see Fig. 1) almost completely. Dedrick’s 
calculations were for only four y-ray energies in 
the interval 50 —125 Mev, so the theoretical yields 
were calculated by first interpolating the cross 
section to intermediate y-ray energies, then sub- 
tracting the results for the two energy intervals: 


Proton yield, 


cm?1073° cm?10739 
S Mean sterad»Mev-Q ray Mean sterad-Mev-Q 
o proton By ob proton j : 
is energy =82M max ~ & | energy =82 M E = 
& E,, Mev Ey max ou 89 Mev & |E,, Mev SO me - 80 Mev 
15.4 | 18.63 40.18 |18.98 20.19 
17,8 | 4,0280.040 |4,12030,042 wi bee ale ee 
24:4 | 2,841+0,052 |3.134+0,055 24,0 | 5.71 40.13 16.38 +0. 16 
26,0 | 1.882+0.034 |2.044+0,036| aror| 22 | 4.07 20.12 14.70 +0, 12 
Cc | 34.4 | 0:96140.028 |1,12740.030] AP) 29.8 | 2.59 10.08 | 3.01 +£0.41 
36.8 | 0.443-0.010 |0.573+0.014 Beeb hs O80. 2). Obie oc Ob a Ci 
44.0 | 0.11320.004 }0.19630.005 36.7 | 0.82 20.40 | 1.06 0.06 
52.2 | 0.0030.0005 | 0.020--0.002 41.0 | 0.523+0.035 | 0.764-0.038 
2 49.9 | 0.078-0.013 |10.197-0.016 


do cm?107° 
dw’ sterad*Mev-Q 
FIG, 2. Energy spectrum 
of protons ejected from C!? 
when this nucleus is irradi- 
ated by the full bremsstrahl- 
ung spectrum having 
E max = 89.Mev. Protons 
observed at 90°. e—our 
data, O—data of Whitehead 
et al.,” x —data of Chuvilo 
and Shevchenko.* Errors 
shown are statistical. 
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50 — 89 Mev and 50 — 82 Mev in units cm”. 10739/ 
sterad-Mev-Q. The contribution of quanta having 
energies less than 50 Mev is not included, but 
taking reaction thresholds into account it can be 
shown that for protons with energy Ep = 15 Mev 
coming from the nucleus C!’, this contribution 
to the theoretically calculated yield is less than 
10%. This estimate also holds essentially for 
Ae 

Curve 1 neglects barrier penetration effects, 
since at these high proton energies such effects 
are small. On the other hand, an exact treatment 
of barrier effects is difficult because the distribu- 
tion of the orbital angular momenta 7 of the emit- 
ted protons is not known. 

In the following we make an approximate esti- 
mate of the effect of nucleon scattering in the 
nucleus. If we assume that nucleon scattering 
inside the nucleus can be considered as a direct 
interaction with individual nucleons in the nucleus 
(which assumption is supported by a number of 
investigations on the inelastic scattering of nu- 
cleons from nuclei), we can expect the total 
number of protons leaving the nucleus to de- 
crease, and the relative number of low energy 
protons to increase. This will make the spectrum 
drop off more sharply. Calculations on the mean 
free path ® show that for light nuclei this is 
comparable with nuclear dimensions. For Cis 
R =2.3x 107% em, while 4 =3.4x107% cm for 
Yo = 1.4 X 10718 em. Hence one need consider only 
protons which are not scattered at all or only once; 
it is further assumed that all singly scattered pro- 
tons having an energy greater than 10 Mev leave 
the nucleus without experiencing another collision. 
It is interesting-to consider protons traveling at 
an angle @ with the direction of the y-ray beam, 
but leaving the nucleus after scattering at an angle 
90°. To simplify the integration, it was assumed 
that the angular distribution of the scattered pro- 
tons was a straight line, falling to zero at an angle 
of 90° with the direction of travel before the col- 
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but for protons from Al?’, 1 
2 
Qoi 
£,, Mev 
l§ = 20 JO 40 § 60 1 


lision. This agrees in its general features with 
the angular distribution of protons scattered from 
nuclei.!? The energy distribution of the scattered 
protons was taken to be isotropic between the 
limits Ep min = ER and Ep max = Ep-%ER 
(EF being the Fermi energy and Ep the proton 
energy before the collision relative to the bottom 
of the potential well). Such an energy distribution 
does not differ too much from the experimentally 
observed one, especially at large scattering 
angles.10>1! 

Curves 2 in Figs. 3 and 4 show the energy spec- 
trum calculated from Dedrick’s data but taking 
into account scattering inside the nucleus. The 
particle yield decreases about the same for both 
nuclei by ~ 40%. All calculations were carried 
out for ry =1.4 x 107'3 cm and a potential well 
of depth 40 Mev. 

Comparison of the calculated curves with the 
experimental data shows that for both elements 
more protons are observed experimentally than 
calculated. For carbon, the experimental proton 
yield in the energy range 15 —50 Mev is about 
double the calculated quantity (curve 1). Itis 
not possible to make a more precise statement 
because the statistical errors of the experimental 
points are too large. 

Whitehead et al.’ note that for y-ray energies 
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in the region bounded by the maxima of brems- 
strahlung spectra lying at 90 Mev and 110 Mev 
(Ey = 96 Mev), and for protons having energies 
Ep = 37 Mev, the number of protons at 90° with 
the direction of the incident beam agrees satis- 
factorily with Dedrick’s calculations, the value 
of rp) being taken to be 1.4 x 104% cm. In our 
case most of the protons observed have energies 
in the range 15 —40 Mev and are ejected by y 
rays of somewhat lower energy (Eymax = 82 — 89 
Mev). The discrepancy with Dedrick’s calcula- 
tions can be due to several reasons: in the first 
place, it is possible that with decreasing y ray 
energies the relative importance of various 
mechanisms for the interaction can change and 
the quasi-deuteron mechanism becomes inade- 
quate, and in the second place it may be that the 
accuracy of the calculations changes. Simplify- 
ing assumptions, defining the model for the inter- 
action, have been made, and the interaction be- 
tween the emitted nucleons and the nucleus in its 
final state neglected, so that only approximate 
agreement with experiment can be expected. 
Changing ry) to 1.2 x 107!8 cm increases the 
theoretical yield by a factor 1.6 and considerably 
improves agreement with our data. Hence a de- 
tailed comparison between the forms of the cal- 
culated and experimental spectra is not justified. 

For Al?’, the experimental yield for protons in 
the energy interval 15 —50 Mev is about three 
times greater than that predicted by Dedrick; 
however, it is quite likely that the Gaussian dis- 
tribution of momenta about E,) = 16 Mev, which 
he has assumed, is not justified for Al?". A dis- 
tribution corresponding to a smaller value of Ey 
could lead to a higher yield of low energy protons 
and hence to a steeper fall-off in the spectrum, 
since the total number of protons taking part in 
the interaction remains the same. 

On the whole, however, it cannot be denied that 
for both of the elements investigated the quasi- 


deuteron mechanism for the interaction can make 
a significant contribution. 

In conclusion, the author would like to thank 
Prof. A. P. Komar, his colleagues L. A. Kul’- 
chitskil, V. P. Chizhov, Yu. M. Volkov, A. V. Kuli- 
kov and G. M. Shklyarevskii, and the synchrotron 
group at the Institute of Physics and Technology 
of the Academy of Sciences of the U.S.S.R. for dis- 
cussions of results obtained and for their interest 
in this work. 
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The flux of primary heavy particles in the stratosphere was measured with apparatus con- 
sisting of a telescope surrounded by hodoscope counters and of two pulse ionization cham- 
bers placed between the trays of the telescope counters. The ionization produced in each 
of the chambers by single particles with a charge Z => 1 traversing the telescope was 
measured. The flux of primary a particles at the top of the atmosphere at a geomagnetic 
latitude of 31°N was found to be equal to 0.335 + 0.035 particles cm *min !sterad7!, which 
is (16 + 2)% of the total particle flux. The flux of primary particles with Z>2 under 
similar conditions was found to be equal to 0.019 + 0.006 particles cm~*min7~!sterad"!, 
which is ~ 6% of the number of a particles and about 1% of the total particle flux at the 
top of the atmosphere at a geomagnetic latitude of 31°N. 


INTRODUCTION 


‘Tue discovery of atomic nuclei of heavy elements 
in primary cosmic radiation in addition to protons! 
has aroused great interest in the study of the com- 
position of primary cosmic rays. As has been de- 


2 


termined since, in spite of the smail fractionof heavy 


nuclei in the total flux of primary particles, these 
heavy nuclei amount to 30 —35% of all nucleons 
reaching the top of the atmosphere and carry about 
30% of the total energy of the cosmic radiation, 
and produce about 50% of the ionization in the 
upper layers of the atmosphere. An accurate 
knowledge of the composition of the multi-charged 
primary component is necessary also for a solu- 
tion of the problem of the origin of the cosmic ra- 
diation and the distribution of its sources. A wide 
range of problems connected with the composition 
of the heavy primary component of cosmic rays 


has led to a number of experimental investigations. 


In addition to the fundamental experiments on the 
determination of the spectrum of heavy nuclei, as 
carried out by Bradt and Peters et al. with nuclear 
photo-emulsions,°~° a series of experiments with 
low-pressure Geiger counters,'»? proportional 
counters,® and scintillation counters’ have been 
carried out. 

A study of the charge spectrum of cosmic-ray 
primaries in the stratosphere was carried out in 
our laboratory using pulse ionization chambers 
and a hodoscope. By means of a telescope and 
hodoscope, the vertical beam of single particles 
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traversing the apparatus was selected. By meas- 
uring the ionization produced by these particles 

in two pulse ionization chambers placed inside the 
telescope, we were able to determine the charge 
spectrum and, consequently, the mass spectrum 
of the heavy nuclei of the primary cosmic radia- 
tion. On September 18, 1954, the apparatus con- 
structed for this purpose was lifted by probing 
balloons to the stratosphere at 31°N geomagnetic 
latitude, and, for a period of several hours, stayed 
at an altitude of 25 —27 km (an average atmos- 
pheric depth of 24 g/cm”). The measurements of 
the ionization chambers and of the hodoscope were 
transmitted to the carth by radio. 


APPARATUS 


A schematic diagram of the position of the 
counters and ionization chambers in the apparatus, 
and a block diagram of the electronic circuitry, 
using miniature directly-heated tubes, are shown 
in Fig... 

The telescope, which selected a vertical beam 
of single particles, consisted of three trays A, B, 
C, of self-quenched Geiger-Miiller counters, three 
counters in each tray,* connected to a triple-coin- 
cidence circuit (see Fig. 1). Two identical cylin- 


*The dimensions of the counters were: internal diameter, 
2 cm; geometrical length, 30; thickness of the glass walls, 
1-1.5 mm. The counters were filled with a mixture of argon 
and ethylene. A thin graphite layer spread on the internal 
surface of the glass wall served as the cathode. 
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FIG. 1. a—diagram of the position of the counters and ionization chambers in the apparatus; b — block diagram of the electronic 
circuits of the apparatus: 1—triple coincidence circuit; 2— gating univibrator; 3—hodoscope master pulse shaping circuit; 
4—hodoscope; 5—rotary switch; 6—hodoscope pulse tube; 7—triple coincidence gating circuit; 8 — generator of calibration 
pulses; 9 to 10, 13 to 14, and 9 to 22—channels of linear amplification; 11 and 15 — gating circuits, 12 and 16 — pulse stretching 
circuits; 17—circuit for simultaneous transmission of pulses of both chambers; 18 — modulator of the transmitter; 19 —transmit- 
ter; 20—scaling circuit 1:4; 21— ‘four-fold’? coincidence circuit; 23—univibrator with trigger level set for the pulse produced 


in the ionization chamber by two to three relativistic particles. 


drical pulse ionization chambers,* I and II, were 
placed inside the telescope for the measurement 
of the specific ionization of particles traversing 
the telescope. The chambers were connected to 
linear amplifiers 9 —10, 13, 14, and 9 —22. The 
ionization chambers and the telescope were sur- 
rounded by two groups of counters D and E. The 
counters D and E, and also each of the telescope 
counters, were connected to a hodoscope. The 
passage of several particles (nonlocal showers ) 
through the instrument, and also the production 
of electron-nuclear showers in the material of 
the telescope by the particles traversing it were, 
as a rule, accompanied by a discharge of the 
counter groups D, E, or the discharge of more 
than one counter in the telescope trays. Such 
showers were excluded from consideration since, 
in the majority of cases, they were nonlocal. Only 
these cases where one counter was discharged in 
each of the telescope trays A, B, and C, owing 
to single particles traversing the telescope with- 
out interaction, were subject to further analysis. 
In order to minimize the loss in the number of 
single particles due to the production of 6 -show- 
ers and electron-nuclear showers in the material 
inside the telescope, it was necessary to reduce 


*The dimensions of the cylindrical pulse ionization cham- 
bers were: diameter, 10 cm; length, 30 cm; wall thickness, 
0.5 mm brass. The diameter of the internal electrode con- 
sisting of a steel rod placed along the cylinder axis was 
equal to 3mm. The chambers were filled with spectrally pure 


argon at a pressure of 5 atmos. The working voltage was 
1000 v. 


the amount of matter in the telescope to a mini- 
mum. Nevertheless, an aluminum absorber of 
3.0 cm thickness was placed between the trays A 
and B of the telescope counters under the upper 
ionization chamber I. This was done in order to 
exclude the secondary low-energy protons, with 
an initial ionization greater than three times the 
minimum ionization, from the flux of single par- 
ticles, and thus to lower the background in the 
ionization range of q@ particles. In the following, 
in the calculation of the flux of multiply-charged 
particles, a correction was applied for the ex- 
clusion of single particles from the beam due to 
the production of showers in the matter inside 
the telescope. 

The instrument was triggered by a triple coin- 
cidence (tT =5 10° sec) of discharges in the 
counter trays A, B, C of the telescope (block 1). 
To increase the statistical accuracy of the meas- 
ured flux of multi-charged particles, we con- 
structed an instrument with a rather large geo- 
metrical factor Sg = 22.7. To avoid overloading 
of the electronic circuits by a large number of 
pulses from single particles, all pulses from the 
triple coincidence circuit (block 1) were fed 
through 20 with a scaling factor of 1:4. How- 
ever, to prevent a decrease in the number of the 
recorded multiply-charged particles, “four-fold 
coincidences” between the total number of triple 
coincidences without scaling and the pulses due 
to particles-which, in chamber I, produced two 
to three times the ionization of a singly-charged 
relativistic particle, were analyzed by circuit 21. 
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The ionization pulses were fed to a “four-fold” 
coincidence circuit through a parallel amplifica- 
tion channel 9 — 22 and a univibrator 23 with a 
triggering level corresponding to a pulse pro- 
duced in the ionization chamber by two to three 
singly-charged particles. The “four-fold” coin- 
cidences were analyzed by circuit 21. A marker 
circuit containing a neon lamp MTKh-90 was con- 
nected to the common anode of the tubes of this 
circuit. Whenever a “four-fold” coincidence oc- 
curred, the neon lamp was ignited and a voltage 
pulse appeared on the switch blade connected to 
its cathode. The marker circuit was also con- 
nected to the output of scaler 20. Pulses from 
circuit 21 (“four-fold” coincidences) as well as 
the pulses from circuit 20 (triple coincidences 
scaled down in the ratio 1:4) were fed to a uni- 
vibrator 2 generating square pulses of 2 x 104 
sec duration. The pulses from the gate univi- 
brator were used to trigger the amplifying chan- 
nel of the chambers and to start a short powerful 
pulse for triggering the hodoscope, which was 
produced by a short-duration (Tt = 5 x 10~° sec ) 
univibrator with consecutive power amplification 
by means of a cathode follower (block 3). The 
shaped master pulse from block 3 was fed to the 
screen grids (connected in parallel) of the tubes 
of the hodoscope 4. The hodoscope was similar 
to the one used in the experiments of Vernov and 
Charakhch’yan.® Pulses from the hodoscope were 
fed to a mechanical rotary switch 5,° the blades 
of which were connected to the cathodes of the 
neon lamps MTKh-90 placed in the anode circuit 
of the hodoscope tubes, and which were used as 
the indicators of discharge of the given hodoscope 
counters. The central connection of the switch 
contacted, in turn, all the blades and passed the 
voltage pulses from the neon lamps to a cut-off 
tube of the hodoscope 6, which was gated a short 
time after the passage of the stretched pulses 
from the two chambers. The resolving time of 
the hodoscope was 2 Xx 107° sec. To avoid the 
superposition of hodoscope pulses corresponding 
to various master pulses, a special circuit 7 
blocked the coincidence circuit during the record- 
ing of the pulses of the chambers and of the hodo- 
scope. 

Electron pulses produced in chambers I and 
II during the passage of charged particles were 
fed to low-noise linear amplifiers 9, 10, 13, and 
14.* Since we were not interested in the continu- 
ous recording of all pulses from the chambers, 
but only of those pulses produced in the chamber 


*The circuit diagram of the low-noise linear amplifier was 


taken from reference 9. 


during the passage of a particle through the tele- 
scope, it was necessary to trigger the amplifica- 
tion channel of the chamber, i.e., to gate the chan- 
nel in points 11 and 15 for a passage of a particle 
through the telescope. The opening of the closed 
gates 11 and 15 was done by a square pulse pro- 
duced by the gate univibrator 2. The time during 
which the amplification channel was open was 
equal to 2 x 1074 sec, the width of the transmitted 
pulse being ~1 x 104 sec. 

For radio transmission of the chamber pulses, 
the amplitude of the pulse V was, after the am- 
plification of the pulses and their passage through 
the gating lamps, transformed into the pulse length 
T by means of stretching circuits 12 and 16. The 
linearity between V and T was insured in a suffi- 
ciently wide range. 

In the construction of the instrument, we were 
faced with the problem of a simultaneous radio 
transmission of the pulses from the two chambers 
and the pulses from the hodoscope. For a simul- 
taneous recording of the pulses from the two cham-~ 
bers, a special three-tube multivibrator was de- 
signed (block 17). This multivibrator, upona 
simultaneous arrival of the stretched pulses from 
both chambers, produced pulses with a frequency 
of the order of 300 kcs. After the pulse in one of 
the chambers had ended, the multivibrator fre- 
quency was changed to ~ 1000 kes. A special 
marking circuit made it possible to determine 
whether the larger of the pulses belonged to the 
upper or to the lower chamber, according to the 
discharge (or the lack of it) of the neon lamp in- 
corporated in this circuit. The pulses modulated 
in such a way were fed to modulator 18 of the 
transmitter and then to the transmitter 19. A 
short time after the pulses from the chambers 
were transmitted, the pulses from the hodoscopes 
also arrived through the tube 6. After the hodo- 
scope pulses had been automatically recorded a 
few times by means of a relay, the voltage was 
taken off the neon lamps of the hodoscope and of 
the neon tube of circuit 7 which blocked the co- 
incidence circuit and, after that, the instrument 
was ready for recording the next pulse. 

The signals received on earth were recorded 
by photographing, on moving film, the electron 
beam of an oscillograph connected to the output 
of the receiver. An example of such a film rec- 
ord of the pulses from the two chambers and from 
the hodoscope made during the flight is given in 
Fig. 2. 

To convert the length of the stretched pulse 
into multiplicity of ionization (in terms of the 
probable ionization due to a single-charged rela- 
tivistic particle) the instrument was calibrated 
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FIG. 2. A picture of the recorded pulses from the chambers 
and the hodoscope on film during flight: ab—pulse from an @ 
particle in the top chamber; multiplicity of ionization equal to 
4.0-4.25; ab+bc—pulse from the same @ particle in the lower 
chamber; multiplicity of ionization equal to 4.75-5.0; dd’ — 
pulses from the hodoscope; e —marker of the master pulse; 

f, i, k—discharge counters; pulses on the blades of the switch 
for nondischarging counters are denoted by x; m—marker of 
the pulse amplitude from chambers; n— marker of triple coin- 
cidences with scaling factor; p— marker of ‘‘four-fold’’ coin- 
cidences; w—barograph signals. 


by measuring (before the flight) the dependence 
of the length of the signal at the amplifier output 
on the amplitude of the signal at the input. For 
use in the stratosphere, the calibration curves 
obtained were corrected using the singly-ionizing 
particles which give a well defined maximum in 
the particle-ionization spectrum in the atmosphere, 
and using the fixed calibration signals in the region 
of 15-fold ionization produced by a special internal 
generator 8 built for this purpose. Ciznals from 
the generator during the time of flight were fed, 
a few times per minute, to the amplifier input 
and, correspondingly, to the gating univibrator 2. 
The range of linearly amplified pulses from the 
chambers was 10 to ~ 400 uv at the amplifier 
input. This permitted a good measurement of the 
ionization produced by singly-charged relativistic 
particles (the probable ionization due to a singly- 
charged relativistic particle produces a pulse 
equal to 18 uv at the amplifier input) and by 
multiply-charged particles with Z = 2, 3, and 4. 
Heavy nuclei with Z 2 4, causing saturation of 
the last tubes of the linear amplifier, could not be 
distinguished one from another. 

As an illustration of the resolving power of the 
instrument in the ionization range J/J) = 1—4 
(Jj is the probable ionization produced in the 
chamber by a relativistic singly -charged particle; 
J is the ionization produced in the chamber by the 
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given particle), the spectrum of ionization pulses 
from single particles obtained in measurements 
at the surface of the earth (H =1 km) is shown 
in Fig. 3. The half-width of the distribution ob- 
tained is determined by: a) fluctuations in the 
ionization produced by relativistic particles in 
the gas of the chamber, and b) by the superposi- 
tion of noise. (The rms value of the noise at the 
amplifier input was equal to ~ 10 x 10 ® vy for the 
probable pulse from a singly-charged particle 
equal to 1.8 x 10° v.) 
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FIG. 3. Spectrum of ionization pulses from single cosmic 
ray particles at an altitude H=1 km. N—number of particles; 
J/J, —ionization in relative units. 


REDUCTION OF EXPERIMENTAL DATA 


In view of the presence of a large background 
from slow singly-charged particles in the strato- 
sphere in the ionization range J/Jy) =1—4, and 
also because of the presence within that range of 
a certain number of singly-charged relativistic 
particles (see Fig. 3), it was not possible to find, 
for a particles, a sharp maximum at the point 
J/Jy = 4.0 in the ionization spectrum of particles 
in the stratosphere. The experimental material 
obtained was reduced therefore in the following 
manner: 

Distributions were plotted in the (x, y) plane 
(see, e.g., Fig. 4) of simultaneous pulses produced 
by single particles in the upper and lower cham- 
bers. Each particle had a definite place in such a 
diagram, depending on the ionization produced in 
chamber I (x axis) and chamber II (y axis). 
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(The value of ionization is expressed in units 
equal to the probable ionization due to a relativistic 
singly-charged particle.) In the absence of fluc- 
tuations in the ionization, the nuclei of H, He, Li, 
etc., on this plane would be grouped along the 
straight line OO’ running from the origin of co- 
ordinates O at an angle of 45°, around points with 
coordinates 1:1, 4:4, 9:9, etc. In the presence 
of fluctuations, the particles with a given value of 
Z will fall into a certain ionization range, with 
the most probable value at the above points. For 
the determination of the flux of a particles, it 
was necessary to determine the actual limits of 
the ionization range of q@ particles and the value 
of the background from singly-charged particles 
in that range. In practice, we followed the follow- 
ing procedure: Ionization diagrams of single par- 
ticles were constructed for three altitudes, H = 
1—11 km, H=11—15km, and H =25—27 
(plateau of the flight, Fig. 4). It could be as- 
sumed with certainty that, at altitudes below 15 
km, there was no considerable amount of primary 
a particles in the composition of cosmic rays. 
This means that all particles detected in the 

range of ionization due to a particles at alti- 
tudes below 15 km are background pulses of 
singly-charged particles. The upper limit of 

the q@ particle region accepted by us which 


roughly coincided with the lower limit of the re- 
gion of particles with Z>2 (Z region), is de- 
noted in the diagram by two perpendicular lines 
m and m’ (see Fig. 4) parallel to the coordinate 
axes x and y, with the point of intersection on 
the straight line OO’ going through the origin of 
coordinates at an angle of 45° with the coordinate 
axes. The lower limit of the @ region is denoted 
on the diagram by the lines r and r’. This limit, 
and also the background of singly-charged par- 
ticles inthe q@ region (in the region between the 
lines r—r’, and m—m’, dashed on the draw- 
ing) were determined by us experimentally. 

To evaluate the background magnitude in the 
@ region, we moved the point of intersection of 
the lines r and r’ in the ionization diagrams 
along the straight line OO’, giving it a sequence 
of values (J/Jy)] = (J/Jo) qT = 4.0, 3.5, 3.0, 2.5, 
and 2.0. For all these positions of the limit, we 
counted the number of pulses in the a -particle 
region and in the p region (the region of singly- 
charged particles) for altitudes H =1—11 km 
and H =11—15 km, using the total geometrical 
factor of the apparatus. The ratio of the number 
of particles in the q@ region to the number of 
particles in the p region gives the background 
due to singly-charged particles in the q@ region. 
The value of the background in the qa region, ex- 
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pressed as a fraction (in %) of the number of 
gingly-charged particles in the p region, as a 
function of the chosen limits of the regions p 
and a for altitudes H=1—11km and H= 
11—15 km, is given in Fig. 5. 

The number of a particles recorded at the 
plateau (H = 25—27 km, t = 78 min) is given 
in Fig. 6 as a function of the position of the limit 
r—r’ between the proton and the a -particle re- 
gion obtained from the data of Fig. 4.* The back- 
ground due to singly-charged particles, according 
to the data of Fig. 5, for the altitude H =11—15 
km has been subtracted from each point of the 
curve in Fig. 6. The curve in Fig. 6 shows that 
when the point of intersection of the straight lines 
r and r’ moves from the value (J/Jo)y = (J/Jo) ry 
= 4.0 towards smaller values, the number of a@ 
particles first increases and then, beginning with 
the value (J/Jy)j = (J/Jy)q = 3.0, remains con- 
stant. Thus, by passing the lower limit of the a 
region through the point (J/Jo)y; = (J/Jo)y7 = 3.0, 
as shown in Fig. 4, we practically take all q@ par- 
ticles into account. 


EXPERIMENTAL RESULTS 


The results of the measurement of the flux of 
primary a@ particles and heavy primary nuclei 


*The numbers in Fig. 4 denote the number of particles in 
the given ionization range recorded during the stay of the in- 
strument at the altitude of 25-27 km. In the proton region 
these numbers were obtained as a result of multiplication by 
four of the recorded number of triple coincidences with a scal- 
ing factor 1:4, accompanied or not accompanied by a ‘‘four- 
fold’’ coincidence. In the 4-particle region and in the region 
of particles with Z > 2 these numbers were obtained as the 
result of adding the scaled-down number of triple coincidences 
multiplied by four, not accompanied by ‘‘four-fold’’ coinci- 
dences to the total number of ‘‘four-fold’’ coincidences (accom- 
panied and not accompanied by a scaled-down triple coinci- 
dence). 
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FIG. 6. Number of 
single ® particles N, re- 
corded on the plateau 
(H=25-27 km, t=78 min) 
as a function of the choice 
of the lower limit of the 
Q particle region. Correc- gg 
tion for the background of 
singly-charged particles 
has been introduced. 
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with Z>2 inthe stratosphere at 31°N geomag- 
netic latitude are given in the table. The first 
row of the table lists the number of single par- 
ticles in the @ region (Z=2) andinthe Z 
region (Z > 2) which did not produce nuclear 
interactions recorded at the depth of 24 g/em?. 
To the recorded number of particles in the re- 
gion Z=2, we applied a correction for the back- 
ground from single-charged particles and for a 
particles producing 6 stars in the matter of the 
telescope, and which, therefore, were excluded 
from the category of singly-charged particles.* 
After introducing the corrections, we obtained 
the number of primary a particles at the depth 
of 24 g/cm? which did not produce nuclear inter- 
actions in the matter of the telescope (4th and 
Sth rows of the table). Also presented here is 
the number of primary heavy nuclei with Z > 2, 
in the calculation of which we introduced no cor- 
rection for 6 showers, in view of the arbitrari- 
ness of its introduction, and no correction for the 
background, in view of the small statistical accu- 


‘racy of its determination at low altitudes. 


For the determination of the flux of @ par- 
ticles and heavy nuclei with Z > 2 at the top of 
the atmosphere, it is necessary to take into ac- 
count the absorption of the flux due to nuclear in- 


*The correction for 6 showers was introduced on the basis 
of measurements carried out in the laboratory with other in- 
struments without absorbers consisting of a small-sized tele- 
scope surrounded by hodoscoped counters. These instruments, 
in view of their small dimensions, practically did not record 
nonlocal showers. Therefore, all showers recorded by these 
instruments at sea level could have been regarded as 8 show- 
ers. From data obtained by means of this instrument, 5 show- 
ers are produced by singly-charged particles which amount to 
~5% of the number of single particles traversing the instru- 
ment. Since the ionization is proportional to the square of the 
charge of the ionizing particle, we assumed the percentage of 
6 showers produced by particles to be equal to 20% of the 
number of single © particles. 


HEAVY NUCLEI FLUX IN THE PRIMARY COSMIC RADIATION 


Results of the measurement* of the flux of heavy primary par- 
ticles in the stratosphere at 31°N geomagnetic latitude | 


Charge of the heavy primary nucleus 


Number of single particles recorded at the depth 
of 24 g/cm? in the ionization regions 

Correction for the baokground due to Singly 
charged particles 

Correction for the number of nuclei producing 

5 showers 

Number of primary heavy nuclei at the depth of 
24 g/cm? not producing nuclear interactions 
The same in cm~min='sterad7 


Absorption coefficient of heavy nuclei due to 
nuclear interactions in the matter of the 
apparatus, exp (—x/L) 


The same in the layer of air above the instrument 


The flux of heavy nuclei Y at the limit of the 


atmosphere at 31° N geomagnetic latitude in 
cm-*min—'sterad— 
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THe, % 


Lie Lose 
317418 10+3.2 
—90 +22 not introduced. 
+45+6 not introduced 
272+29 10+3.2 
0.154+0.016 0.0056+0.0018 
0.815 0.740 
0.565 0. 400 
0.3352:0.035 0.019 +0.006 
16+2 ~l 


*Duration of measurements t = 78.0 min; geometrical factor of the instrument 
Sg = 22.7; the number of single particles in the Z = 1 ionization range recorded 
at the depth of 24 g/cm? equals 7512 + 87; amount of matter in the telescope of 
the setup —8.1 g/cm’Al + 1.7 g/cm?Cu + 2.0 g/cm’glass. 


teractions in the matter of the instrument and in 
the layer above it. The values of the absorption 
coefficient exp(—x/L) in the matter of the ab- 
sorber and in the layer of air above it are given 
in the table for a particles and heavy nuclei 
with Z>2 (x denotes the thickness of the ab- 
sorber, and L the mean free path for inelastic 
interactions ). In the calculation of these coeffi- 
cients, we used the geometrical cross section of 
the inelastic interaction of q@ particles and 
nuclei* with Z=7 with Al, Cu, and N nuclei 
of the medium. After taking the nuclear inter- 
actions into account, the flux of a particles at 
the limit of the atmosphere at 31°N geomagnetic 
latitude was found to be equal to 0.335 + 0.035 
particles cm~*min~!sterad~!, which amounts to 
(16 + 2)% of the total flux I, of primary par- 
ticles.!%1!! For the flux of heavy nuclei with 
Z>2, the value obtained was 0.019 + 0.006 
particle cm~*min“'sterad“!, i.e., ~6% of the 
number of primary a particles and ~ 1% of 
the total particle flux.. 

V. F. Grushin took part in the experiment. 


*The average value of the atomic number for the flux of 
heavy nuclei with Z > 2 was assumed to be equal to 7. 
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The effect of uniaxial compression along the trigonal axis, using pressures up to 340 kg/cem?, 
on the frequency and amplitude of the quantum oscillations of the magnetic susceptibility of 
bismuth was investigated for temperatures between 1.6 and 4.2°K. The results obtained are 
discussed on the basis of the semi-phenomenological theory of Kosevich. 


Durine a study of the effect of hydraulic pres- 
sure on the magnetic susceptibility oscillations in 
bismuth, it was found that the deformation of the 
Fermi surface due to pressure was strongly aniso- 
tropic;'>? such an anisotropy was not found in 
zinc.*»4* From the standpoint of Kosevich’s theory’ 
a deformation of this type, associated with a 
change in the dispersion relationship, shows that 
the basic cause of the deformation is not a change 
in the Fermi energy Ey (without a significant 
change in the dispersion law, as occurs in zinc), 


CII TTA 


Z2 


FIG. 1. Apparatus for studying 
the magnetic anisotropy of single 
crystals under uniaxial compres- 


bY 
but is a change in the crystal lattice angles and sion. 1—housing, 2—piston trans- A 
an associated change in the dispersion law. In mitting pressure to the specimen, N 
this connection one can expect the effect of uni- 3—specimen, 4—threaded bushing, N 
axial compression on the oscillation frequency, 5 — spring, 6 —specimen enclosure, N? 
E)/8, of the magnetic susceptibility of bismuth 7,8—washers, 9— adjusting de- 


to be anomalously large compared with that to be Vice 


expected if only Ey) changed; here 8 is the ef- 
fective Bohr magneton — see the Landau formulae 
quoted by Shoenberg. 
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The apparatus for producing the uniaxial com- mg 
pression is shown in Fig. 1. The housing 1, the EY 3 
piston 2, which transmits pressure to the speci- ag 6 
men 3, the threaded bushing 4 and the specimen Jom ag 
enclosure 6 were made from very pure aluminum Ea) 7 
bronze; the spring 5 was made from 4% beryllium KJ 


bronze. The calibration of the spring was per- 


formed in a special apparatus and the result was bismuth after it had been recrystallized 30 times; 
recalculated in terms of the pitch of the compres- the specimens were strictly cylindrical, 3 mm 
sion bushing thread 4. The elastic constant of the in diameter and 10 mm long. The trigonal axis 
spring was 15 kg/mm. The whole apparatus, with of the specimens coincided with the longitudinal 
the help of the adjusting device 9, was fixed on axis to within 0.5°. To avoid possible bending of 
the glass rod of a torsion balance suspension the specimen during compression a sliding sup- 
system. port was used; this consisted of a layer of graph- 
The measurements were performed on three itic lubricant 50 thick completely filling the space 
single-crystal specimens made from “Hilger” between the specimen 3 and the enclosure 6.’ The 
~ *The effect of uniaxial deformation on the magnetic suscep- small error in the orientation of the trigonal axis 
tibility oscillations in zinc has also been studied.‘ of the specimen relative to the axis of the suspen- 
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sion was corrected by means of the adjusting ap- 
paratus 9. When the orientation is correct there 
is no couple for any direction in a magnetic field 
of 12,000 oersteds at room temperature. The com- 
plicated variation of the couple?»® observed in the 
basal plane at helium temperatures is, apparently, 
a consequence of the phase shifts and different 
amplitudes of the oscillations associated with each 
of the three ellipsoids of the Fermi surface; this 
destroys the mutual compensation of the magnetic 
moments which takes place at high temperatures. 
The magnetic susceptibility anisotropy was 
measured on specimens at zero stress, at stresses 
of 35, 70, 200, and 340 kg/cm?, and after removing 
the stress, for temperatures between 1.6 and 4.2°K. 
If the load did not exceed 250 kg/cm? the amplitude 
of the oscillations was almost completely restored 
on removing the stress. For large loads there 
was noticeable hysteresis. For every value of the 
load the values of E)/8 (proportional to the area 
Sm of the extremal section of the Fermi surface 
by a plane perpendicular to the magnetic field’) 
were determined for angles © between the vector 
H and the twofold axis of the specimen of 0, +2, 
Ae Ole Seta) et 26,0 4-30, +32, +155. 445°. The 
dependence of E)/8 ~ Sy, on W which was ob- 
tained is shown in Fig. 2. As is seen from the 


FIG, 2. Variation of 
oscillation frequency 
with the angle Y between 
the magnetic field direc- 
tion and the diad axis. 
1,2,3—theoretical curves 
derived from Landau’s 
formulae. Experimental 
data: O — unstressed, 
® — with a stress of 340 
kg/cm’. 
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0 wy) ow OY 
figure, the values E,/f8 for uncompressed speci- 
mens agree very well with the theoretical curves 
(continuous lines) derived from Landau’s formu- 
lae using the tensor-effective masses determined 
by Shoenberg.® On applying uniaxial compression 
the frequency of oscillation falls. Since the rela- 
tive frequency change should be the same for all 
values of W, the changes of E,/8 obtained for 
the same stress but for different angles % were 
averaged; this was done to decrease the effect of 
errors in the relative determination of the twofold 
axis orientation in experiments with different 
loads. The variation of A (E)/8)/(E)/8) with 
stress is shown in Fig. 3. 

The change of E,/8 on compressing bismuth 
along the trigonal axis is anomalously large. For 
a stress of 350 kg/cm? the reduction of E)/f cor- 
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FIG. 3. Variation of 
relative oscillation fre- 
quency change with ap- 
plied stress: O —speci- 
men Bi-1, O—specimen 
Bi-2. 
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G, kg/cm? 
responds to that which occurs for the same orien- 
tation at a hydrostatic pressure of about 1000 
atmos.” 

Thus, for bismuth, which has no groups of elec- 
trons with greatly differing concentrations and in 
which the Fermi surface deformation correspond- 
ing to a change in the bounding energy Ey) cannot, 
therefore, be a determining effect, the main cause 
of the Fermi surface deformation is the change of 
the crystal lattice angles. It is very possible that 
a similar deformation mechanism will be observed 
also in metals similar to bismuth. 

We express gratitude to Prof. A. I. Shal’nikov 
for his interest in the work. 
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The disintegration of the carbon nuclei in a suspension of diamond particles introduced 

into nuclear emulsion was investigated. The cross sections for the various reactions have 
been obtained. An analysis of the angular and energy distributions of the disintegration has 
been carried out under the assumption of a two-stage interaction between high-energy par- 


ticles and light nuclei. 
INTRODUCTION 


Tie last five years have brought a marked in- 
crease in the number of experiments devoted to 
the study of the interaction of high-energy par- 
ticles with light nuclei, especially the nuclei of 

C, N, and O which are contained in nuclear photo- 
emulsions. These investigations are of interest, 
on one hand, as an attempt at a better understand- 
ing of the mechanism of nuclear interactions and, 
on the other, because of the possibility of obtain- 
ing data valuable for the study of the influence of 
high-energy ionizing radiation on the cells of 
living tissues. 

One of the main difficulties in the interpreta- 
tion of the physical processes that occur in the 
emulsion is that it contains several elements. 

The interactions of different particles with the 
complex nuclei of the emulsion are divided into 
two main groups: interactions with the light nuclei 
(C, N, O) and interactions with the heavy ones 
(Ag, Br). The separation of these interactions is 
based on a potential-barrier criterion. By this 
criterion the stars containing a track with length 
smaller than 50u (this range corresponds to an 

@ particle with energy of 9 Mev and to a proton 
of 2.3 Mev) are classified as disintegrations in- 
volving light nuclei. The emission of particles 
with such a range from heavy nuclei is considered 
as very improbable, because of a much higher 
Coulomb barrier than in light nuclei. 

This selection criterion, correct for low exci- 
tation energies of the nucleus,!* is under serious 
doubt for high excitation energies which arise in 
the interaction between a nucleus and an incident 
particle having an energy of several hundred Mev 
and more. When a heavy nucleus is strongly ex- 
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cited, the deformation of the nuclear surface can 
lead to a lowering of the potential barrier. On 

the other hand, an emission of unstable fragments, 
which disintegrate in a way similar to the disinte- 
gration of light nuclei, i.e., with the emission of 
low-energy a particles, is possible. Even if we 
assume that the potential-barrier criterion is 
correct, the correctness of experimental results 
obtained for light nuclei is in doubt. In fact, as 
was shown by McKeague?® and by the authors, about 
half of the light nuclei disintegrate without emit- 
ting particles with ranges smaller than 50yu, and 
such disintegrations will evidently be more prob- 
able the larger the energy of the incident particle. 

In view of the considerable difficulties in sep- 
arating the interactions involving heavy and light 
nuclei of the emulsion in many experiments de- 
voted to the study of interactions involving light 
nuclei, the methods of diluted emulsions’ and 
“emulsion sandwiches”! were used. 

The method of diluted emulsions is based on 
a comparison of the experimental data obtained 
on emulsions with various concentrations of gela- 
tine. The drawback of this method is that it enables 
us to obtain only a limited amount of data with re- 
spect to the class of interactions studied. In ad- 
dition, the lowering of the content of silver halides 
in diluted emulsions markedly increases the diffi- 
culty of finding and measuring the investigated 
stars. 

In the emulsion-sandwich method, disintegra- 
tions of the light elements C, N, O, produced in 
a gelatine layer placed between two emulsion lay- 
ers, are studied. This method makes it possible 
to pick out disintegrations of light elements with 
greater accuracy. However, admixtures from 
disintegrations of Ag and Br nuclei are present 
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here, too, because of the diffusion of these nuclei 
into the gelatine layer during the production of 

the emulsion sandwiches, especially when thin 
gelatine layers are used. Increasing the thickness 
of the gelatine layer leads to considerable losses 
of tracks in the gelatine and makes it much more 
difficult to find the disintegration. 


Apart from these drawbacks, there is an additional 


one, common to both types of experiments. Both 
methods provide only data averaged over several 
elements. For the study of light nuclei, this is 
clearly insufficient, since it is possible that each 
nucleus has its own individual features. 

To study disintegrations involving the nuclei of 
a specific element, it has been proposed? to intro- 
duce this element into the emulsion in the form of 
a suspension. However, this method also is not 
free from drawbacks, the most important of which 
is the presence of “indeterminacy zones.” These 
zones are due to the opacity of the introduced par- 
ticles so that some of the disintegrations involving 
the emulsion nuclei near the particles can be re- 
garded as disintegrations involving the investigated 
element itself. The admixture of such events, due 
to the “indeterminacy zones,” in the case when 
light-element suspensions are used, is consider- 
able and can completely distort the experimental 
results. 

In the study of the interaction between protons 
and carbon nuclei, we used a suspension of dia- 
mond powder.® The diamond particles, 5—T7p in 
diameter, are well transparent, which makes it 
possible to eliminate the “indeterminacy zones.” 
Doubts that may be raised as to the nature of cer- 
tain disintegrations in the lower parts of the intro- 
duced suspension particles are dispelled by scan- 
ning the disintegrations from the side of the glass 
of the plate, using a long-focus immersion objec- 
tive 31 x 0.6. 


EXPERIMENTAL METHOD 


Sandwich emulsions were used in the experi- 
ment. The middle layer, 15 — 20 thick, contained 
the diamond particles. Two types of emulsions 
were used: emulsions recording protons with en- 
ergies up to 16 — 20 Mev (type D), and relativistic 
emulsions (type S). Emulsions of the D type per- 
mit a good identification of qa particles and pro- 
tons in the study of the low-energy. fraction of sec- 
ondary particles for ranges up to 30y, and also 
make it possible to increase considerably the yield 
of the studied reactions, owing to the increased 
time of emulsion irradiation. Emulsions of the S 
type containa considerably smaller number of stars, 
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but make it possible to observe the total picture 
of the investigated disintegrations on carbon. 

The plates were irradiated by a 660-Mev pro- 
ton beam of the proton synchrotron of the Joint 
Institute for Nuclear Research parallel to the 
emulsion plane. Tracks of a@ particles and pro- 
tons in the D emulsion were identified independ- 
ently by two persons, both visually and by grain 
counting. Practically identical results were ob- 
tained. The tracks in the S emulsion were iden- 
tified by measuring the gaps in the particle tracks 
with a range greater than 50, using a special 
eyepiece for gap measurement. 

The nature of particles with a range insuffi- 
cient for a good identification by the grain-count- 
ing method or by the measurement of the gaps, 
could, in the majority of cases, be established 
from the charge conservation in the disintegration. 
This condition, in any case, is the main criterion 
of checking the obtained nuclear decay scheme. 


EXPERIMENTAL RESULTS 


In scanning the plates, 540 disintegrations on 
carbon were found and measured, 190 of which 
were in the S emulsion and 350 in the D emulsion. 
The average number of secondary tracks per star 
in the disintegration of the C! nucleus, found from 
the analysis of stars in the S emulsion, was found 
to be equal to three. This value was found taking 
into account the correction for the absorption of 
short tracks, mainly a particles, by the diamond 
particles with average radius 3p. This correction 
was calculated according to the formula 


N/M, = 31/4R)(R— 22), (1) 


where N is the observed number of tracks with 
range J, Nz is the true number of tracks with 
range 1 (O</s 2R), and R is the average 
radius of diamond particle. Taking the difference 
in the stopping powers of the diamond and the 
emulsion into account, the correction for the ab- 
sorption of a@ particles amounted to 2% of the 
total number of a@ particles. 

For disintegrations of carbon in the S emul- 
sion the ratio of the number of a particles to 
the number of protons, nq /Np; equals 0.76. 
From a comparison of the mean number of tracks 
per disintegration of ee in the S and D emul- 
sions, it is found that, on the average, 0.84 pro- 
tons per star were lost in the emulsion. A ratio 
nq /Mp = 0.77 was obtained by taking the proton 
losses for stars in the D emulsions into account. 
This value was obtained taking the admixture of 
Li among the a particles in the D emulsion into 
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account. The number of Li tracks and their range 
distribution was obtained from the study of disin- 
tegrations of carbon in the S emulsion. The good 
agreement between the ratio nq /Xp for two emul- 
sions with different sensitivities served as a con- 
firmation of the good identification of tracks. 

1. Distribution of the disintegrations with re- 
spect to the number of prongs and the reaction 
type. The distributions were obtained from the 
results of the analysis of disintegrations in the 
S emulsion. The distribution of disintegrations 
of carbon with respect to the number of tracks is 
given in Table I. The track of the incident proton 
is included in the number of tracks given in the 
table. 


TABLE I 
Percent of 
Number the total Cross 
of tracks number section, 
of decays mb 
| 1320) 3142 * 
2 NEO) 2842 
3 9.2 17+4 
4 15/0 3445.5 
5 34.0 78+8 
6 14.0 3245.5 
H WD DOO 
8 0.6 1.544 


*The cross section is taken from 
reference 8. 


In view of the fact that only stars with n = 2 
prongs were recorded, the cross section for the 
production of single-prong stars in the reactions 
CF (p, pn) ce and Ge (p, p2n) Cu for 648-Mev 
incident protons was taken from the work of 
Symonds, Warren, and Young.® The cross section 
for the production of two-prong stars in the re- 
actions Ce (p, 2pn) B,? and Ge (Deez) Bi! was 
also obtained in an indirect way, since omissions 
of stars with too fast protons were possible. Tak- 
ing into account the fact that nuclei C#! and Be 
Gi and Be are mirror nuclei, and also knowing 
the cross sections for p-p and p-n collisions, 
we obtained the cross section for the production 
of two-prong stars equal to 28 mb. 
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The distribution of stars according to the type 
of reaction and the cross sections for these reac- 
tions are given in Table II. The absorption cross 
section og = 227 +12 mb for carbon, for 650 
Mev protons, was taken from the work of Moska- 
lev and Gavrilovskii.? 

As can be seen from Table II, the most prob- 
able type of disintegration is the disintegration of 
c}? into two protons and two a particles. The 
explanation of this fact and a detailed discussion 
of the results of Table II will be given separately. 

2. Particles with Z = 3. In addition to a 
particles and protons, we observed, in a number 
of cases, the emission of a particle with charge - 
3 or 4. The estimated cross sections of the frag- 
mentation of Li and Be with ranges greater than 
20 amounts to 6.5 + 2.5 mb and 3+ 1.5 mb re- 
spectively. These cross sections are in agree- 
ment, within the limits of errors, with the data 
of Ostroumov and Yakovlev,!° obtained for the 
same proton energy. 

The cross section for the production of Be 
given in Table II equals 15+ 4mb. The cross 
section for the production of Bel from carbon, 
obtained by Rowland and Wolfgang! for protons 
in the range 0.34 —3 Bev, amounts to about 11 
mb. Thus, the reaction ce (p, 3pxn) Be pro- 
duces mainly the isotope Bel. This result, 
strange at first glance, is clearly due to the 
strong dependence of the cross section on the 
energy of the first excited state of the decaying 
residual nucleus. For Bej, this level is suffi- 
ciently low (2.43 Mev) so that, even for a small 
excitation energy, it decays into a particles and 
a neutron. The transition probability between this 
level and the ground state through an emission of 
a y quantum is not greater than 0.01.!2 For Bel, 
the level leading to the decay of the nucleus lies 
considerably higher (7.1 Mev),!® which leads to 
a more pronounced yield of Bel as compared 
with Bej. 

It is interesting to calculate the fraction of 
decays in which the interaction of a 660-Mev pro- 
ton with C™ leads to a total disintegration of the 


TABLE II 
Percent of |P t of 
Cross gS AE Cross 
Type of decay serene section, Type of decay pass section, 
of decays mb of decays we 
12 n\ oi4, 10 j | F 
cd (Pec. { 13.4 | 3142 paLi 7.0 1644 
9 2pBe 6.5 15+4 
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| 6p 33) 642.5 
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4pa de) 28+5 3pLi thatis) GEN 
3a YAO 4 16+4 Spar 0.56 1.3+0.8 
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nucleus into p, d, t, and a. From Table II, we 
find that this fraction amounts to 0.59 of the total 
number of disintegrations of light nuclei of the 
emulsion produced by 660-Mev and 1000-Mev 
protons. Serebrennikov'‘ and Philbert!® found 
the probability of a total disintegration of the 
nuclei into particles with Z <3 to be 0.67 for 
Ep = 660 Mev and to 0.7 for Ep = 1000 Mev. The 
small discrepancy between the data of our experi- 
ments and those of references 14 and 15 is due 
partly to the unique features of the decay of C!?, 
and partly to the approximate character of the 
estimate of this probability in references 14 and 
15. 
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FIG. 1. Energy distribution; a— particles; b—protons. 
Solid curve —in the laboratory system of coordinates; dashed 


—in the coordinate system affixed to the nucleus. 


3. Energy and angular distribution of second- 
ary particles. The energy distribution of q@ par- 
ticles and protons in disintegrations recorded in 
the D emulsion is shown in Figs. la andb. The 
energy distribution of the protons is, at the high- 
energy end, limited by the sensitivity of the D 
emulsion. Such a limitation is absent for the 
energy distribution of q@ particles, and we can 


FIG. 2. Angular distribution: a — a particles; 
b — protons. Solid line — in the laboratory system 
of coordinates; dashed — in the system affixed to 
the moving nucleus. 9 — space angle between the 
decay track and the proton beam from the acceler- 
ator. 
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observe a particles from the decays of C! up 

to 72 Mev. The energy distributions are corrected 
for the particles which escape into the air and 

into the glass of the plate, and the energy distri- 
bution for q@ particles is corrected for an ad- 
mixture of tracks of Li, which has already been 
mentioned above. 

Angular distributions of q@ particles and pro- 
tons are given in Figs. 2a andb. The forward- 
backward ratios are 1.77 + 0.2 and 1.55 + 0.2 
for q@ particles and protons respectively. The 
anisctropy in the angular distributions is due to 
two causes, if we assume a two-stage reaction 
mechanism: a) The particles knocked out of the 
nucleus in the first stage of the reaction in n-n 
collisions and in collisions between a nucleon 
and a group of nucleons of the nucleus (the 
knocked-out particles in light nuclei are, by an 
absolute majority, emitted into the forward hem- 
isphere), and b) the excess of particles in the 
forward hemisphere due to the fact that the re- 
sidual nucleus decaying in the second stage of 
the reaction is not at rest but moves with a cer- 
tain average velocity v in the direction of the 
primary proton beam. 

These two effects can be separated if the ve- 
locity v of the residual nucleus is known. We 
shall assume that, for any energy range of sec- 
ondary particles, the anisotropy is due only to 
the motion of the nucleus. Then, knowing the 
velocity distribution of particles in the coordi- 
nate system affixed to the residual nucleus, 
which can easily be obtained from the velocity 
distribution in the laboratory system, one can 
calculate v from the expression that connects 
v with the fraction of particles emitted into the 
forward hemisphere. 

In the calculation of v, we used the energy 
spectrum of the q@ particles. For a particle 
energies from 0 to 4 Mev in the system of co- 
ordinates of the moving nucleus, one can neglect 
the admixture of q@ particles knocked out of the 
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nucleus, in view of the presence of a Coulomb 
barrier in the C!* nucleus. The value obtained 
is v = (2.7 + 0.6) x 108 cm/sec. 

Using the calculated value of v, we plotted 
the energy and angular distributions in the co- 
ordinate system affixed to the moving nucleus. 
These distributions are shown dotted in Figs. 1 
and 2. 

Assuming that all knocked-out particles are 
emitted into the forward hemisphere, one can 
determine, from the angular distributions, the 
number of a particles and protons knocked out 
from the nucleus. Calculation carried out by the 
Monte Carlo method confirms the correctness 
of the assumption with respect to the angles of 
emission of the knocked-out particles. Accord- 
ing to the calculations, 94% of the protons knocked 
out of the nucleus move into the forward hemi- 
sphere. If we assume that all protons not recorded 
in the D emulsion, i.e., having an energy larger 
than 16 Mev, are also knocked-out protons, we 
obtain the result that 46% of the protons and 11% 
of the a particles are knocked out. This amounts 
to 0.97 protons and 0.18 q@ particles knocked out 
per star. 

A calculation by the Monte Carlo method yields 
0.75 knocked-out protons per star. The discrep- 
ancy between the experimental and calculated 
values is due, on one hand, to the fact that inelastic 
p-p, n-p, and nucleon-nucleon group collisions 
were neglected in the calculations, which leads to 
a decrease of the number of knocked-out protons. 
On the other hand, a small part of the protons with 
energies above 16 Mev are protons due to the de- 
cay of the residual nucleus, so that the obtained 
experimental value of the number of knocked-out 
protons is somewhat overestimated. 

Results of the studies of the high-energy part 
of the decay products of carbon will be discussed 
elsewhere. 

In conclusion, the authors would like to express 
their gratitude to M. G. Meshcheryakov and V. P. 
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Dzhelepov for providing the facilities to carry out 
the experiment, to G. M. Subbotina for help in the 
reduction of the experimental data, and to I. M. 
Kuks for taking part in the discussion of the re- 
sults. 
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DESTRUCTION OF SUPERCONDUCTIVITY IN THIN FILMS BY FIELD AND CURRENT 


N. I. GINZBURG and A. I. SHAL’ NIKOV 
Moscow State University 
Submitted to JETP editor March 18, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 399-405 (August, 1959) 
Measurements were made on the critical magnetic fields and currents required to destroy 


superconductivity in thin cylindrical tin films. Qualitative agreement with the Ginzburg- 
Landau theory was obtained. The structure of the films studied is discussed. 


ldpesa aie data on the properties of super- yi 
conductors with small dimensions, whilst at the A 
time substantially assisti +3 i 
e substantially assisting the development of = @ 
the London and Ginzburg-Landau theories, have 
not lost their significance in the new microscopic asa 
theory. : : 
The aim of the present work was to try to es- g 
tablish the conditions for the destruction of super- CESS ST CTE 
conductivity in thin tin films by magnetic fields eet ee ee 
and currents. Although a large number of works 2 —Q—1 
on thin films have appeared, we know of no at- FIG: 1,4) 4 i 2 ; 
nen tS Poa ae : Siar Teal i F id , eit a — specimen evaporator, — specimens, 3 —cop- 
; p y Sy y a series of lagen per screen, 4—evaporator for contacts. b) 1—holder, 2—cop- 
tical specimens fabricated simultaneously under per screen, 3—specimen, 4— evaporator for contacts. 


identical conditions. 
We studied films of various thicknesses which 


were made in the form of thin cylinders with a PSPS EORSH INS MSR 


large ratio of length to diameter. As is known, The tin films studied (purity of the original tin 
when superconductivity in thin films is destroyed 99.998%) were deposited on glass rods measured 
by a current, there must be no edges, since the to an accuracy of 0.01 mm which were 0.6 to 0.8 
magnetic fields at them attain the critical values mm in diameter and 24 mm long. The carefully 
for very small currents. The intermediate state washed rods (nine at a time) were fixed in ver- 
arising at the film edges causes Joule heating, tical holders on a special revolving apparatus 
which increases avalanche-like and leads to a under a vacuum bell-jar and were continuously 
rapid transition into the normal state for the en- rotated at a rate of 8 rpm while the films and 

tire film. The only specimen geometries for contacts were condensed. The process of making 
which there are no edges are discs and cylinders. the films lasted 5 to 8 minutes and the subsequent 
Disc specimens were used by Alekseevskil and deposition of contacts approximately 30 minutes. 
Mikheeva;! however, during their fabrication a The disposition of evaporators and substrates is 
number of difficulties arose which from our point clear from Fig. la.; the fixing of the glass rods 

of view make work with them rather inconvenient. and the position of the cooled copper screen are 
An attempt to use cylindrical films was made shown in Fig. 1b. The screen cross section chosen 
some years ago’ and gave encouraging results. ensured an adequately sharp transition in thickness 
Now we have greatly improved this method. from the contact layer to the specimen layer, and 


also minimized the chance of depositing on to the 
specimen layer any additional material during con- 
tact evaporation. During evaporation (from a 
previously used tungsten evaporator) the pressure 
was less than 107° mm of mercury, and the mean 
surface temperature of the glass rods while the 


285 


Although, as will be seen from what follows, 
we did not succeed in completely avoiding the 
region of anomalously small destructive currents 
as occurred also when studying discs, neverthe- 
less the method we chose was certainly suitable 
for solving the problem posed. 
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specimen layer was being deposited did not appar- 
ently exceed 40 — 60°C. The tungsten wire cru- 
cible for depositing the contact layers was re- 
peatedly fed with tin wire, so that the amount of 
tin evaporated from it exceeded the amount of tin 
used to make the specimen layer by a large factor 
(50 to 100). The amount of substance evaporated 
on to the specimen was calculated originally from 
the change in weight of the evaporator and the 
geometry. To check this calculation we made 
experiments to determine directly the amount 

of substance deposited on the specimen, using 
radioactive tracers.* To do this, strips of thin 
high-purity aluminum foil were fixed on the screen 
behind the specimens, alternating with the series 
of films; the strips, together with a quantity of the 
original tin were irradiated in a pile and then 
allowed to stand for several days. After standing 
one could take the measured activity, after allow- 
ing for the background from the foil, to be deter- 
mined only by the gamma radiation from the Sn!!" 
isotope. From several similar experiments, it 
was found that the relative distribution on the 
specimens agreed very satisfactorily with the 
distribution calculated from purely geometrical 
considerations, but that quantitatively from ex- 
periment to experiment the amount exceeded that 
calculated by a factor of 1.5 to 2. Such a discrep- 
ancy destroys the validity of the method and was 
caused by uneven evaporation of the tin from the 
surface of the tungsten crucible. Our results were 
referred to the quantity of substance deposited on 
the specimen as determined from the experiments 
with active tin. 

In what follows we provisionally describe the 
separate specimens not by the amounts of sub- 
stance deposited on them, but by the thicknesses 
(the density of the condensate was taken to be 
7.0 g/cc). Special attention was paid to mounting 
the finished films in the apparatus and to making 
reliable current and potential contacts to them. 


FIG. 2 


The specimen mounting and the method of attach- 
ing contacts are shown in Fig. 2. The potential 
contacts were mechanical springs of thin tin foil 
pressed between the jaws of the holder and the 


*We thank I. S. Shapiro and I. A. Antonova for help with 
these measurements. 
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thick contact layer of tin on the specimen. The 
current leads were made from three or four close 
turns of soft tinned copper wire (dia. 50u.) — pre- 
viously soldered over with a tin-lead solder 
(melting point 140°C) on a glass rod of the same 
diameter as the specimen. The short cylinders 
thus made were tightly put on to the mounted 
specimen and soldered to it without the use of 
flux. Several specimens with films of different 
thickness were mounted parallel to one another 
in the bottom of a Dewar filled with liquid helium 
and placed between the poles of an electromagnet. 
The Dewar was accurately set up relative to the 
direction of the electromagnet field, using screws 
and a turning device. The resistance measure- 
ments on the films were made using a potentiom- 
eter system; to determine the critical currents 
the ballast resistance in the film circuit was 
smoothly changed, and with the aid of a high re- 
sistance millivoltmeter the instant at which re- 
sistance appears was determined. 

The temperature range in which the measure- 
ments were made was determined at one extreme, 
by the fact that when measuring the currents 
needed to destroy superconductivity, Ig, it was 
impossible to approach closer to the critical tem- 
perature than two or three hundredths of a degree, 
owing to the inadequate sensitivity of the measur- 
ing circuit; at the other extreme it was determined 
by the fact that for large departures from the crit- 
icaltemperature (AT ~ 0.4) the Joule heat 
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evolved during the transition increases substan- 
tially, causing irreversible changes in the film. 
The critical magnetic fields (for which these 
limitations did not apply) were determined in 
the same temperature interval. 

The axes of the films were set parallel to the 
field by turning the apparatus relative to the elec- 
. tromagnet and finding the minimum resistance of 
the films for a sub-critical temperature (the 
setting accuracy was a fraction of a degree). 

The results of simultaneous measurements on 
the critical currents and fields are given for one 
of the series of films on Figs. 3a andb. Figures 
4 and 5 show the variation of critical field with 
effective film thickness for various departures 
from the critical temperature. 
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DISCUSSION OF RESULTS 


To treat the experimental results obtained, 
Ginzburg’s work® on the critical currents in thin 
films was used; formulae are given there which 
are applicable when the film thickness is smaller 
than the penetration depth of the magnetic field, 
but greater than the parameter, ~, in the theo- 
ries of Pippard* and Bardeen, Cooper, and 


Schrieffer. The value of the critical field in 
this case is given as 


_ V880 VT. 
= 


AN se 


He dT 


(AT)*, (1) 


and the size of the critical field of a current He] 
as 


Ha Av 2d 
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where d is the film thickness and 6 9 is the pene- 
tration depth at 0°K (for tin | dHgy/dT| = 151 
oe/deg.). 


a2 
FIG. 6 


In Figs. 6 and 7 the variations of Hay and He 
are given for two series of films; it is seen that 
the experimental points lie satisfactorily on the 
appropriate curves AAT? and BATY2, fitted 
to our data at AT =0.1°K (the scale on the or- 
dinate axis corresponds to a film of 1.5 x 10= 
cm; for other films the scale is appropriately 
altered). 

The ratio of HeHe{/%3H%m, which, according 
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to reference 3, ought to be constant and numeri- 
cally equal to unity, was much smaller in our ex- 
periments and was 0.22 + 0.03; the penetration 
depths* 5H and dh, were, respectively, 1.9 + 
0.3 x107-°em and 9.3 + 1.5 x 107° cm, which are 
much greater than the value 69) for bulk tin of 
5x 10-8 em. The small value of the ratio HeHg]/ 
*/, #2 May be connected with the fact that the 
critical currents measured in the experiment are 
greatly reduced by the inevitable presence in the 
specimens of uncontrolled “weak” spots, which 
also determine the current which destroys super- 
conductivity. 

The data presented in Figs. 4 and 5 show that 
the inverse and direct proportionalities of the 
critical field on the film thickness expected from 
Eqs. (1) and (2) are on the whole obeyed. 

The substantial difference (about a factor of 
three) in the penetration depth 6H we have found 
from the value obtained by Zavaritskii® for thin 
films can perhaps be explained by the fact that 
Zavaritskil determined penetration depths which 
varied systematically with thickness only for the 
very thickest films he studied. Also an important 
factor here is the inaccuracy in our determina- 
tions of the true thickness of the films. The pene- 
tration depths determined from the current data 
are much bigger because anomalously small cur- 
rents destroy superconductivity, and these re- 
sults cannot serve as material for comparison 
with the theory. In comparatively finely dispersed 
films Pippard’s parameter £& (see reference 4) 
is much smaller than in sufficiently good massive 
specimens. Therefore, it is understandable that 
our value of 6H is substantially larger than 6) 
for the bulk metal. 

In principle, there are.two possible variants of 
experiments with thin layers obtained under clean 
conditions by condensation in vacuum (we ignore 
all other methods of producing thin layers). The 
first of these variants consists in the successive 
manufacture of separate films with a known quan- 
tity of substance deposited on unit area under con- 
ditions in which one is easily able to vary within 
wide limits the temperature of the dielectric sub- 
strate on which the condensation is carried out. 
The drawback of this method is the difficulty of 
accurately repeating the conditions when making 
the series of specimens required, and also the 
limitation in the choice of geometrical shape. 

The second possibility (used in our work) 
consists of the simultaneous fabrication of a 


*In these calculations the data for the very thin films were 
not used. 
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series of specimens with different masses 

(which had been chosen beforehand ) deposited 

on separate substrates. However, this method 

can be realized in practice only if the tempera- 
ture of the substrate is close to room temperature. 

Of course, the structure of films obtained by 
condensation depends very much on the tempera- 
ture of the condensation surface and even the 
speed of condensation. 

The lower the temperature of the substrate 
relative to room temperature, the denser and 
more highly dispersed is the deposit. Close to 
helium temperatures all deposited metals without 
exception are very homogeneous and are appar- 
ently completely amorphous deposits (not pos- 
sessing a defined crystalline structure) with 
densities only slightly reduced relative to that 
of the bulk metal.* 

The speed of condensation in these conditions 
is not important and can affect the structure of 
the deposited films only if the heat produced by 
radiation from the evaporator and by the heat of 
condensation causes the substrate temperature 
to rise. 

On increasing the substrate temperature the 
conditions under which the deposit is formed are 
different for different metals. Here one can state 
the following qualitative considerations. 

Refractory and high melting-point metals form 
deposits, the structure of which is not greatly 
affected by the substrate temperature.{ The de- 
posits are homogeneous and highly dispersed — 
electrical conductivity appears in them at very 
small effective thicknesses (of the order of 
atomic). Relatively fusible and low melting- 
point metalst (which include tin) form, under 
these condensation conditions, films whose struc- 
ture depends markedly on the amount of substance 
deposited on unit area of substrate. In the very 
first stage of condensation on a clean substrate 
Separate centers grow isolated from one another; 
this causes metallic conductivity to appear only 
at effective thicknesses of many hundreds of 
atomic layers. The density in this “sub-layer” 
is significantly smaller than the bulk density of 
the condensed metal. The formation of a com- 
paratively dense layer during further condensa- 
tion proceeds on the “sub-layer” already created, 


*We leave aside the possibility of transformation polymorphs 
in the film. 


tIf this temperature is sufficiently far from the melting point 
of the metal. 


tThe specific behavior of alkaline metal films is not con- 
sidered. 
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a fact which is well illustrated by Fig. 8, which 
shows the variation of the electrical conductivity 
of tin films on their effective thickness.* 

As is seen from this graph, the normal varia- 
tion of conductivity with thickness starts only 
after the formation of the “sub-layer” has fin- 
ished. 

Thus, it must be borne in mind that the series 
of films we made are quite far from ideal, since 
in the thickest the “sub-layer” can amount to 10% 
of their thickness. Some compensation for the 
depth inhomogeneity of films obtained at room 
temperature is provided by their comparatively 
highly dispersed state — the crystallite dimen- 


*On cooling to 4.2° the resistance of our films fell by a fac- 


tor of ten for the thinnest films and by a factor of 30 for the 
thickest ones. 


sions apparently approach their effective film 
thicknesses in magnitude. In this sense they are 
quite different from the highly dispersed “amor- 
phous” films obtained by condensation at low 
temperatures. 

However, all the drawbacks of the method we 
chose for making the films are balanced by the 
possibility of making a series of specimens si- 
multaneously and of obtaining these specimens 
in an ideal shape for the problem posed, i.e., the 
study of the destruction of superconductivity by 
current. 

We are grateful to V. L. Ginzburg for his in- 
terest in the work and valuable discussion and to 
D. I. Vasil’ev for help with the experiment. 
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The average number of neutrons emitted per event of spontaneous U2" fission, p= 2eleeOle 
and the quantity A = (v?—v)/v? = 0.95 + 0.05, which characterizes the neutron distribution, 
were measured by a double-coincidence technique. These values, as well as the results of 
previous studies of neutron emission from spontaneous u°8 fission do not agree with the 
semi-empirical laws valid for most investigated nuclei. The number of neutrons emitted 
was determined to be 64.5 + 2.0 per gram-hour. The decay constant and spontaneous fis- 
sion half-life computed from the data obtained in the present investigation are 31 + 1.5 fis- 
sions per gram-hour and (6.5 + 0.3) x 10° years, respectively. 


INTRODUCTION 


ilimenouen investigations of prompt neutrons 
from fission have clarified many details of the 
process of neutron emission by excited fragments. 
A number of experiments! and calculations’ have 
shown that the average number vy of neutrons 
emitted per fission event increases approximately 
linearly with the excitation energy Ex of the fis- 
sioning nucleus. A comparison of the data on v 
for the spontaneous fission” of Pu?4° and Pu?4? and 
the neutron-induced fission of Pu?®? and Pu*4! 
shows that the linear dependence of Vv on Ex 

can evidently be extended into the sub-threshold 
region of excitation energies as far as the spon- 
taneous fission of an unexcited compound nucleus. 

The excitation energies Ex of fragments from 
neutron-induced fission and from spontaneous fis- 
sion differ by the amount Eine + Eeomp where 
Ejinc is the kinetic energy of the incident neutron 
and Ecomp is its binding energy in the compound 
nucleus. It is assumed that the average kinetic 
energy of fragments is independent of the excita- 
tion energy of the fissioning nucleus.? Therefore 
the linear dependence of v on Ex can be applied 
to experimental data on neutron-induced fission to 
obtain v for the spontaneous fission of a number 
of nuclides for which the direct measurement of 
this quantity is practically impossible. 

In references 4 and 1 an attempt was made to 
calculate the dependence of vy on the number of 
nucleons A and charge Z of a spontaneously 
fissioning nucleus. The results of these calcula- 
tions are in satisfactory agreement with both the 
experimental values of v for spontaneous fission 
and with the values obtained by extrapolating data 
on induced fission. An exception is provided by 
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the values of v for the spontaneous fission of 
U238, 2.26 40.16 and 2.4 + 0.2, which do not 
agree with the calculation and appreciably exceed 
the extrapolated values of v for neighboring 
uranium isotopes. Extrapolation of the experi- 
mental values of for photofission of U?*® yields 
a result which is considerably lower than the two 
values given above.° 

In addition to this discrepancy an anomaly in 
the distribution of the number of neutrons is ob- 
served in the spontaneous fission of U7*8. The 
probability P(v) of emitting a given number v 
of neutrons in one fission event is represented. 
satisfactorily for the great majority of the inves- 
tigated nuclei by the binomial law® 


ell 
a 
where Vy is the maximum possible number of 


emitted neutrons. From (1) we obtain the relation 


(2) 
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A =(v—v)/v =1—1/ mp. 


An experimental study of the distribution P (v)® 
determined that A for both spontaneous and neu- 
tron-induced fission of nuclides from U?** to cf?*2 
is given approximately by the semi-empirical ex- 
pression 


A =0,714+ 0,035 ¥ (3) 


and thus depends only slightly on v; its values for 
the aforementioned nuclides lie in the interval 
0.79 — 0.85. 

Geiger and Rose’ have measured the ratios of 
the first three moments of the distribution P (v) 
for spontaneous fission of U8? (p2/p = 3.26, 
v?/p = 12.73), the relation between which is 
better represented by the Poisson distribution 
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P(v) =v’e-/vI, (4) 


than by the binomial law (1). From these results 
it follows that for spontaneous fission of U238 we 
have A=1, whereas from (3) for y = 2.3 we 
obtain A=0.79. 

Since the experimental values of DV and A for 
spontaneous fission of U?38 were obtained by in- 
direct methods!’ and do not obey the same rela- 
tions as for a number of other nuclides, the direct 
experimental measurement of these quantities 
was of definite interest. 


MEASUREMENT OF v 


vy was determined by relative measurements 
of the number of coincidences between detectors 
of prompt neutrons and of spontaneous fissions of 
U38 and Pu249, Two multilayer ionization cham- 
bers in parallel (Fig. 1) were used to detect spon- 
taneous fissions of U2*8, 12 g of uranium depleted 
of U2*> were deposited in layers 2 mg/cm? thick 
on both sides of aluminum foils. An identical cham- 
ber contained 2.5 mg of Pu’4? (92% Pu?*? and 
8% Pu?8*) on platinum foil. The chamber contain- 
ing U8 was filled with argon to a pressure of 5 
atm, while the chamber containing plutonium was 
filled with a mixture, 90% Ar + 10% CO,, to 35 mm 
Hg. The lower pressure of this mixture consider- 
ably improved the discrimination between fission 
fragments and piled-up a@ particles. The oper- 
ating point on the characteristic of the fission 
chambers was selected by extrapolating the count- 
ing rate for a particles to 0.1% of the spontane- 
ous fission intensity. 
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FIG. 1. a) Diagram of apparatus for measurement of (OF), 
1—layers of U?*, 2—B'°F, counters, 3—paraffin, 4— shield- 
ing layer; b) efficiency of neutron registration along the de- 
tector: The vertical axis represents the number of counts per 
unit time, while the horizontal axis represents the distance 
from the edge of the detector in cm. 


The fission chambers were surrounded by 24 
proportional B!°F; counters in paraffin, as shown 
in Fig. 1, which were connected in parallel. The 
efficiency of registering prompt fission neutrons 
was ~4%. The electronic equipment registered 
pulses from the chambers, counters and coinci- 
dence circuits, which had a resolving time of 
~6 x 1074 sec. Accidental coincidences during 
measurements with Pu24° amounted to less than 
0.2%, and ~ 0.01% with U8, and were therefore 
not taken into account. 

The total number of registered coincidences 
was ~ 2400 for U2*8 and ~ 12,000 for Pu2?. as 
a result of these measurements a correction was 
introduced for nonuniform efficiency along the 
neutron detector. Three experimental runs were 
in satisfactory agreement and yielded the ratio 
D (U8 )/ p> (Pu4?) = 0.92 + 0.03. Using »(Pu4?) 
= 2.26 + 0.05,2 we obtain v (U8) =2.1+4 0.1. 


MEASUREMENT OF A 


The measurement of A was based on double 
coincidences between neutrons from a single fis- 
sion event. These methods have been described 
in detail by Geiger and Rose.’ Samples of urani- 
um and plutonium were placed inside a paraffin 
block together with two six-counter groups of 
BF, counters connected for coincidences 
(Fig. 2). Eight disks, each consisting of 200 g 
of depleted uranium, were spaced uniformly 
along the length of the neutron detector. Cali- 
bration was performed by means of a thin spher- 
ical plutonium sphere containing about 2% Pus 
With a shell thickness of 1.5 mm the multiplica- 
tion constant was 1.05. For Pu’ A is known 
to have the value 0.807 + 0.008.° 

The pulse counting rate of each channel was 


NyswFe, i= 1, 2: (5) 
The double coincidence counting rate was 
N, = (v? —¥) Fe €2 9, (6) 


where F is the number of spontaneous fissions 


FIG. 2. Diagram of apparatus for measurement of A: 1-U™, 
2—shielding layer of B,C, 3—B*°F, counters, 4—paraffin, 
5 and 6—amplifiers, 7—coincidence circuit. 
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per unit time in the sample: ¢€,, €, are the effi- 
ciencies of the counting channels; 17 is the double- 
coincidence selection factor which takes into ac- 
count the finite resolving time of the coincidence 
circuit. 
For U288 and Pu4? (5) and (6) with the notation 
6 =(v*-v)/v give 
by = N,(U) (Ni + Ne)py epy ey (7) 
Spy N.(Pu) (Mi + Na)y ey 22” 


Our experimental ratio was 6y /Opy= 1.085 + 0.02. 
Using the known values of v and A for Pu24? 
and the measured value of v for u238 | we obtain 


Nine O95 0200. 


This result includes a correction for the multipli- 
cation of spontaneous fission neutrons in the sam- 
ples and geometric factors epy/ey and etj/ et 
accounting for the difference in the arrangements 
of the uranium and plutonium samples. 


MEASUREMENT OF THE SPONTANEOUS 
FISSION HALF-LIFE 


In addition to giving the values of Vy and Ay: 
(5) and (6) can be used to determine the number of 
neutrons Q=VF/M emitted in unit time by a gram 
of uranium. Q was measured in three ways. 

(a) Comparison of the channel counts for the 
uranium and plutonium samples gives 


(M+ Ne)y 


OF )y ey 
(Ni + Nz) py 


(VF)p, &Pu 


(8) 


The determination of (vVF)y from this equation 
required knowledge of Fpy, which can be calcu- 
lated if the concentration of Pu?° in the spherical 
shell is known. This concentration was measured 
by comparing the emitted neutron intensity from 
the sphere and from a standard plutonium disk of 
known concentration and weight. From (8) we then 
obtained Q = 60.3 + 3.6 neutrons/g-hr. 

b) Using the value of Fpy measured above, 
it is easy to determine (VF) and therefore Q 
from the relation 


(No Ny No): : 


(No/NiNo)py 


(Fy) Pu 
(Fy)y 2, 


io] 
o| oo 
Gq 


(9) 


In this way we obtain Q = 67.5 + 3.7 neutrons/g-hr. 
c) Q can be determined by measuring the selec- 
tion factor 7, independently of Fpy, using 


N ©) 
Z =f! ie SS 10 
ee (Fy)y Fe U ( ) 


The selection factor was determined by studying 
the dependence of the number of true coincidences 


on the resolving time of the coincidence circuit. 

With rt as the mean life of slowed-down neutrons 
in the detector the time distribution of registered 
neutrons obeys the law cae et/ T. The probability 
of registering the coincidence of two neutrons can 


be obtained from the relation 

co t--T; rh co ae ape dt’ 
relent Veit fem Veet 
0 i 0 t 
1 (e-Tik $e Pt) /2, (11) 
where T, and Ty, are the durations of pulses 
reaching the coincidence circuit from the first 
and second channels, respectively. 


In the present experiment we have 


yal er, (12) 


since the pulse durations in both channels were 
selected to be approximately equal: T,; ~ T,=T. 
T -also becomes the resolving time of the coinci- 
dence circuit. The mean neutron lifetime T was 
determined by bringing the experimental relation 
between the number of coincidences and the re- 
solving time T into best agreement with (11). 
From all of the foregoing data we obtained 


7= 1.44.10 sec, 4=0.82-+0,02 


for T =2.38-10 sec. 


A calculation by means of (10) gives Q = 65.0 + 
2.3 neutrons/g-hr. The number of neutrons 
emitted by a gram of uranium per hour, which 
was obtained by averaging the values of Q de- 
termined by the methods described above, is 


Q = (64.5+2) neutrons/g-hr. 


Hence the decay constant A =Q/v and the spon- 
taneous fission half-life T;, become 


h = (31 + 1,5) fissions/g-hr, 


Ty, (6.5 0:3) 10 years 


DISCUSSION OF RESULTS 


Our measured result A=0.95+0.05 agrees 
with the measurements of Geiger and Rose. How- 
ever, we cannot conclude on the basis of these ex- 
periments that the number of neutrons emitted per 
spontaneous fission of U?%8 obeys a Poisson distri- 
bution. Neither a binomial distribution nor a Pois- 
son distribution for P(v) can apparently be justi- 
fied theoretically, since the probability for the 
emission of a given number v of neutrons is de- 
termined by the distribution of the excitation en- 
ergy. Nevertheless, the Poisson law is a worse 
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TABLE I 


Authors 


Fermi?! 54 

Scharff-Goldhaber 63 
and Klaiber? 

Pose’ (a}5H4) 


approximation than the binomial law to the real 
distribution P(v), since with the former Vm 
=o and A=1, independently of the excitation 
energy of the fissioning nucleus, and this conflicts 
with experimental results. 

The binomial distribution is also insufficiently 
accurate since, for example, Eqs. (2) and (3) now 
give Vm = 1/(0.286—-0.035), which is smaller 
than the observed maximum number of neutrons 
per fission, at least for the spontaneous fission 
of Cm?“4 and Cf*2,.9 The real distribution 
P(v) is evidently somewhere between the two 
distributions mentioned. 

The deviation of the experimental value of A 
from (3) clearly indicates that the width of the 
excitation energy distribution in the spontaneous © 
fission of U*8 is greater than for other nuclides 
with the same mean excitation energy. Leachman 
calculated y?/v = 2.70, which is closer to our 
value (2.98 + 0.05) than to the result obtained by 
Geiger and Rose (3.26 + 0.16). 

Our result, vy = 2.08 + 0.08, for the spontane- 
ous fission of U?** agrees within experimental 
error with the value obtained by Geiger and Rose 
(2.26 + 0.16) but is smaller than Littler’s result 
(2.4 + 0.2). The data indicate, as previously, that 
D for the spontaneous fission of U?** is ~0.4 
above the results calculated in references 1 and 4. 
In these papers it was assumed that the kinetic en- 
ergy of fragments depends linearly on Z?/A1/, 
which is only slightly different for close isotopes, 
so that the computed kinetic energy of fragments 
is almost identical for neighboring uranium iso- 
topes. However, Kovrigin and Petrzhak have 
shown in a recent paper’? that the mean kinetic 
energy of fragments from the spontaneous fission 
of U8 is 3 or 4 Mev lower than in the fission of 
u235 induced by thermal neutrons. This indicates 
that the actual excitation energy of fragments in 
the spontaneous fission of u238 is 3 or 4 Mev 
higher than that calculated in references 1 and 
4; v is thus increased by 0.4 or 0.5. 

It is interesting to compare v for the spon- 
taneous fission and photofission of U*®, Refer- 
ence 5 gives p=1.6 40.5 for U**® fission in- 
duced by y rays with about 5 Mev. Assuming 


neutrons/g-hr 
ee a ee Pet Ee ee 


Authors neutrons/g-hr 
Hanson® SY) ea 
Rotblat® Domo 
Littler® LY) Rt ee ie: 
Present authors | 64,542.0 


that with rising excitation energy v increases 
linearly and dv/dE = 0.13 Mev"!,! we would ex- 
pect v ~ 2.8 in photofission induced by 5-Mev 

y rays. 

The features of U?*8 fission discussed in the 
present paper show the inadequacy of semi-em- 
pirical laws which ignore the characteristics of 
individual nuclides. 

Tables I and II compare the values of Q and 
A obtained in the present work and by other in- 
vestigators. 


TABLE II 


nN 


, 
Authors fissions/g-hr 


Segre! 24.8+0,9 

Whitehouse 24,24+1.5 
and Galbraith** 

Flerov et al.?° 19.84+2.9 

Present authors 31.0+1,5 
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Results are presented of an investigation of the polarization of recoil protons appearing in 


elastic m*-p scattering through an angle of 140 + 8° in the c.m.s. at an energy of 307245 
Mev. A polarization value P; = —0.19 + 0.17 has been derived from the data on the mag- 


nitude of the left-right asymmetry in elastic scattering of recoil protons on photographic 
emulsion nuclei. Phase shifts satisfying the indicated polarization value and consistent 
with the differential cross section for elastic scattering of m*-mesons by protons are 


given by Eq. (1). 


Problems connected with the use of various phase shift sets for analysis of the experi- 


mental data are discussed. 


INTRODUCTION 


Paase -SHIFT analysis of the differential cross 
sections for the elastic scattering of 7 mesons by 
protons leads, in general, to a whole sequence of 
solutions which agree equally well with the experi- 
mentai results. By means of additional considera- 
tions, based on a great number of experimental 
and theoretical investigations of the interaction 
between a mesons and nucleons, it is possible 
to eliminate several ambiguities and to reject 
some of the solutions, i.e., to reduce the number 
of possible solutions to a minimum. AS an ex- 
ample of this, we recall the application of the 
dispersion relations to meson-nucleon scattering. 

There exists a direct method for a unique 
choice of the solution, based on phase-shift analy- 
sis of a whole set of experimental data on elastic 
scattering of mesons by protons, involving the 
differential cross sections and the polarization 
of the recoil protons. The polarization of recoil 
protons, as was shown first by Fermi,! is very 
sensitive to the values of phase shifts, and its 
measurement can therefore serve as a good 
method of uniquely choosing from among different 
sets of phase shifts the one compatible with the 
differential cross sections as well as with the 
polarization data. 

The basic condition for the measurement of 
the polarization of recoil protons is the availabil- 
ity of an intense beam of 7 mesons of high en- 
ergy. In this case, by scattering the 7 mesons 
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at large angles, it is possible to create a suffi- 
ciently intense polarized beam of recoil protons 
with energy greater than 100 Mev. For this beam 
the effect of polarization in elastic scattering by 
the analyzer nuclei is great and, consequently, 
the magnitude of the asymmetry in scattering can 
be considerable. 

A beam of m* mesons emitted from the syn- 
chrocyclotron of the Joint Institute for Nuclear 
Research, with an intensity of about 1,000 me- 
sons per cem?-sec at an energy of 307 Mev, cre- 
ated sufficiently favorable conditions for perform- 
ing an experiment to measure the polarization of 
the recoil protons. The recoil protons from the 
m*-p scattering, coming out at an angle of 20° in 
the laboratory system, had in this case an energy 
of 170 Mev, which was very convenient for con- 
ducting these measurements. 

On the basis of the results of the phase-shift 
analysis previously performed by Mukhin and 
Pontecorvo? for m-meson energies of 240, 270, 
and 307 Mev, the expected values of polarization 
were calculated for the case where only the con- 
tribution of the SP -states is taken into account, 
as well as for the case when the contribution of 
the D-state is also considered. In Fig. 1 are 
shown the results of the calculations, made in 
accordance with the solutions obtained, in which 
the phase 633 is positive and 635 is negative. 
On the same figure are shown the results of cal- 
culations of the polarization for 307 Mev in the 
case when the opposite choice of signs for dg 
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FIG. 1. Polarization of recoil protons as a function of at- 
meson scattering angle in the c.m.s. The dotted curves are for 
SP-analysis, the solid curves are for the SPD-analysis. The 
calculations were made on the basis of phase-shift sets from 
reference 2 for 240, 270, and 307 Mev. The upper solid curve 
corresponds to the set @, = -30°; a,, = 140°; a,, = -15°; 

O,, = —10°; and ‘6,, = 10°. 


and 63, is made. As can be seen from the figure, 
an important feature of the calculated curves is 
that relatively small values of phase shifts in the 
D -state significantly influence the polarization. 
This is especially noticeable for angles from 130° 
to 150°. Here the value of polarization, in the 
case of SPD analysis, firstly increased sharply 
compared to SP analysis, and secondly, changes 
its sign when the opposite choice of the signs of 
633 and 63, is made. Therefore it is completely 
natural that the main goal of the experiment 
(which is to measure the polarization of the re- 
coil protons for the angles of scattering of mesons 
in the interval 130° to 150° in the center of mass 
system) should be, first, a determination of the 
value of the contribution of the D state to the 
scattering, that is, of the values of 633 and dg., 
and second, a determination of the signs of these 
phases. 

There is practically no information on the con- 
tribution of the D -state to the scattering, although 
this question has been considered in several 
papers.’ This is due to the fact that the measure- 
ments of the differential cross sections, owing to 
the limited precision of the results, are not sensi- 
tive enough to small values of phase shifts in the 
D-state. Therefore, the “optimal” sets of phase 
shifts in the case of SPD analysis do not permit 
one to draw reliable conclusions about the values 
of phase shifts in the D-state. Up to the present 
time, no polarization experiments have been made 
at such energies where the D -state can give a con- 
siderable effect. To determine the most favorable 
conditions for an experiment to measure the po- 
larization of the recoil protons, corresponding 
estimates were made for m* mesons with ener- 
gies from 200 to 307 Mev. These estimates were 
made by taking into account the intensities of the 


meson beams, the energies of the recoil protons, 
and the expected value of the polarization for these 
energies, and also by taking into account the infor- 
mation about the values of the differential cross 
sections and accuracy of their measurements. 
These estimates have shown that the most favor- 
able conditions for the experiment occur at a 
m*-meson energy of 307 Mev. At this energy, for 
a meson scattering angle of 140° in the c.m.s., 

(the corresponding value of the energy of the re- 
coil proton is 170 Mev), the polarization calcu- 
lated for the “optimal” set of phase shifts in the 
case of SPD analysis (a3 = —13.0°; a3, = —4.0°; 
33 = +133.7°; 633 = 9.5°; 635 = —10.0°) was found 
by Mukhin and Pontecorvo to be Py =-0.71. In 
this case, in elastic scattering of the recoil pro- 
tons by the photoemulsion nuclei, a considerable 
left-right asymmetry was expected, reaching a 
value of 0.3 or 0.4 for the scattering angles 6° 

and greater. 

At the present time the results of only one ex- 
periment measuring the polarization of recoil pro- 
tons are known.‘ In this experiment, ata ma - 
meson energy of 220 Mev, the polarization of 
recoil protons was measured for 15° and 30° in 
the laboratory system. Owing to major experi- 
mental difficulties, the statistical accuracy of 
the measurements was not good. However, based 
only on experimental results, an analysis of these 
results permits one to reject, directly, two solu- 
tions out of four and to determine precisely the 
sign of the phase a. 


CONDITIONS OF THE EXPERIMENT 


The setup of the experiment is shown in Fig. 2. 
The method of obtaining the 7*-meson beam was 
already described several times (see, e.g., refer- 
ence 5). Mesons with energies of 307 + 5 Mev 
passed through a collimator 5 cm in diameter and 
hit a liquid hydrogen target. The working part of 
the target consisted of a metallic vessel 30 cm 
long and 8 by 8 cm in cross section. This vessel 
was covered with a thick layer of foam plastic. 
The front and back walls of the target, through 
which the beam of mesons and recoil protons 
passed, had a rounded shape and were made of 


Photoe mulsions 


FIG. 2. Experimental setup. 
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brass foil 0.4 mm thick. These parts of the tar- 
get were covered by a thinner layer of foam plas- 
tic, 3cm thick. The target was placed on a spe- 
cial table in such a way that the axis of the target 
coincided very accurately with the axis of the me- 
son beam. 

The recoil protons, emitted from the target at 
an angle of 20°, struck photoplates placed in hold- 
ers held on bars at the same angle to the left and 
to the right of the axis of the meson beam. The 
initial energy of the recoil protons was 170 Mev; 
but an average of 10 Mev was lost in the passage 
through the liquid hydrogen, the walls of the target, 
and in the emulsion. The emulsion played a double 
role, as a detector of particles and as a target for 
the elastic scattering of the recoil protons, that is, 
an analyzer of their polarization. 

An investigation of background conditions 
showed that there were two sources of background, 
and it was necessary to take them into serious 
consideration. First was the background from 
the walls of the liquid hydrogen target. An esti- 
mate of this background, made by irradiating the 
empty target with a beam of 7* mesons, showed 
it to be small, less than 1%, because in our case 
the working part of the target had a great length 
and a large cross section, and also because there 
was a small angular divergence of the mesons in 
the beam. The second background was due to the 
liquid hydrogen, which filled the working part of 
the target. This background was caused by the 
fact that the beam of m* mesons used in this ex- 
periment contained apart from a large number of 
protons with a momentum equal to the momentum 
of the mesons (the corresponding energy of the 
protons was Ep = 92 Mev), an additional number 
of protons with greater energy (Ep > 150 Mev), 
i.e., protons with momenta much greater than 
that of the mesons. The scattering of the latter 
protons by the hydrogen in the target produced 
recoil protons which could not be separated in 
the emulsion from the recoil protons due to m*-p 
scattering. The number of high-energy protons 
was estimated with photoplates, irradiated in the 
beam of 307-Mev 7m* mesons by counting the grain 
density in the tracks of protons travelling along 
with the mesons. The measurements showed that 
the number of protons in the beam, with energies 
of 150 to 200 Mev, was not more than 2% of the 
number of mesons. Since the differential cross 
sections for emission of recoil protons (at an 
angle of 20° in the laboratory system) in p-p 
scattering are approximately equal in our case 
to those of the m*-p scattering, the total back- 
ground was not greater than 3%. 


We searched, in this experiment, for events 
of elastic scattering of the recoil protons by the 
nuclei of the photoemulsion, in order to deter- 
mine the value of the left-right asymmetry in 
this scattering. The search for the cases of 
elastic scattering was made by the method of 
scanning along the tracks. We chose proton 
tracks satisfying the following conditions: 1) The 
deviation of the proton tracks from the principal 
20° beam direction should not be greater than 
+4°, meaning a choice of recoil-proton tracks 
corresponding to meson scattering angles of 
3 = 140 + 8° in the c.m.s. 2) The dip angle of 
the tracks relative to the plane of the emulsion 
did not exceed 12°. 3) The grain density in the 
investigated tracks corresponded to the grain 
density in the tracks of 160-Mev protons. The 
latter density was measured in special control 
photoplates, irradiated by a beam of 160-Mev 
protons and developed each time together with 
the photoplates on which the search for the elas- 
tic scattering events took place. Because of the 
geometry of the experiment, the fulfillment of 
the first two conditions implied the choice of the 
tracks of the recoil protons which arose in a 
small bounded region of the liquid hydrogen tar- 
get, the cross section of which was determined 
by the cross section of the meson beam. 

Electron-sensitive emulsions of the NIKFI-R 
type with 400-1 emulsions were used. The scat- 
tering cases found during the scanning along the 
tracks were identified as elastic if the grain den- 
sity in the track was the same before and after 
the scattering, and if there were no tracks of re- 
coil nuclei or of electrons at the point of scatter- 
ing. In each identified case of elastic scattering, 
the angle of scattering Jp, the azimuthal angle ¢, 
and the grain density on the sections of the tracks 
before and after scattering were measured. All 
cases of elastic scattering of recoil protons at an 
angle => 3° in the plane of the emulsion were re- 
corded; in this case, even during a brief examina- 
tion of the track, the kink is very easy to see, thus 
disclosing the existence of scattering. 


RESULTS OF MEASUREMENTS 


On the photoplates, situated to the left and to 
the right of the axis of the m-meson beam there 
were found 545 cases of elastic scattering of the 
recoil protons by the nuclei of the photoemulsion 
within a scattering angle Jp = 3.5 to 27°, with 
azimuth angles 0° = g <= 60°. The results of the 
measurements for the right and the left photo- 
plates were correspondingly added in order to 
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TABLE I. Experimental results for 
different intervals of recoil-proton 
scattering angles Jp) and azimuth 
angles ~ 


= 0—30° = 30—60° 
e re The value of 


assymetry © 


le ft 


right | left | rient 


3.5— 6 88 93 24 25 | 0.03+0.07 
6 — 9 02 63 24 25 | 0.08+0.08 
9 —13 28 32 141 15 | 0.12+0.42 
13° —27 15 22 12 16 | 0,20+0,20 


increase the statistical material. Table I lists 
the results, summed in such a way that all cases 
of scattering are considered to have taken place 
in the right photoplate. All cases of scattering 
are divided into four intervals of the scattering 
angle #%p, each interval being in turn subdivided 
into two intervals of the azimuth angle gy. The 
asymmetry was determined for each interval of 
scattering angle. 

It is known that in the experiments on the elas- 
tic double scattering of protons by nuclei the 
asymmetry e is connected with the polarizations 


that arise in the first and second scattering through 


the relationship € = Py*P,. In our case P, is the 
polarization of the recoil protons from 7m*-p scat- 
tering, and P, arises in the elastic scattering of 
these protons by the nuclei of the photoemulsion. 

It is therefore possible to determine the polari- 
zation of the recoil protons, provided the experi- 
mental values of asymmetry and of P, are known. 
The polarization of 135-Mev protons in elastic 
scattering by the nuclei of the photoemulsion was 
investigated by Feld and Maglic.® The results of 
this work were used by us to analyze our experi- 
mental results obtained in order to determine Pj. 

The polarization of the recoil protons, calcu- 
lated according to the data of Table I and the re- 
sults of Feld and Maglic, averaged over the four 
angular intervals, was found to be P; = —0.19 4 
0.17. The sign of the polarization momentum was 
chosen relative to the direction n determined by 
the vector product n= [kp)Xk7], where Kp is 
the momentum of the recoil proton and k, is the 
momentum of the m meson before scattering. 
The error indicated in this result is the standard 
deviation. 

As pointed out previously, the polarization ex- 
pected in our experiment, calculated on the basis 
on the “optimal” set of phase shifts in an SPD 
analysis in which the phases are 633 = 9.5° and 
635 = —10°, is Py =—0.71. The value P, = —0.19 
+ 0.17 obtained in the experiment is a great deal 
smaller than expected. 

The most natural way to explain this discrep- 


TABLE II. Phase shift sets satis- 
fying the experimental value of the 


polarization 
Computed 
833, 835, as, O33 Ast, polari- M 
deg| deg | deg deg | deg pation 
5 ay ewe) | SB} | —0.39 5.0 
9) Hh EP) |PsleVh0 le tes —0.33 5.4 
5 0 |—21 |132 |— 8 ATE Wy ae) 
3 See apy EBD |= == (ean ec 
3 ey aw) | aes. a) =) 80) |) Wileg 
2 ee oon | PA 
2 ——3 |-=23) 43352) a8 Ze || Wale 
2 2 24a sere — 10 a) || 7 
2 —2 |—23,2! 133,.2,|— 8.4) —0.19 8.8 
0 ya MBP anes! ONG |) Whe 
0 0 23.2) 133.2|— 8.44 —0,04 | 12.0 


ancy is to assume that the phase shifts of the D- 
states 633; and 635, which determine in our case 
the large value of the expected polarization, are 
much smaller than 10°. Table II lists sets of 
phase shifts, which satisfy, within the limits of 
errors, the experimental value of polarization 
and are consistent with the differential cross 
sections of the meson-nucleon scattering. The 
phase shift sets are listed in the table in de- 
creasing order of 633. 

In the last column the table gives the value of 


M = 23[ 


f(a,s Ey )—o (,) 
Ac(®,) I; 


which characterizes the degree of deviation of the 
differential cross section, f(a, 6, ¥j), computed 
by phase-shift analysis from the experimental 
values of the differential cross section oa (j). 
The table enables us to choose the set of phase 
shifts which corresponds in the best possible way 
to experimental polarization and differential scat- 
tering cross section data. The following set of 
phase shifts satisfies this condition: 


hg a ae UB pee Ags = NSSece: X31 ea 84°: 
833 m7 (2 te) 835 = {— 28)5 (1) 


where the first three phase shifts coincide with 
the SP set, and 633 and 635 are significantly 
smaller than the values given by Mukhin and 
Pontecorvo for SPD analysis. 

It is quite natural to expect the contribution of 
the D-states to increase rapidly for higher ener- 
gies. The phase-shift analysis of experimental 
results! of elastic scattering of 500-Mev m* me- 
sons has led to the conclusion that phase shifts in 
D -states do not exceed 10°. If we suppose, ac- 
cording to the results of our work, that the phase 
shifts of the D-states are equal to 2° at 307 Mev, 
and extrapolate the Cee value to high energies 
using the law 6 ~ 7°, where 7 is the relative 
momentum of the meson in the c.m.s., then we 
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TABLE III. Values of polarization 
P; corresponding to phase shifts 
with different signs of 63, and 


635 phases 
a ee ee ek oe 4 
ou Se as, ae | sys 


deg | deg | deg deg | deg Ha mM 
—10 10 |—30 |—15 140 Oe BO) 
— a) 2 |—23,2I— 8.4] 1383.2! 0,14] 42.0 
= 3 — 5 23) |= 8 HSS zien OA S72 
3 ay HPS ea 13 133. 2/—0.08] 48.4 


obtain for an energy of 500 Mev a value of 8° for 
the phase shifts of the D-states. This fact serves 
as a confirmation (though a far from sufficient 
one), of the correctness of the estimated values 
obtained in the present work for 633 and 6g.. 

The results obtained in the present work per- 
mit us to make a definite choice of the signs of 
D -state phases, whereby 633 is positive and 63, 
negative. As can be seen from Table III, an oppo 
site choice of signs contradicts the experimental 
polarization data, since this choice would give a 
positive sign for the P,. In the table this is illus- 
trated only by two examples, but the calculations 
show that not one of the phase-shift sets in which 
633 is negative and 63, positive can give a nega- 
tive value of polarization and thus satisfy the ex- 
perimental results. This conclusion is correct 
also for the case when 633 and 635 are both 
negative; one such example is given as an illus- 
tration in the third row of the table. The last 
case given in the table is one when both 633 and 
635 are positive and the polarization is negative. 
From calculations for this case it follows that 
phase-shift sets in which 633 and 635 are both 
positive always give a negative polarization, 
whose absolute value increases with an increase 
of these phases. However, such phase-shift sets 
are incompatible in practice with the differential 
scattering cross section. This fact is shown by 
a large value of M. even for the relatively small 
values of phase shifts for the D -states. 

It has already been pointed out that the polari- 


zation determined in the experiment is significantly 


smaller than the expected value, calculated on the 
basis of the “optimum” SPD phase-shift set found 
by Mukhin and Pontecorvo. A possible reason for 
the obtained discrepancy may be the influence of 
inelastic processes, connected with the production 
of mesons by mesons, on the value of the polari- 
zation of the recoil protons in the elastic m*-p 
scattering. A quantitative estimate of such an 
influence can be easily made by making the as- 
sumption (which is quite valid® up to 500 Mev) 
that the contribution of the inelastic processes 

is small and, consequently, the imaginary parts 


of the phase shifts are small. In this case the 
introduction of the imaginary parts cannot cause 

a noticeable change in the real parts, which al- 
ready have been determined from the phase analy- 
sis. In deducing a polarization equation that takes 
into account the influence of inelastic processes 
(under the above assumption), the expansion was 
made only to terms linear in the imaginary part 

of the phase shifts. The corresponding expression 
for the polarization* was of the form P = P,+ AP,, 
where P; was expressed only in terms of the real 
parts of the phase shifts and AP, contained terms 
linear in the imaginary parts and determined the 
additional polarization due to the inelastic proc- 
esses. The calculation was made under the as- 
sumption that together with the main real parts 

as = —13.0°, 3, = —4.0°, 33 = 133.7°, 633 = 9.5°, 
and 63, = —10°, which determine the value of ex- 
pected polarization, the phase shifts contain also 
small imaginary increments 


Bs = Bay = Bs =-Yss = {on = 0.02 arad. 


where £6 and y are the corresponding imaginary 
parts of the phase shifts. Below are given the re- 
sults of calculations for the case when only the 
additional polarization AP, due to the imaginary 
increments is computed: 


The imaginary parts 


of the phase shifts All SP-phases D-phases 


taken into account phases only only 
The additional part of 
polarization AP, 0.05 0.016 0.034 


Therefore, when the imaginary part is equal 
to 0.02, the absolute value of polarization is de- 
creased by merely 0.05, that is, instead of —0.71 
it is equal to —0.66. To decrease the absolute 
value of polarization to 0.19 and thus agree with 
the mean value of the experimental result obtained 
under the condition that the real part of the phase 
remains unchanged, it is necessary that the imag- 
inary part of all phases should be ~0.2. Such a 
large value is incompatible with the total cross 
section of the inelastic processes, which cannot, 
apparently, be greater than® 2 mb for 300 Mev, 
while in the case of a phase-shift with an imagi- 
nary part equal to 0.2, the cross section of the 
inelastic processes is significantly higher than 
2 mb for each separate state that participates in 
the scattering. It appears therefore that it is im- 
possible to explain the discrepancy between the 
expected and experimental values of polarization 
by a reasonable account of the influence of the 
inelastic processes. 


*The equations for the polarization in terms of the scatter- 
ing phase shifts are not given here, since they are cumbersome. 
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The small value of the phase shifts of the D- 
states for 307 Mev permits some conclusions con- 
cerning the variations of a3 and Q 3, with the 
meson momentum. Assuming that the absolute 
values of the phases of the D -states increase 
rapidly with the energy, we can consider that at 
meson energies lower than 300 Mev allowances 
for the D -states have practically no influence on 
the values of a3 and a3;. For higher energies 
the contribution of the D -states and their influ- 
ence on the values of a3 and a3, are taken into 
the account by assuming that 633 and 635 are 
proportional to n>. Figure 3 shows the values of 
a3 as a function of 7 with all these facts taken 
into consideration. The linear formula a3 = 
—0.117 was proposed by Orear® holds up to 200 
Mev, but for higher energies the experimental 
values of a3, do not fit this formula even if we 
take into consideration large inaccuracies in the 
determination of a3. It follows from the figure 
that at energies higher than 200 Mev |ag3| in- 
creases more rapidly with the meson momentum 
than is indicated by the relationship a3 = —0.117 
which, as was already stated, describes satisfac- 
torily the experimental values of a3 for energies 
below 200 Mev. In connection with this, it is in- 
teresting to remark that, in this same energy 
range, changes take place also in the dependence 
of a33; on the meson energy. These changes con- 
sist of the fact that the experimental values of 
Q33, for meson energies greater than 200 Mev, 
do not fit the plot of Chew and Low, as they do 
for smaller energies. 

The small value of a3, and the large relative 
error in its determination did not lead up to the 
present time to any conclusion about the variation 
Q@3, with the meson energy. In the work of Mukhin 


3 


FIG, 3. Variation of 4, with meson momentum in the 
c.m. Ss. The experimental values of @, are taken from the SP 
analysis,’ with allowance for the corrected values of the D- 
state phases, obtained in the present work. The numbers de- 
note meson energies in Mev. 


and Pontecorvo it was pointed out that at ener- 
gies higher than 220 Mev a, behaves regularly, 
meaning that it has a negative sign and its absolute 
value does not exceed 10° up to 310 Mev. It has 
been pointed out also that taking into the account 
the D-state leads to a systematic decrease of 

Q3,, for example a two-fold decrease for 307 

Mev. Chiu and Lomon!® have found that the de- 
pendence of a3, on the momentum at energies 

up to 307 Mev can be satisfactorily described by 
the relationship a3 = —0.91 n® (degrees). The 
phase-shift analysis in this work was done by 
assuming that only the SP -states participate in 
the scattering. This is apparently justifiable for 
the energies up to 307 Mev, as follows from the 
present work. The value of a3, = —8.4° indicated 
in our work also agrees satisfactorily with this re- 
lationship. 

All the previous discussions were concerned 
with the case when only phase solutions of the 
Fermi type are taken into account in the calcula- 
tions. It is interesting to discuss the question 
whether or not it is possible, on the basis of the 
obtained experimental results, to disregard the 
Yang type phase shifts. Although the results of 
investigations!! based on the use of dispersion 
relationships definitely permit the exclusion of 
solutions of the Yang type, one task of experi- 
mental research on polarization is to confirm 
this fact directly. 

Table IV lists the computed values of the po- 
larization* of recoil protons for a set of Yang 
type phase shifts. It can be seen in the example 
of the first three sets of phase shifts that whereas 
for the SP and SPD sets with 633 = — 63, = 2° the 
polarization is positive, the sign of the polariza- 
tion is reversed for the set in which the phase 
shifts of the D-state have been increased in ab- 
solute value to 10°. Estimates, on the assumption 
that the absolute value of 633 is approximately 


TABLE IV. Values of polari- 
zation computed on the basis 
of Yang type phase shift sets 


823, 535, Qs, Asi, | Ass, P 
deg | deg | deg deg | deg 2 
0 0 —23,3] 298.3) 156.7) 0.41 
72 —2 |—23.2} 298 157 0.27 


9,5\—10 |—13 | 297 159 |—0.24 
—14 5.c]—13 | 297 159 0.94 


*In these calculations the purpose was to obtain purely 
qualitative results about the values and the signs of polariza- 
tion, which are in a definite way determined by the values and 
the signs of 6,, and 6,,. Therefore, some of the phase-shift 
sets in Table IV may give a relatively high value of M. 


POLARIZATION OF 


equal to that of 635, show that the polarization 

goes through zero when 633 and 63, equal ~ 5°. 
The last set of the phase shifts given in the table 
is one for which 63; and 63, have respectively 


negative and positive signs; the polarization corre- 


sponding to this set has a large positive value. 
From the calculations it follows that all phase 
shifts of the Yang type in which 633 is negative 
and 635, is positive give a high positive value of 
polarization. 

Thus, on the basis of experimental data on the 
magnitude of the polarization, the following phase 


shift sets of the Yang type are definitely excluded: 


1) the set corresponding to the SP analysis; 

2) sets corresponding to SPD analysis in which 
the D-state phase shifts 633 and 63, have re- 
spectively negative and positive signs; 3) phase 
shift sets in which 633 and 635, have respectively 
positive and negative signs and do not exceed 5° 
in absolute value. In the last case, for sets in 
which 633; and 63, have absolute values higher 
than 5°, the computed value of polarization may 
be in agreement with the experimental value. 
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The effect of a high-frequency electromagnetic field on ion oscillations in a plasma is 
considered. It is shown that the frequencies of the quasi-acoustic longitudinal plasma 
oscillations are functions of the field amplitude. Possible instability mechanisms are 


discussed. 


- The effect of a high-frequency electromagnetic 
field on plasma oscillations has been considered 
by us in the hydrodynamic approximation in an 
earlier paper.’ In the present paper we develop 

a kinetic approach to this problem. It is assumed 
that the plasma density is low so that collisions 
can be neglected. 

The problem may be formulated as follows. A 
monochromatic plane electromagnetic wave of ar- 
bitrary amplitude is propagated through a uniform 
plasma. If the density of the plasma is perturbed 
by any external effect the electromagnetic field is 
partially reflected from points at which the plasma 
density is high and is increased at points of reduced 
density. This process can be of interest if the 
characteristic dimensions of the perturbation are 
of the order of the electromagnetic wavelength. 
The increased intensity of the electromagnetic 
field leads to an interaction with the plasma os- 
cillations in which the phase velocity of the plas- 
ma waves are functions of the amplitude of the 
electromagnetic field. Under certain conditions 
this mechanism can result in an instability, that 
is to say, in perturbations which increase in time. 

2. We consider the one-dimensional problem, 
assuming that all quantities depend on the single 
spatial coordinate z. The motion of the ions and 
electrons is described by the kinetic equations 
(collisions are neglected ): 


(E: me Hy) ae 


Ov, 


OF BaOl ey 
oe ae a 
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(6) 
Le, (1) 
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/ 0, 

a ee eee) old) 
Here @=i or e, for ions or electrons respec- 
tively. 

The electromagnetic field satisfies Maxwell’s 
equations 


OE ke : , 1 PE, 
Oz? = ee \ fa dv Tae Bia (2) 
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It is well known?’? that in an inhomogeneous 
high-frequency electromagnetic field the particles 
execute rapid oscillations in the direction of the 
electric field and drift slowly along the field 
gradient. We separate the field into high-fre- 
quency components and low-frequency components. 
It will be assumed that the Ex is created by ex- 
ternal sources and is characterized by a frequency 
Q which is higher than the Langmuir frequency 
Wy = (4mNye2/me )'/2_ In this field the particles 
execute rapid oscillations along the x axis. On 
the other hand, Ez results from the separation 
of charges in the slow drift motion of the particles 
in the z direction. The frequency of this field is 
of the same order as that of the plasma oscilla- 
tions which, hereinafter, will be assumed to be 
much smaller than &. Introducing the following 
notation in the equations of motion 


0 j= 00) Oj wae eee (5) 
(where vj corresponds to the slow motion and Vi 
to the fast oscillations) and assuming that in one 
oscillation period the particle is displaced by a 
distance much smaller than the characteristic 
distance in which the external field changes, we 
have 


~ 


do, 
Me = ea Eve (ats 


vz Ce ian 


d ee 
My = —0,H,+-e.E; (6) 


(the bar denotes averaging over the fast oscillation 
period). 

Introducing the substitution of variables (5) in 
the kinetic equations (1), after averaging we obtain 


oF, Ole Ween OF eee 
Bil ape —— 0,H eee = (0) (7) 
a 2 
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From Eqs. (2) and (3) we have 


ee a 


i Cid ae 
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dE, 


Yew 7. dy (8) 


(hereinafter we will omit the bar over the averaged 
distribution function ). 

We seek a solution of the system (4), (7), and 
(8) by successive approximations, assuming that 


fo SO Oe ea Cy 0 eee 
2 en ee (9) 


The field E{) will be assumed to be zero because 
the plasma is quasi-neutral. The quantity cy is 
the Maxwell distribution function: 


fo = (m,/8nT 2)" Noexp(—m,v2/2T2). (10) 


In the zeroth approximation Eq. (8) assumes the 
form 


GPE Uap dg an? E) -—= 0 


(x? = Qe/c?, € = 1—we/Q? and the motion of the 
ions in the high-frequency field is neglected ). 
Whence 


BO) — Eyelet int, (11) 
As a first approximation, in Eq. (8) we write 
E”) — E (2, t) ef, 


It is assumed that the time dependence of the am- 
plitude is slow since it is determined by the change 
in Ex due to the plasma oscillations. In solving 
Eq. (8), in general we can neglect the dependence 
of E“) on time, taking t as a parameter. 

In the first approximation we have from Eq. (8) 


Eo We Teen 
FE” ee Baie \ fa?av. (12) 
Whence* 
EY = = \ Ee (i fa = fad) sinx(z——6).d6.. (13) 


Using Eqs. (11) and (13), we can find Hy from 
Eq. (4). Substituting in the kinetic equations (7) 
and averaging, we have 


% e2 a4 
y ls = \ gindv, ) cos Qx (z —C) do -=0. (14) 
In order to obtain the complete system it is neces- 
sary to add the first-approximation equation for 


*The field E“ is bounded at infinity. 


o.= \ f,dv,do,. (15) 


We seek a solution of the system (14) and (15) 
which is proportional to exp (ist + ikz). The 
quantity s is assumed to be complex with a posi- 
tive real part, corresponding to the Laplace trans- 
form.* The condition which must be satisfied to 
solve the system of homogeneous algebraic equa- 
tions which we have obtained is given by the dis- 
persion equation 


1 + (02° — pOmé / mi) ¢; 
+ (k~* — p) be — pOk "het, = 0. (16) 


where we have introduced the following notation: 


b= EDs eed, = (T./40N 2), O= Tavis 
E= Ve/U;, Ve = (Tete. Op = (T; ui m;)", 
= WE? / SnmgtN QO? (k®— 40%), b, = — —s 
p 0~0 é 0 )» Go Var ae Wi ’ 
ee teat eis: Sees. 
b= Fe \ FRED 1 Wis Sgt 


Following Landau,‘ the integration in the ex- 
pressions for ye and ¥j is carried out along a 
contour which is parallel to the real axis and 
which passes the singular points t=-—Z and 

= -—&Z from below. We then obtain (cf. ref- 
erence 5) 


be = F(Z) +iVn/2Ze™, 
be = F (GZ) + iV a/2Zte 7, (17) 
where 
Z 
F (Z) = 1 — Ze-22 \ e-*2de, 
0 
3. We now investigate the dispersion equation. 
Consider the case in which k*? «<1 and k*p 
<1. In practice this means that we are consider- 
ing perturbations characterized by wavelengths 
considerably longer than the Debye radius but not 
as large as a half-wavelength of the electromag- 
netic wave, because when k— 2k, p approaches 
co. Equation (16) assumes the form 


Bb; + be = p8hede. (18) 


Suppose further that Z=a+ifp (a=w/kve 
is the dimensionless frequency and B = y/kve is 
the decay factor). We seek a solution for which 


a >. Expanding in powers of B/a, we have 
from Eq. (18) 
Pasig eg AGIEL (19) 
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(the primes denote differentiation with respect to 
a). 

Equation (19) can be used to determine a. 
Once a is known we can use Eq. (19a) to deter- 
mine £. We make the assumption (which is jus- 
tified by the results) that a«<1 and éa>1; 
thus, using the expansion of the function F (x) 
for small and large values of the argument (cf. 
reference 5), we have when @>1 


a? = (me /m;)(1 — p) (20) 
or, in the usual units, 
wo \2 4 ih. e le 
— = ] — —§- a? = nf — ag 
B]we—4) ’ Ri eZ 
i y (hk? / x ) m,; (21) 


where @® is the effective potential, which is 


D = 2E2/ mQ?~4.8-10°8E, 2, k= c/Q. 


The ion mass is taken as 3.3x 104g and Ey 
is the amplitude of the electric field in volts per 
centimeters. 


Computing the damping factor we have 


mM 1+4>p 
p=V ear. (22) 


Equation (21) coincides with the corresponding 
hydrodynamic formula which has been obtained 
earlier.! In contrast with the hydrodynamic case, 
the oscillations characterized by the dispersion 
relation in Eq. (20) exist, as is shown by an inves- 
tigation of Eq. (19), if @ is larger than some num- 
ber of order unity (an estimate shows that the re- 
lation @ & 3.5 must be satisfied). When 6 ~ 1, 
1-—p>0, and p~1 these oscillations, are highly 
damped. If p=0, we have w= (Te /mj)'/*k, 
i.e., these oscillations become quasi-acoustic ion 
oscillations such as those which have been con- 
sidered by a number of authors.°-8* While these 
oscillations take place the electrons move, without 
collisions, in the potential well which is formed 
because the ions are shifted from their equilibri- 
um positions. The electrons and the electromag- 
netic field produce an effective pressure and the 
effective density is determined by the ions. The 
ions move slowly; in one period they traverse a 
path which is 1/é of the wavelength, i.e., the 

ions do not leave the region of the perturbation. 
When these oscillations are produced long-range 
electric forces arise in the plasma. As is well 
known, in a gas consisting of neutral particles the 
production of acoustic oscillations without colli- 
sions is impossible. The oscillations character- 


*This problem has also been considered in the author’s 
Diploma paper, Moscow Engineering Physics Institute, 1953. 


ized by the dispersion relation in Eq. (21) are 
analogous to magneto-acoustic oscillations but 

the role of the magnetic pressure is played by 

the average pressure of the high-frequency elec- 
tromagnetic field. When p>1, we have Res < 0, 
i.e., there is an instability which, as in the hydro- 
dynamic case, arises by virtue of a resonance if 
the wavelength of the perturbation is equal to half 
the wavelength of the electromagnetic wave. Since 
the Fourier spatial spectrum of any localized per- 
turbation contains the harmonic with k = 2k, it 
may be assumed that a uniform plasma in the field 
of a high-frequency traveling electromagnetic wave 
becomes unstable when p>1 (0 >1) regardless 
of the amplitude of the electromagnetic field. 

In the present paper we have considered the 
linearized equations. Hence we cannot determine 
the final results of the appearance of an instability 
within the framework of the present analysis. How- 
ever, it may be assumed that if the pressure of the 
electromagnetic field E? /8x is much smaller than 
the plasma pressure the instability will only lead 
to small oscillations. 

The author wishes to thank Academician M. A. 
Leontovich for discussion of this work. 
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The motion of a completely ionized plasma (collisions being neglected) along a narrow 
magnetic tube of an axially symmetrical magnetic field is considered by means of the 
kinetic equation. The equation is solved under the assumption of sufficiently slow varia- 
tion of the magnetic field. Canonical variables are chosen as the independent variables 


of the distribution function. 


We consider a completely ionized plasma with- 
out collisions, contained in a narrow magnetic tube 
of an axially magnetic field (the axis of the tube 
coincides with the axis of symmetry of the field). 
The motion of the charge along the tube is de- 
scribed by the following equations! (in the Hamil- 
tonian form ) 


V); =—0# / Ox, x= 0H / OV), 


He (Ji, Vy, x, 1) =72Vi + JH (x, )I, 
Ji Vi H (ee) = const. (1) 


Here Vj and Vy, are the components of the ve- 
locity of the charge along and perpendicular to the 
magnetic tube, and yw is a time dependent param- 
eter. 

We carry out a canonical transformation of the 
variables x, Vj; to the angle variable gy and the 
action variable Jj: 


V; EOS (S47 Ji, Nis t) / Ox, 
rege la, Jy, Ey 09 (Jy, J yi % £)/ Ot. (2) 


The generating function* ‘S and the action variable 


J|, are defined by the equations 
51290 Jue wh 
Si ae $ 129% —J A(x, winds, (3) 


where the integration is carried out along the tra- 


jectory of the charge for a fixed value of the param- 
eter yp. Inthe variables gy and J), the system (1) 


*Generally speaking, in the case of an arbitrary depend- 
ence of p on the time, the generating function is equal to 
S+ S.J, Ji p), where S, isa certain function (see reference 
2). However, in our approximation, S, can be omitted. 


g=dS(J1, Jy, Xe t)/OJ,, 


takes the form 


° 


b= o—doOh/ol 
0 =d0H /dJ |. (4) 


J, =0h/0e, 
h=— 0S for, 


The system (4) corresponds to the Liouville equa- 
tion for the distribution function* F 


Oh OF LN (5) 


dF , 0h OF 
( TO yor 


“aT a oT, 
We assume that the magnetic field changes 
slowly with time 


H70H /dt<<<V*>"/a, (6) 


where a is a distance of the order of the size of 
the inhomogeneity of the magnetic field along the 
magnetic tube. In this case we can look for a so- 
lution of Eq. (5) in the form of an expansion in 
powers of the small quantity 1/w: 


Fics (BO IER oe 8 
¢ FY Yo =. = 0, = hoy, (7) 


where the index g next to the averaging symbol 
denotes averaging over the angle variable g. Sub- 
stitution of (7) in (5) gives 


OF) 0 OF) 
a) dare 


Thus, limiting ourselves to terms proportional to 


*As is explained below, in our case no sufficiently slow 
change of the magnetic field of the space charge is produced 
by the motion of the plasma. Therefore there is no necessity 
of making a distinction between the distribution functions of 


the electrons and ions. 
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1/w, we obtain the following solution of Eq. (5): 


Pll hisces t) = Fe Oed p) 
4 (0) 
— Zar, (<A Da). (9) 


We neti give another derivation of Eq. (9). For 
this purpose we note that under conditions (6), the 
system (4) is a system with a rapidly changing 
phase.® Its approximate solution has the form 


Jy =J_ +(h—Ch)o)/, 


If at the initial moment the distribution function is 
equal to F (J), J), then at the instant t we 
have 


Bde ak (Tee) 
FO, Jy) —@ (OF /dJ 4) (A—<Aye). =D 


According to (10), the action variable itself, J) 
is not adiabatically invariant, but its average value 
J\; over the period of the unperturbed motion of 
the system (4) is (i.e., for 4 =const.). As is 
evident from (11), the function F® in (9) can be 
set equal to the distribution function at the initial 
instant. 

Let us consider a specific example. 
scribe the magnetic field in the form 


A (t) (1 + x7/a°), (12) 


and the distribution function at the initial instant 
as a Maxwell distribution 


dJy/dt=0. (10) 


We de- 


1a ata cas 


F — N,(x®)~ “exp [— (Vi, +V4) / 8]. (13) 
According to Eq. (9), we get 


F(x, Vy, t) = No(n0)-*[ 1 — se Boa iy 


x exp{— (42) (2) ei tteon | (14) 
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where 


@ (x, t) = (a? + x°)/ (a? + (A / H,)7*"). (15) 


Calculations of the moments from zeroth to third 
order in the velocity relative to (14) leads to the 
following relations: 


ae Nee, (Ey 0 =) for x— 0 

no No Ho / | (H/ Hy)~" for x—> + co, 
V2>/<V4.>) = (H/ A) ®, Visi MV p= (oe 
ee. =(H/A,)°OS1 ) Vo ==4/ 4b 
ViVpYS=VSVyS, Vina s ia (16) 


According to (16), as the magnetic field is in- 
creased the plasma is compressed to the region 
of its minimum value. The kinetic temperatures 
of the plasma increase. In this case the velocity 
distribution becomes anisotropic: the transverse 
temperature is greater than the longitudinal. The 
heat flow is equal to 0 and the compression of 
the plasma is adiabatic. 

In conclusion I take this opportunity to thank 
Professor Ya. P. Terletskii for the discussion 
of the research. 
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A microscopic quantum theory of dispersion of electromagnetic waves in molecular crys- 
tals is developed. An expression is derived for the index of refraction due to the contribu- 
tion of the excited states of the electrons. Interaction between exciton states and the field 
is considered without the use of perturbation theory. 


INTRODUCTION 


iN microscopic quantum theory of dispersion of 
electromagnetic waves in isotropic, condensed 
media was developed by Fano.! In contrast to 
earlier work,’ the oscillator strengths of electro- 
magnetic transitions were not considered to be 
small in the work of Fano. Certain interest at- 
taches to a generalization of the results obtained 
by Fano and to an analysis of the dispersion of 
electromagnetic waves in crystals of arbitrary 
symmetry. 

A microscopic theory of dispersion, within 
the framework of classical physics, was devel- 
oped by Born and Ewald.® 

In the present paper we develop a microscopic 
quantum theory of the dispersion of electromag- 
netic waves for a specific model of a molecular 
crystal. However, the method of consideration 
can be used for any crystal. 

The vibrations of the nucleus were not taken 
into account in this analysis. Consequently, the 
problem of the complex index of refraction should 
be considered separately. 


1. TRANSITION TO THE REPRESENTATION OF 
SECOND QUANTIZATION 


In the problem considered here of the interac- 
tion of the electromagnetic field with the electrons 
of a crystal, it is useful to employ a Coulomb gauge 
for the vector potential and thus assume that the 
vector potential of the microscopic field satisfies 
the condition (see reference 3): 


divA =0. (1) 
In this case, as is well known, the complete 


Hamiltonian of the system of the electrons and 
the field can be written in the form‘ 


H = A, —+- A, + Flat, (2) 


where the Coulomb interaction of all charges mak- 
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ing up the crystal are included in Ay, A, is the 
Hamiltonian corresponding to the free electromag- 
netic field of the transverse photons, Hint is the 
operator of interaction between ali charges and the 
transverse field of the photons. In a molecular 
crystal, the operator A, can best be represented 
in the following form 


Hy, = > Ane ++ ys Vai mie (3) 
na na, ng 

In this expression Hnq represents the Hamiltonian 
of an isolated molecule located at the position na 
(n is the unit lattice vector and a@ is the number 
of the molecule in the cell, aw=1, 2,...,0), 
Vna,mp is the operator of Coulomb interaction 
between the charges of the molecules na@ and m6. 

We proceed to the representation of second quan- 
tization. For this purpose we choose as the set of 
basic functions the wave functions describing the 
stationary states of the isolated molecule. 

Let on be the wave function of the na mole- 
cule ina state f and not interacting with its sur- 
roundings. The value f=0 corresponds to the 
ground state of the molecule. The function Ont 
satisfies the equation 


HP Ce) = Ele (Tay) (4) 
where Tnq is the set of coordinates of the elec- 
trons of the molecule na. To abbreviate the nota- 
tion, we denote the set of indices by the single in- 
dex s = (na). 

We now introduce normalized and antisymme- 
trized products (neglecting the overlap integrals ): 
FONG er aN) 


= [((NcS)!” y(- he P I J (Gr) (5) 
sf 


P 


where S is the number of electrons in a molecule. 
Each occupation number Ng (fg) is equal to zero 
or unity and indicates the state of the s-th mole- 
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Therefore, 


SNe (f= 1, >) Nef.) SNe. 
fs S, fs 


cule. 


(6) 


Here N is the number of elementary cells in the 
basic volume and o is the number of molecules 
in the elementary cell. We can represent the wave 
function, which depends on the variables {Tg}, 

in the following form: 


oi (t1, ais TV) = »} GC oan N, (fs) ee 7) 
scl. s(fs) sae 
x PN (fs ee Sb Gs) Cae) (7) 
Here C(...Ng(fg)...) is the wave function of 


the electrons in the second-quantization represen- 
tation. Let the additive operator 
and each of the operators Us act only on the vari- 
able Tg. Then, if we neglect the exchange of elec- 


trons which belong to different molecules, the 
matrix element is 


OA oN 
> es or Or) vette) Face Nea vic: (9) 
P.lp Fp 
where 
i Peneg Aves Nelle )e-. 
=No(fo) Ni (fo) TL 81st) — Ny, (Fadl: 
fs,,S1#P 


Since we shall be interested below in the ex- 
cited states of a crystal, which correspond to a 
completely determined — say the f-th — excited 
state in the isolated molecule, we shall assume 
that fg takes on only two values, fg =0 or f. 
Then, if fp # fp, 


Nato) N(f) = No (fo) NF) SIN) — No (f)— 1 
xO[N (fo) —N>, (fo) ap 1], 


where 6(x)=1 if x=0, and 6(x)=0 if x #0. 


No (Fo) N, (Fo) =No(To) N, (fo) 


BOI Ao) = N (io) OLN (1) 5 
Therefore, for arbitrary fp and fp, 


= No(fo)N (fF) TL 31N; (fs) 
SF s 


ue wee , 
Folpf...Ns (fs)... Ng(Fs) 


Nef) 


bilfeoe fa) 8 fol. 
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Moreover, since 
Np (Fp) = 6 [Np (ip) = OF 


we conclude that 


Ni (F,) = 81; (F) — H, 


srr (Rev MeN aNale 
= 81Np (fr) — 118 INp(f,) —8 (fo —F,)) I BIN (fs). 


— Ns (sist 8.(Fe fn) Oo Vs 


Thus the operator Afofp can be represented as 
the product of two operators 


=bib. (10) 


aha Ip ip 


which are defined as follows: 


bj C (... Ns (fs) --.) = 81M p (Fo) C(... Ns (Fs) + 8 (fs —fo)---)s 
by CET NG) 
= 8[Np (fp) — 1] C(...Ns (fs) —8 (fs — fp).-.)- (11) 
It is easy to show that 
Ap ytyC (...Ns (fs) ---) = Np (fp) C (...Ns (fs)---); 
e., that 
‘ 6,7 | ia N p (fp). 
On the other hand, 
b¢.b4, = 1 — Np (fp). 
Thus, 
+ + 
bf OF, + bf OF, = lt 
Since the operators bfp ; bi and bf/, bff, act 


on different variables ples # fp, the followin’ 
commutation rules hold: 


ee 7, pa ctantacty eee ARES 
Of br OF PF, = 0, Pio O7 Pip == \() 


Bebo oa bea), 
oN Doar 


The operators with different p commute in all 
combinations. 

Thus the operators bg, are neither Fermi 
nor Bose operators (they are the so-called Pauli 
operators ). Making use of (9) and (10) we find 


that 
= >) Pp 


Pity» t, 


Ot) 85 by (12) 


For an operator of the binary type 


Dae » 


a Von (Tp, Tp,) 
PFD 


we can in similar fashion establish the following 
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expression in the second-quantization representa- 
tion: 


Uz, = sy Upp. (F ofp, Fofp.)0;,07,,b HO .. (13) 
PHP A * Fp fo, 
erates tn) 
Here 
Une. (fofoss fof) = \ ofP'9)' Upp.ghegl: depdp 
— exchange terms (14) 


We now write down (in the second-quantization 
representation ) the operator Ay. Making use of 
Eqs. (12) and (138), we find that 


. fs Rane, 7 oe 
A,= eae Ns(fs) +3 > Vss (fsfs.3 Fels.) bf, Ofsb7,, Of:, 


eloo lo Sep 


eye Nae) 0) Vie, \fslec fale) Nota) Natta), 


Si fs S#S1 


Fenda.) 


= 2 Vos, Of f0) [0500s705,76s,0-+ bs,obs,s03;so], 


S#S4 


AD == >) Vas, (00; ff) 10%.bt .beybsy + 01, 6* boobs] (15) 


s0- S10 Sf Sif 
S+#S, 

We shall consider in what follows such excited 
states of the crystal which, for Vss, — 0, corre- 
spond to a number of excited molecules which is 
small in comparison with the number N. There- 
fore, we shall neglect in the Hamiltonian Hi” the 
components that are quadratic relative to Ng (f). 

In this approximation (neglecting the interac- 
tion of the excitons ), 


AY = By + DNs (f) (Ei — E3) 


+ DY Wes, Of, Of) —Vss,(00, 00))}. 


Sy 


where 


By eet SV 44(00, 00). 


SHS, 
We now introduce the operators 

Bie 0,05, 1 By = Obs. (16) 
Then 


Bt.B 


Sta shaan 65,0570; ,0s0 = Ns (f) (i— N; (0)] 


= Nz (f)— Ns (0) Ns(f) = Ne(f)s 


since 
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N;(0) + Ns(f) = 1. 
Further, 
BBs — BeyBsp = Ns (0) [1 —N,(f)I 


— Ns(f) {1 —N5(0)] = 1 —2N,(f). 
In the states under examination, the mean value is 


Ns (f{) «1. Therefore, we can assume approxi- 
mately that 


By By — By Bs = 1. (17) 


Since, for s #s,, the operators Bef, Bsf and 
Bs,f, BS if commute with one another, we conclude 
that these operators are approximately operators 
of the Bose type. Thus, using (15) and (16), we 
obtain the following expression for the operator 
He: 


A, = Bo (Eh Ee Ven Op ach 


Si 


—Vs,(00, 00)] BY Bs + >} Ves (Of, Of) BeyBsy 


SS, 


+2 >) Vs, (00, ff) (BsBst + ByBarl- 


S#S 


(18) 


To determine the elementary excitations corre- 
sponding to the Hamiltonian Hy, it is necessary 
to diagonalize the quadratic form (18). As Tyabli- 
kov has shown, a quadratic form of the type (18) 
is diagonalized as the result of a transformation 
to the new Bose-operators Bp and Bp (the 
méthod of Tyablikov is given in detail in the book 
of Bogolyubov’): 


Bsp= >\(Bollsp + Bp Use), Bap = Dy (Botts + Botee)) (19) 
e e 


where the quantities ugp and vgp entering into 
Eq. (19) are determined as the solutions of the 
equations 


Eu, = > [3ss,4 + (1 —8ss,) Vss, (Of, OF)] us, 


Sy 


ae Ne (1 is 8ss,) Vssy (06, ff) Usy> 


— Ev,= » [5354 an (1 are 83s.) Vss, (Of, Of)] Us, 


$4 


+21 peas 8s) V ss, (00, ff) Us, - 


Si 


(20) 


The possible values of E are determined from 
the condition of the existence of nontrivial solu- 
tions for the set of equations (20), where 

A == (EL— E%) + >) ss, (Of, Of) — Vss, (00, 00)). 
Sy 

The solutions of Eq. (20) should be chosen to 
satisfy the following normalization conditions 
(see reference 5): 
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Di(/ us P| 052) = 1. (21) 
Recalling now that s = (n@), we shall seek solu- 
tions of the system (20) in the following form: 

AT na. as Ty (22) 


Une = N “huge Una = N~Ldge 


Substituting (22) in (20), we conclude that uq and 
Vq satisfy a set of 20 equations 


(E— A) ua = >) P83 (k) up + DIPS (k) 08, 
cy B 


— (E+ A) ve = SJTR (k) og + SITS (k) us, (23) 
B B 


where 


Tap (k)= >)Vna, me (Of, Of) exp {ik (me —Tna)}; 


T2 (k)= 2iVne, ma (00, ff) exp {ik (tma—faa)}. (23a) 


Equating the determinant of the set of equations 
(22) to zero, we obtain an equation for E. In the 
general case, for arbitrary k, an equation of 
order o is obtained for the quantity E?, This 
equation determines o positive roots of Ey (k) 
(Gh a baer een on) Ya 

We consider, as an example, a crystal with a 
single molecule in the elementary cell (o=1). 

In this case, we find that 


E(k) = {{A + FP (k)]? — (P® (k)]2}%. 
In those cases in which A > I'®)(k), 


E(k) ~ A +1 (k) —(P@ (k)2/2A. (24) 


In the theory, where the Heitler-London method is 
used (which is equivalent to carrying out the diag- 
onalization of the quadratic form (18) under the 
additional condition 


>) ByBs = 1, 


see reference 6), the last term in (24) is ab- 
sent. The value of the energy (24), as expected, 
turns out to be smaller than the value obtained 
with the use of the additional condition. However, 
this decrease is unimportant, since the ratio 
| (k)|/A in molecular crystals, where A is 
of the order of several electron volts, is at most 
less than 0.1.* The operator Ay is represented 
by the new Bose-operators in the following form 
(see reference 5): 
Hy = Ey— ) Ey (k)|0a(k, 4) |? + >) By (k) Bi Boy 

Ru 


a,ku 


(25) 


*The difference between the expression E(k) and the cor- 
responding value obtained by the Heitler-London method can 
become substantial when the width of the forbidden zone is of 
the same order as that of the allowed zone. 


M. AGRANOVICH 


Thus E,(k) is the energy of the elementary 
excitation (j,k). The second term in (25), which 
is absent when the Heitler-London method is used, 
is readily shown to be a small correction to the 
energy Ey ~ [']?/A. 


2. DISPERSION OF ELECTROMAGNETIC WAVES 
IN MOLECULAR CRYSTALS 


The Hamiltonian of transverse photons has the 
form 


Ay = Q) hge ay Agi. (26) 
(q/) 

In this expression, q is the wave vector, j (=1 

or 2) is the number of the transverse polariza- 

tion, aq; and a,; are the Bose operators of an- 

nihilation and creation of transverse photons (qj). 

The interaction operator in the nonrelativistic ap- 

proximation can be represented in the following 

form: 

Aint = = > ne A (Tne) Jnc 


eS 


mae Dy AP (Pan) == Ai ie (27) 
(na) 


2mc? 
where Jnq is the operator of the total momentum 
of the electrons of the molecule (na). 
According to reference 4, the vector potential 
operator is 


A(r)= DV 2xc*h/VGe la; (age + tear). (28) 
(a/) 
We choose the wave functions of the isolated mole- 
cules to be real and assume that the isolated mole- 
cules are not in any of the stationary states and do 
not possess dipole moments. 
Substituting Eq. (28) in (27), we get 


pes Dae V 2eh/VGe (aq; [Sy (1gjdna)| 
na 
ne b ena (Iq; Ina) } : (29) 
Let us consider the operator 
Re = Letts (lq; Poa), 
where Pay is the dipole-moment operator of the 


molecule (na). In the second-quantization repre- 
sentation, 


R= Yettin (lojPaa)(Oe, jOna,f + Bnd, »)s 


or, transforming to the Bose operators Bqu, and 
neglecting transfer processes, we conclude that 
the operator R, is given by 
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= VN IX (Iq;Pe ’) [ua (Gu) + Va (qu)] } (Bea Bega): 
We introduce the operator 
Sie > aaa (IgjJna). 


This operator is defined in the following way: 
Js. = (im/he)(H,R,. — RA). 
Therefore, making use of Eq. (25), we find that 


at >) Ey (q) {2 (laiP2) [Wa (qu) 


+ Va (qx)]} (Brqu— Bequ)- 


Thus, we finally obtain the following expression 


for the operator HI: 
int 


ee GG) 1aa) (B-« a — B,, 


u,q, 


+ ay (Box — B-au)h (30) 
where 
T (i, 4, ») = iV QN/qceVi. Dj (Iq,;P2!) 
x [Ua (at) + va(q, #)] Ey (q). (30a) 


Equations (30) and (30a) were obtained for crystals 
possessing a center of inversion. In such crystals 
the values of ug and vg can be chosen such that 
the conditions 


Ua(q, U) = Ua.(—d, #) = 4A (4, BP), 
Va(q, #) =0x(—q, #) = 9,(q, B)- 


are satisfied. In a similar way, we find that, 
with accuracy to within an unimportant constant 
term: 


AO“ ” 
Hine = Sa ina (2agjGqj + Aqj4—qi + qj + AG;4=4)) (81) 


Here w, is the frequency of the plasma oscillations 
oO, = 4ne2N oS /m, 


where N, = N/V. 

Combining Eqs. (30), (31), (26), and (25), and 
returning to the Hamiltonian of the entire system 
(2), we conclude that this Hamiltonian is given by 

a 


H=E,— >) Ex(a.v)|ea(a,¥)[ + 2) Eu (4) By. Bew 


%,u,q q, ue 


Bey ngcatag¢— >) Fed, 4) tae? (Bau — Buu) 
qi vd 
a a (Bape Deus) 

De (Qaijaqj + dqj@—gj + 24;0%9))- (32) 
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The problem of the determination of the elemen- 
tary excitations that characterize the entire system 
of electrons and the field is equivalent to the prob- 
lem of the diagonalization of the Hamiltonian (32)R 
From these considerations it follows that the only 
Bose operators involved are those which corre- 
spond to the wave vectors q and -q. Therefore, 
for the diagonalization of Eq. (32), it is sufficient 
to examine the quadratic form 


Hg a yy Eu (q) (BouBau calle BrquB—qu) 
Bw 
4 pa Ac (Aqj4qj + A qjA—q;) 
o2 
x ( Tre fae he 
—2iT (i, 4 B) (Gq; + 2. gi) (B_qu— 


uj 


(Ghee) | 


(Aq j4—gj ++ 9 j2—q)) 
+ 
Bau) 


18am aes Bags) D 


The quadratic form (83) can be diagonalized with 
the aid of the method of Tyablikov, already used in 
Sec. 1. Following this method, we transform to 
new Bose operators é, and as 


(33) 


Bo. = > [Eotgu(e) + 6 Vau (e)], 
aj = 2 (Etta (0) + 5 04, (PDI, (34) 


where the quantities u and v _ satisfy the follow- 
ing set of equations: 


E,, (q) — 8] qu + DVT (i, 4s 4) (ai + 2-01), = 0, 
J 


[Eu (q) + 8] 0-qu— DIT (i, 4, ) (Uqr + 0-9/) = 9, 
] 


(35) 


(ngc — 8) Uaj — >) T (i, 4, 2) (Uqu— 0_qu) 


hw? 
os re (Uj + U_ej) = 9, 


(age + &) vq) — DVT (i, as #) (qu — 9_qu) 
: ue 
2ge (qj + 0_qi) = 9. 


Comparing the first equation in this set with the 
second, and the third with the fourth, we find that 


E,(q)—6 ; 5 ge — hgo— 6 y 
et ee - a Z 
Sera ek Chicas! eae Trey a 


Up to now we have considered only one of the 
excited states of the molecules. However, it is 
possible to take all the excited states into consid- 
eration. For this purpose, it suffices to consider 
the index p as a compound index characterizing 
not only the number of exciton zones, but also the 
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excitation level of the molecule corresponding to 
this zone. In this approximation, u and v are 
determined as before from the set of equations 
(35). However, the index now runs over an 
infinite set of values. 

Such consideration of all the excited states of 
the molecules of the crystal is carried out in the 
spirit of the correspondence principle, according 
to which, in the dipole approximation, the optical 
behavior of the molecule is equivalent to the be- 
havior of a corresponding set of oscillators. It 
should be noted that an account of all the excited 
states of the molecule is necessary only for ob- 
taining the correct asymptotic behavior of n? (w) 
when w—0O and w—o. No such account is 
necessary if the study is limited to the dependence 
of n?(w) in the region of frequencies close to one 
of the absorption bands in the molecule. 

It follows from the system of equations (35) that 
the only states that interact with the transverse 
electromagnetic field are those for which T’(j, q, u 
~ 0. Expressing the quantity uqu for these states 
in terms of Ugj with the help of the first of Eqs. 
(35), and substituting the resultant expression in 
the third of Eqs. (35), we get a system of two linear 
equations for the quantities uqj. Setting the deter- 
minant of this equation equal to zero, we obtain an 
involved equation for the energy of the elementary 
excitation @ in the system of electron plus field. 
This equation has the following form: 


(n2g?c? + Hos — 8°)? — (Hegre? + nap— 8*)(Bi1 + Zoe) 
+2) ,259— Yyo2ei1=0, (36) 
where 


4nqcE,, (q) 
6° — E2 (q) 


Equation (36) does not determine the energy of ele- 
mentary excitations without dipole moments [for 
which ¢é = Ey (q)]. Moreover, Eq. (36) does not 
determine the longitudinal elementary excitations. 
For consideration of the latter, it is necessary to 
set the determinant of the system of equations for 
the quantities Ugy and ugj equal to zero. This 
set of equations is obtained from (32) after elimi- 
nation of the quantities V-qu and v-qj. 

The index of refraction of light waves n* = 

2¢?/&? can be obtained from Eq. (33): 


Ly = le = Dre rae Cea) (37) 


The (Ss @) = pe oe = 7 eR (247 aE er) 
1 Xy1 — Lo0\2 Lene he 
ale) + ey). 38) 


In this equation and in what follows, the notation 
w=6é/h, S= 97g 


is employed. 

Equation (38) appears to have a pole at w= 0. 
We shall show that the components ~ ¢~* in Eq. 
(38) vanish identically. Actually, let us consider 
the two operators 


Ii = >) Pra Tig Bae 
na na 


where Pay is the operator of the dipole moment 
of the na-th molecule. We introduce x and y 
as two orthogonal coordinates. The operators 

IIx and Ily satisfy the following commutation 
relations: 


fl, — Tl, = = Neste, (39) 


In the second-quantization representation 


INE =>) Po (On na, ona, p+ Ona, éDna: Deb 


na 
or, transforming to the Bose operators Bgy 
(Bay | q=0 = Bgy)> 


My = VN Df Pay [ua (se) + %0(Se)]} (Bou + Box). (40) 


The operator IIx is determined in the following 
fashion: 
TE Wns MNEs be 
Inserting Eq. (25) in this relation, we find that 
ips Se ree) 


S Dy Pal [ua (SH) + 22 (84)]} (Bex — Bs). (41) 


Making use of Eqs. (39), (40), and (41) we obtain 
the desired summation rule: 


2 dE (s) ) {21 Pa [ua (Sy.) + 0a (sy}I} 
x {DPA tue (Su) + 2 (Sp)]} = 8S eSB, (42) 
B 


If we introduce the notation 


Pou (S) =D) Py [Ua (Si) + Va (SL)], 


a 


we can rewrite Eq. (42) somewhat differently: 


2 >} Eu(S)| Pou (s) |? cos @, (us) cos, (us) = n° S8,,. (43) 


Since 
E*.(q) / 8 (8 — Et, (q)) =1 / (8? — Ei. (q)] —1/8, 
‘| 8rN : é 
gti = —Be—~ 21 Eu) i Pou (a) | C08 9; (va) cos g,, (4a) 


u 
u 6" — E* iq) 
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Here dilieeslys2;, and Hive is the angle between 


the vectors Po (qd) and Ig: 

Making use of the Een ation rule (43), we find 
that the substitution of the resultant expression for 
24j, in Eq. (38) eliminates the terms proportional 
to 8-*. We can write the following.as the final 
equation for the quentitles ny,2(w), 
to small terms ~ (d/,)?: 


with accuracy 


oe (s) sin? © (us) 
— OF (a) 


“ il (pee (S) (cos? 0, (uq) — cos? 2 ear 


Daal ipa 2 
Fi — QO (9) 


1 
Ni (w, S) =1 ee one 
ue 


wp F, (8) Cos 1 (4g) Cos 2 (pq) ] 2)* 
SS ee 
ss 2 — 02 q) | : (44) 


u 


where 


2 
Pu(S) = Seager | Pou (8)? Bn'(8), 2, (q) = Ey (q)/%, 
Fy, is the oscillator strength corresponding to the 
level yu. This quantity is essentially independent 
of s. 
It is easy to show that as\ w— ~, 


es (w, s)>1— we / we. 


If w x Q-, i.e., if the frequency is close to one 
of the absorption bands in the isolated molecule, 
one can separate in the sums over p the reso- 
nance components that play the dominant role. 
Let us consider some special cases. 
1. The elementary cell of the crystal contains 
a single molecule (0 =1). In this case, 


ni (Gy S) = 6 (0, S) Spe Stag) 


ns (@, S) ae (@, S), 


where the function ¢€(w,s) depends weakly on 
the frequency w and the direction s. 

2. The crystal possesses cubic symmetry. In 
this case, the f-th molecular term corresponds 
to a twofold degenerate exciton band of transverse 
waves (u=1, 2; Pou(s) 1s, | Pol = /Pool, Pos 
1 Py.) and to an exciton band of longitudinal waves, 
w= 8, Po3||s. In this case, E, depends only on 
the absolute value q of the vector q and, conse- 
quently, 


n2(w, 8) = n2(w, 8) = 1 — 4) w3F,./ (0? — Q5. (9)))- 
u 

The factor '¥, stands before the sum because 

each component appears twice in the sum over yu 

owing to the twofold degeneracy of the terms. 

Close to one of the resonances, 


i, = 1g — 8 (0 ©) — oF o/ [o? — Q? (q)], 
where the function ¢€(w) dependes weakly on the 
frequency. 

3. Let us now consider a crystal containing 
two molecules in the elementary cell. Molecular 
crystals of this group are naphthalene, anthracene 
and a number of others. In such crystals, each 
allowed molecular term corresponds to two allowed 
crystalline terms (yu =1, 2), for which the vectors 
Py, are orthogonal (see reference 5). If the wave 
vector q is orthogonal to the plane of the vectors 
Po, the general expression for the indices of re- 
fraction is materially simplified in the frequency 
region close to the frequencies of the doublet. 

In this case we find from the general expression 
(44) that 

ni (@) = & (@) — oF; / [© — 02 (q)], 


nz (w) = & (@) — wF 2/[o?—Q3(q)]. 

Account of the spatial dispersion in the expres- 
sions obtained above can be carried out similarly 
to what was done in references 7 —9. However, it 
must be noted that in inactive crystals the role of 
new effects, which arise upon consideration of 
spatial dispersion, is evidently small (in spite 
of the estimates given in reference 8). 

In conclusion, the author thanks V. L. Ginzburg 
for his valuable advice and discussion of the work, 
and also A. S. Davydov and V. P. Silin for useful 
discussions. 
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The interaction of nucleons at large distances is considered on the basis of a nonlinear 
Lagrangian of general form. By means of the Heisenberg commutation function it is shown 
that there are forces with the Coulomb dependence on the distance and with a fine-structure 
constant equal to 1/138 (scalar theory). The causes of the absence of electromagnetic 
forces in the vector, tensor, and axial-vector theories are analyzed. Deviations from the 
Coulomb law and their effects on renormalization are discussed. 


Tue quantization of the wave equation 
1, A / Ox, — P? b(dp) = 0 (1) 


by means of the commutation function 


et te 3 *YIy ; 

S (x) = (2r) ele: aE 53) 7 i| d*qg (2) 
has made it possible to show! that a theory based 
on these two propositions contains forces with the 
Coulomb dependence on distance and with the fine- 


structure constant?*3 
On pare (3) 


This is a great achievement of the theory, since 
for the first time electromagnetic forces have 
been represented as a consequence of other, more 
primary laws. A distinguishing feature of the 
work is that the calculated fine-structure constant 
has a value close to that found experimentally. 

We shall take as the basis of the theory a La- 
grangian of general form 


EPG: ied 55 pee tee 
A rae x P 2sCnPOn-4Ont:. (4) 


Here the colons indicate the normal product of the 
operators, and On are the 16 Dirac matrices 


CF (an Or Nine) 27) eA 
ots ee Ce (5) 
which satisfy the relations 
6; = Ons Sp Ones = AO pans (6) 


Thus the objections connected with the arbitrary 
choice of the Lagrangian in the papers of Heisen- 
berg and others!~’ are removed, and the introduc- 
tion of the normal product removes from the the- 
ory the so-called vacuum divergences! and the 
indefinite quantity Spr(0). 
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The Lagrangian (4) retains its form when the 
two operators ~ in the normal product are inter- 
changed, if the coefficients C are subjected to 
the transformation 


v ay 
Ga Gu, — — 1) Cn Amn’ (7) 


where the Amn are defined by the identity 
‘On On = Amal a (8) 


[I is any one of the matrices (5)]. The coeffi- 
cients Amn are shown in Table I. The require- 


TABLE I 
T, 
Amn 

1 Re Yay | f¥sYp Ys 
4 1 4 4l al 4 
iG 4) =2 0) z —4 
OF Yas 6 —2 0 6 
Bae 4 0 —2 —4 
5 4 |--1 al —{ 4 


ment of invariance with respect to the transforma- 
tion (7) is satisfied if the Cy appear only in the 
combinations 


Bry =o Cal Aam—4Seae (9) 


n 


1. PHOTONS AND THEIR PROPERTIES 


The wave function of a boson 


Pap (% Y) = <0/ Th, (x) bp (y) | D>. (1.1) 
obeys the equation 
Pap (4, x) — \ Haenp (ep u) en (u, u) dtu, (22) 
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which can be derived from the field equation 
OP / OXu + PD\Cn: Onb-4Onh: = 0 (1.3) 


by means of the Tamm-Dancoff method. One thus 
finds that° 


Haenp (%, 4) = — = il? 1+ By (G (x, u) T'S (u, x) 
N 


+S (x: u) I%G (u, X)}ap (ee 


ee, (Tne (ne. (1.4) 
M,N 
Here 
Hymn (x, u) = —+ il? + By Sp (1G (x, u) PYS (u, x) 
am Se td Ou. x)} 
= (2n)#\ ec OOH my (p) dp; (1.5a) 
Huy (p) = — 4 il? 4 By (2m) Sp \ d4q (L"G (p + q)T%S (q) 
+ IS (q) IG (— p + q)}. (1:5b) 


In the momentum representation for the function 
mu (p) = Spl" (p) 


= Spr" e-! (0 | Th (x) b(x) | Oy dx (1.6) 


(1.2) has the form of a linear homogeneous equa- 
tion 


Py (P) = >) Hun (P) ey (Pp). (1.7) 


N 
The spinor structure of G and S is such that 


Be 


ase EMG (p +g) P¥S (q) dtqg =I" (xp) £"B (p") 


+ My Py C (p?) +E" (yp) IP" (xp) D (p”). (1.8) 
Therefore 
Hyun (p) =— + By Sp{0™ (xp) TP" (1p) D (P”) 

pe Py E46 (p*) 

+ 2 (e™ (yp) PY — PY (xp) FP") B (p?)s.- (1.9) 


Equation (1.7) with the coefficients H)jn given 
by Eq. (1.9) can be used to determine the mass 
spectrum of the bosons with nonvanishing rest 
mass.° The condition for the existence of such 
particles is that the determinant of the system 
(1.7) be equal to zero. 

Equation (1.7) is also valid for photons, for 
which ee = (0. Here, however, the functions B 
and C are singular: 


B= — + (F) nip. c=t(Z) nip*| (1.10) 


(the singularity of D is of no significance). Be- 
cause of this a regular solution of Eq. (1.7) exists 
only in cases in which the coefficients of the sin- 
gular functions go to zero: 


>) Bw Spr" y, T% yo, = 0, (1.11a) 
N 
> Bw Spl" (yp) Pg, = 0, (1.11b) 
N 

(ale) 


5S} Bw Spl" (yp) 0" Fy = 0. 
- 


These three cases extend and improve Eq. (19) of 
Heisenberg’s paper.! According to Eqs. (8) and 
(6) the first of these equations is equivalent to the 
equation 


By Aym ?u = 2, (12) 


from which it follows that there are two types of 
solutions: 

1) Aym =0, By #0 is the general solution, 
which exists for all the types of nonlinear term. 
This solution has the form 


Py = 2(P, & — Py eu), (1.13) 
and it follows from Eq. (1.11b) that 
(p-e) =0. (1.14) 


Thus we get an antisymmetric tensor of the second 
rank with two independent transverse polarizations. 
The conclusion about transversality loses its valid- 
ity if 


Br = Cs—6C7+ Cp=0, (1.15) 


which occurs, for example, for the nonlinear terms 
(Dy5¥y%)? and (dp)? —(dys~)? studied in reference 
6. 


2) By = 0, Aym #0; these are particular so- 
lutions, whose existence depends on the choice of 
the type of nonlinear term. By choice of the coef- 
ficients Cy one can construct any additional solu- 
tion. In the cases of the pure types (Cy = + Onn,) 
they can all be enumerated: 


Se fee none 
Vira: ie 
ie Some ian: (1.16) 


The polarization of the tensor solution in a mixture 
of the types V, A can also be longitudinal, since 
the equations (1.11b), (1.11c) are satisfied identi- 
cally. 

It is important to emphasize that all the addi- 
tional solutions with their nonphysical properties 
are automatically removed from the theory. In 
fact, if we average the nonlinear term of the La- 


316 Yiar six 


grangian (4) over a single-nucleon state, we get 
an effective interaction Lagrangian of the form 


My a Cn (= Ann — Baw): d:@n 


=+ PD By:Gln$:en, (1.17) 
which describes the coupling of the boson with a 
spinor particle having the charge 3/’By. If the 
Lagrangian admits an additional solution of the 
N-th kind, then By = 0, and the corresponding 
term in Eq. (1.17) drops out. Thus nonphysical 
photons cannot convey an interaction. Further- 
more, in a mixture of the types V, A even the 
physical photons give no coupling, since in this 
case the main and additional solutions coincide. 

It will be shown below that the vertex operator 
contains the factor 


By = Cs—6Cy + 2C4 —Cp, 


which vanishes in the tensor type of theory, be- 
cause of the presence of an additional solution. 
Therefore we can draw the general conclusion: 
the presence of additional solutions in any type 
of Lagrangian leads to the absence of electro- 
magnetic interaction. 

As is well known, Lagrangians that are mix- 
tures of the vector and axial-vector types form 
a class invariant with respect to the transforma- 
tion’ 


¢’ — eft Ve) 3 


The absence of electromagnetic forces in this 
class of Lagrangians speaks against the inclusion 
of the Touschek transformation in the invariance 
group of the Lagrangian. 


(1.19) 


2. THE INTERACTION IN A LOWER APPROXI- 
MATION 


It has been shown above that for particles with 
zero rest mass the theory gives just the kinematic 
properties that are observed for actual photons. 
The proof of their full identity is completed by 
the calculation of the propagation function 


Daw (x, ¥) = <0| Tey (x) Py (¥) | 0 
= (0| Tha (x) Peas (x) $, (y) Tey 5 (y) 0 
= —VpuSas(x, y) Tey Sya(y, x) 
= —SpI"Sr (x, y) TY Sr (y, x) 
= (2n)*) Duy (p) exp lip (x — y)] dé p, (2.1) 
Duw (p) = —(2n)-*Sp{ qt" S(p+q)IYS(q) (2.2) 


(the index F onthe Fourier transforms SF is 


(1.18) 
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omitted throughout in what follows ). 
The spinor structure of S(q) is such that 


| d# qr" S(p +-9)P" S(q) 
=I! (p)T" (rp) K (p) +P" 7,0" 4, L(p%) 
+I PE" M (p) + (™ (yp) PY —I"P" (yp)] N (p?). (2.3) 
Therefore 
Dun (p) = — 4 (2)* bun [ewp?K (p?) + Avw L (p”) + M (p*)] 
—4 (20) 48m: (1 — ew) Pa N (p”), (2.4) 
where ey and Iw are defined by the equations 


(2.5) 
(2.6) 


(yp) Vw (yp) = en p? Tw, 
Ty = Xal v- 

The invariant functions K, L, M, N, calcu- 
lated by means of Eq. (2) in the limit of small 
p*/k? (i.e., at distances much larger than the 
Compton wavelength of the nucleon), take the 
values 


Fi -1, Heiaae 
me) 0, Pa 0; (2.7) 
j(p) = — =S (2.8) 
Thus in the infrared region of momenta 
Daun (P) = Buy peor (EN — Aun) ; (2.9) 


and we return to the Feynman propagation function. 
Since along with this the Lorentz condition holds 
as,a consequence of Eq. (1.14), all the laws of 
linear electrodynamics are satisfied at large dis- 
tances. Sizable deviations from linearity occur 
for p? ~ x’, at distances related to the structure 
of the core of the nucleon. Even before this, how- 
ever, at p?~ M3, the structure of the meson 
cloud around the nucleon begins to show up (cf. 
Sec. 4). 

By means of the propagation function that has 
been found one can calculate the matrix element 
for scattering of two nucleons 


=—u(p’, q')W(p', q's p, q)u(p, q). (2.10) 


Since in this case we can use (in lowest approxi- 
mation) the effective interaction (1.17), we have 


W (p'q', pg) = 3) 7 Bm By Dun (p'— p) 


M, N 
XP (p peg Sa (2.11) 
Ma ieee : 


Eee ape Dy Bu ew (p')T" u(p) 
N 


x u(q’)P" u(q)8(p’— p+ q'— 4). (2.12) 
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This formula is the same as the result of Heisen- 
berg, Kortel, and Mitter,? which they obtained in a 
more complicated way. Comparing Eq. (2.12) with 
the matrix element of quantum electrodynamics, 


Med = ie? yt 


eas Ys ints epciag a) 


(2.13) 
we conclude that there are tensor forces with the 
Coulomb dependence on the distance and with the 
fine-structure constant 


a =e? /4n = x (xl/4n)* Be. 


In the scalar theory this quantity is equal to 1/2.7, 
i.e., 50 times the observed value. In the vector 
and axial vector theories there is no interaction. 

Both the numerical discrepancy and the incor- 
rect spin dependence are due to the absence of the 
vertex operator. The difference between this op- 
erator and unity must also be taken into account 
in the lowest approximation. 


38. THE VERTEX OPERATOR 


The vertex operator describing the emission 
(absorption) of a photon of type M can be written 
in the form 


Vin = ®' | om (x) | D> = CO" |e (x) P2 Fp (x)|), (8.1) 


where ®, ®’ are the states of the nucleon before 
and after the scattering. 

Owing to the completeness of the set of eigen- 
functions, 


<0 | bu (Y) Ya (x) da (x)| > 

“oa St y)| D> <D" | ba (x) bp (x) |), (3.2) 
we have the equation 
ue“ 4D" | ba (X) bp (x) | PY 

= | dye—?'¥ 0 | du (y) ba (x) be (x)| ®> (3.3) 


(u, is the spinor for the physical nucleon). The 
right member of Eq. (3.3) is easily calculated in 
the first approximation of the Tamm-Dancoff 
method: 


<0 | bu (Y) Ya (X) Ga (x) | > 


B 
= ip ~ | Gue (y, z 2) T 50 Sap (z, x) 


3 45 
N 
X Sar (x, 2) TH CO}, (z)| D> d4z+. 
=F (anyt AP | Cue (g) Pro Sep (r) Soap —49 +1) 


x ry Uy efyti(p—a)* q4 qd* r+. (3.4) 


The terms indicated by the row of dots are 
omitted because they make no contribution to the 
infrared asymptotic behavior of the vertex oper- 
ator. By using Eqs. (3.3) and (3.4) we get (for 
tx = ty ) 
V ie -3 5) Bu i(p—p')x 

m= 3 (2n)® Die ette-p* | dgyG (p + q) Tw 

N 
x\ d*rS(q+-r)I"'S (r) 1 (3.5) 


Using Eq. (2.3) and averaging over the spins of the 
nucleons, we get (q?/x? — 0) 


\s (g+r)I"S (rd = — — (gr™@—I"r).. (3.6) 
For the tensor photon, with Ty = Yup» we have 


Way ae Vos q SITE, 2i ite q, ra Iu) 


Aa 


ae 9) TY = Any (Ixy = Turd)» 


3 By Any =— 4By. 
N 


P(gee 
(Wu (3.7) 


The result is then 


Vr = — OE (an)-8 Byeo—P n? x 


9 Ue 14 
x| de PE " Yuv Yu : 


p+q)* @ C= 


Calculating the momentum integral for p? — 038 
we find 


7) . 
Vr=C PPh a expli(p—p'x, —B.9) 
4 /xl \2 
= is (im) By (3.10) 


The introduction of the vertex operator in the 
matrix element brings the latter to the form 


2 [2 ; 
N= — > 7 Buz By Dw (p'— Pp) 
M,N 
M NV (AP), 
xSpr"'y,, Spl TocC*u [Apt Yo 


—, (Aq) 


Waite (P Pt fg lop ad cae 


x 14 BY Dy (p' — p) C2u'y, uu’ 7,0 (3.11) 
(rN =Y4y), i.e., we get vector forces with the 
fine-structure constant 


a, = (xl /4n)* BY. 16C? = (n/ 9) (xl / 4n)® B7By, (3.12) 


which in the scalar theory is equal to 1/202. The 
remaining numerical disagreement with experi- 
ment is due to the omission of higher-order cor- 
rections to Dyn (cf. Sec. 4). 

It must be particularly emphasized that as the 
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result of the emission of tensor photons vector 
forces are produced. This is explained by the 
invariance of the vertex operator under charge 
conjugation and reflections of the space coordi- 
nates (cf. reference 3). 


4, CORRECTIONS TO THE PHOTON PROPAGA- 
TION FUNCTION IN THE CHAIN APPROXI- 
MATION 


The expression for the photon propagation 
function 


Dapuv(%, ¥) = J [8ae5np 8 (x, u) + Lacna(% u)] 


x Deere (u, v) [ope Sy 5 (v, y) 


Te Lucey (v, y)] d‘u dtu (4. 1) 


(D? is the propagation function calculated in Sec. 2) 
contains the operator L, which describes the ef- 
fect of the higher approximations at one of the junc- 
tions of the diagram (Fig. 1, a) that represents the 
propagation function D° in lowest approximation. 


If we confine ourselves to the “chain” approxi- 
mation, the function D)jn can be represented by 
the diagram of Fig. 1, b; to this diagram there 
corresponds the following integral equation for L: 


Laenp (x, u) == A genp (x, u) 


-|- \ EH aood ts e0)ilepenat0, 4) a0. (4.2) 


The operator H(x,u) that appears here corre- 
sponds to one link of the chain; it has already been 
encountered in Eq. (1.2). 

The two equations (4.1) and (4.2) are decidedly 
simplified by the substitution 


Laeng (X, U) = — baebn,5(x, U) + Quen (x, U) (4.3) 
and passage to the momentum representation, 
Qaenp (x, u) = (2n)4 \ Qaeng (p) ef?) dtp. (4.4) 


They are thus reduced to linear algebraic equa- 
tions: 


Dapuy (P) = Qaeng (P) Denex (P) Quexv (P); (4.5) 
Qaenp (P) = Sue dng + Haccp (P) Qoens (P). (4.6) 
Expressing Q(p) in terms of the Dirac 
matrices 
Quene (P) = > S) Qa (p)(I™ ap (PY ne (4.7) 


M,N 
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and using Eqs. (1.4) and (6), we bring Eq. (4.6) to 
the form 


(4.8) 


Quan (Pp) = baw + >) Hak (P) Qe (P), 
K 


which is entirely analogous to Eq. (1.7). The only 
difference is the presence of the inhomogeneous 
term 6MN. In view of this relation between the 
equations (1.7) and (4.8) it can be asserted that 
the eigenvalues of the equation for yy(p) are 
the poles of Q(p); that is, that the boson masses 
are the poles of Q(p). 

Equation (4.8) can be solved easily, since 
HwmKk ~0 for M=K or M=K’ [cf. Eqs. (1.9) 


and (2.6)]. In our case of p?/x*—-0 the solution 
is particularly simple, since 
p*D (p?)—> > (xl/4n)?,  paB(p?) > 0, C(p*)—>9, (4.9) 
Hux(p)> — = (xl /4n) dux Bu em. (4.10) 
The result is 
oun 
Qun = Tinchy hee Qmdmn- (4.11) 
Using the expansions 
Dacwy = S\ Daw (l*)ap (0? )uvs (4.12), 
A, B 
Donen = \ Diag (T* Jen (V7 Jen (4.13) 
A, B 
and Eq. (4.7), we get 
Dap (Pp) = ” Qam (p) D’un (p) Qan (p). (4.14) 


Owing to Eq. (4.11) we have in the infrared region 
Das (p) = QaQa Dis (p) = Vs DY (p) SB. 


Thus inclusion of the higher-order corrections 
by the summation of “chain” diagrams leads to the 
appearance of a correction factor 


Onl + 5 (xh /4n)? Bacay? 


(4.15) 


(4.16) 


in the expression for the propagation function. 
This factor depends on the sign of the nonlinear 
term; it contains Ba to the first power, whereas 
Ba occurs squared in all the other expressions. 
Because of this there is a possibility of determin- 
ing the sign of the nonlinear term. The value of 
the correction in the scalar theory is 0.17; that 
is, it is far from the nearest zero of the denomi- 
nator. It increases very rapidly, however, with 
approach to the threshold for production of a vec- 
tor meson. Below the threshold the main part is 
played by the virtual production of mesons, which 
smears out the structure of the nucleon and leads 
to other nonlocal effects. 
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In view of the fact that the threshold for the 
production of mesons by electrons is considerably 
higher than that for nucleons, deviations from the 
Coulomb law are easier to detect in the scatter- 
ing of nucleons. Thus nonlinear (and nonlocal ) 
effects appear at lower energies in mesodynamics 
than in electrodynamics. This in turn is closely 
connected with the large difference between the 
coupling constants, which receives a natural ex- 
planation in a unified nonlinear theory.! An inter- 
mediate position between these two cases is occu- 
pied by the scattering of electrons by nucleons. 

The appearance of a correction factor in the 
propagation function can be understood in the 
sense of a charge renormalization, although here 
all quantities are finite. The presence of addi- 
tional poles in the renormalized propagation func- 
tion is due to an actual physical effect: the influ- 
ence of the meson field on the electromagnetic 
field. This dispenses with the difficulty that sev- 
eral writers® have pointed out in the interpretation 
of the additional poles. The difficulty with the 
vanishing of the renormalized charge is also re- 
moved. It could occur only at energies sufficient 
for penetration into the nucleon core, where there 
is of course no point in talking about the Coulomb 
law. In this region mesic forces play the decisive 
role. The continuous transition between electro- 
magnetic and mesic forces underlines the neces- 
sity of a unified theory of both types of interaction. 


5. THE FINE-STRUCTURE CONSTANT 


Inserting the renormalizing factor (4.16) in 
Eq. (3.12), we get the following expression for the 
fine-structure constant of the electromagnetic in- 
teraction: 


eee (ye Be [! 7 (=) Br] 


her (5.1) 


(ey = —1, since rN= Yap; ci. Sec. 3). 

Using the values of the constants calculated in 
reference 5, we get for the pure types of nonlinear 
term the results shown in Table II (the small nu- 
merical disagreement with the result of Ascoli and 
Heisenberg? is due to an improvement in the value 
of the constant xl). Comparison with the experi- 


TABLE II 
Type of Sign of nonlinear terin 
theory a rm 
S A /AB3 4 4/277.4 
P 1/10.8 4/37.2 
ee 


mental value 1/137.03 is strong evidence for the 
Lagrangian 


= $74.09/Ox.+ “ 2(b)($4)« (5.2) 


Precisely this Lagrangian was proposed in refer- 
ence 2, but a mistake that got into the calculations 
led to a change of the sign of the nonlinear term.? 

In the pseudoscalar theory the forces are larger 
by an order of magnitude. The absence of forces 
in the vector, axial-vector, and tensor theories has 
been analyzed above (Sec. 1); it is due to the pres- 
ence of longitudinal photons in these theories. 

The accuracy of the expression (5.1) can be 
improved by the calculation of higher approxima- 
tions to the vertex operator and by an estimate of 
the degree of correctness of the chain approxima- 
tion for the photon propagation function. 


6. CONCLUSION 


As the result of the present treatment we con- 
clude that it is possible to reduce the laws of 
electromagnetic forces to other, more primitive, 
laws. In the limiting case of small momenta the 
electrodynamics constructed on the basis of Heis- 
enberg’s theory goes over into the ordinary quan- 
tum electrodynamics with the fine-structure constant 
1/138, and with the correct polarization properties 
of the photon. The last two facts are closely inter- 
connected; the admission of a longitudinal polari- 
zation makes the charge vanish. 

Moreover, with increase of the energies of 
the interacting particles departures from the 
Coulomb law appear because of the virtual pro- 
duction of mesons and nucleon-antinucleon pairs. 
Beginning at a certain value of the energy a sep- 
arate treatment of the electromagnetic and mesic 
forces becomes impossible, and the concept of 
electric charge loses its meaning; the internal 
structure of the particles begins to manifest it- 
self. Such difficulties of the linear theory as the 
vanishing of the renormalized charge, and so on, 
occur only beyond this threshold value of the en- 
ergy and are of no physical interest. With further 
increase of the energy electrodynamics goes over 
continuously into the mesodynamics of vector 
mesons. 

The existence of an upper limit to the applica- 
bility of the separate theory also shows the neces- 
sity of a unified theory of the elementary particles. 
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A phenomenological theory of coupled magnetoelastic oscillations in antiferromagnetics is 
given (the coupling between elastic and magnetic waves is due to magnetostriction and spon- 
taneous magnetization). The velocities of sound in the antiferromagnetic are determined; 
they are found to depend on the magnetization and the applied magnetic field. The absorp- 


tion coefficient of sound is found. 


i - In an elastically strained antiferromagnetic, 
because of magnetostriction and because of pon- 
deromotive action due to the presence of spontane- 
ous magnetization, there should occur a coupling 
between elastic and magnetic (spin) waves. When 
the conductivity of the medium is high, the coupled 
magnetoelastic waves that thus originate are simi- 
lar to the waves that can propagate in metals in the 
presence of an external magnetic field. The inter- 
action between magnetic and elastic waves leads to 
a change in the velocity of sound and to an addi- 
tional sound absorption. These changes are espe- 
cially large at resonance, when the frequency and 
wave vector of the sound wave coincide with the 
frequency and wave vector of the magnetic wave. 
The present work is devoted to a treatment of 
these problems for the case of an antiferromag- 
net; the treatment is analogous to that given ear- 
lier by Akhiezer, Bar’yakhtar, and the author for 
ferromagnets.! 

2. The free energy of an antiferromagnet, with 
account taken of the coupling between acoustic and 
magnetic oscillations, is? 

2 Ms\?] 
a =\av ip alse) + (ay) | +2 


\ 


7 OM OMe 
Ox, OXp 


oy 8 (Mi, M,) 


h? + ed WW Bes 
8x eae 


— (M, -+- M,) Hy + 


vi J heim ik Uim + Fim (Mi, Me) uum} ’ . 


where the last term in curly brackets is the mag- 
netostrictive energy; 8 (M,, M,) includes the 
anisotropy energy and the part of the exchange 
energy not related to nonuniformities of the mag- 
netic moments M, and M, of the sublattices; 
q@and a’ are exchange integrals. The remaining 
symbols are the same as in reference 1. Just as 
in the theory of ferromagnetism, the constants @ 
and a’ can be determined from the specific heat 
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or the temperature dependence of the magnetic 
susceptibility of the antiferromagnet. In order 
of magnitude, they are determined by the Curie 
temperature @g in the following manner: a’ ~ 
a ~ @ga*/gMyh. 

The equations of motion of the magnetic mo- 
ments M, and M, have the form 


Mi, (6) . 5 e KA 2 

Oo aig (Maite) = © 1M. HYP] — [Max (MH), 
OM, 0 = (e A g 

“at + aug (Mla Ue) = @ IM, x Hi] — is [MaxIMaxHQ}], (2) 


where H{® and H$© are the effective magnetic 
fields acting on the magnetic moments of the first 
and second sublattices, respectively. To Eqs. (2) 
must be added Maxwell’s equations and the equa- 


tions of elasticity, 


1 od 


curl h = — = + 


4r . 
CeOlmnGn 


i, curl e=—~+ 9 (h + 4=M), 
j=ofe+—[uxB]), pu=f, (3) 
where f is the force per unit volume of the me- 
dium, M=M,+M,, and B=H+ 47M. We shall 
find the values of H{®), Hf’, and f from the 
requirement that the free energy (1) be conserved 
by virtue of Eqs. (2) and (3). 

On carrying out calculations analogous to those 
carried out in reference 1, we get 


Hy = H, —08/0M, + h— G, -+- «AM, + a’ AMs, 
H. = Hy —98/OM, + h—G, + 2AM, + o’AM,, 


0 ike * , e 0 e 
wit 4 E[ixBle + Mig HO + Ma 5H, (4) 


ae OX, 


where 


G, = Uim OF im /OM,, G, — Ulm Oki i OM,, 
oR = hikimUim + Piz (M,, M,). 


An expression for d#/dt is given by the formula 
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d% rj? h e d e 
Me a IE ae Mx HOP + aie (Max HOP] aV 


= $ dS {pthxels + a (M, = an M, I 


{nx OMe M ~) 
+ & (iM, Ox, + M, Ox, 


+ We [Sem + 8: (MyHO? + MoHS?)]} (5) 


From formula (5) can be found the coefficient of 
absorption of the magnetoelastic oscillations, 


: 1 d# 
ee 
where d%/dt is the time-average value of the 
volume integral in (5). 

* According to Eq. (2), in the linear approxima- 
tion in the quantities u, mW, =M,—My, and pp = 


M,-—M,), and for small A, 
g(M,xH®] = 6p,,/dt, — g [M.xHS”] = dp, , / dt, 


therefore, 


dé viele: h 2 Nera 
Tite et \ { c at (gM)? fay oF (eM) pa dV. (6) 


3. We now consider the system of equations 
(2) — (8). First of all, this system must be linear- 
ized. For simplicity we shall suppose that the 
medium is isotropic in its magnetostrictive prop- 
erties. This condition means that Fj,(M,, M,) 
has the form 


Fin(M,, Mo) = 8, (Ma Mie + Moi Mor) 
ae D5 (Mi; Mop se My M,,) 
{> 8c (BsMMy + 84 (MY 4- NE). (7) 


We further suppose that the quantities, 6,, 6), 53, 
and 6, are independent of M?, M3, and M,M). 
From (2), the equations of motion of the magnetic 
moments, in terms of the variables 1 = My; —My 
and f=, + ., have the form 


dq/ dt + 2M ndiv is 

== gM, nx | H{-+ HS] —inx [nx[HO— HY )], 
Op / Ot = gM, nx[ Hi? — HS” 

—)nx[nx] HY? + HY). (8) 
From Eq. (8) it follows that 


un = 0, qn = — 2M, div u. 


If we treat the body as isotropic in its elastic 
properties, and if we introduce the notation 


Ci = ci-+ (Mo/p) {28 + 4+ 4 (8, — 28,) + 2 (a —a) A} 


(where a and £# are constants related to ex- 
change and to anisotropy), we get the following 
equation for the displacement vector u: 


h: Ag : aes 
u=cjAu + (c7—c?) y divu+ ae [ixB] 
4M2 
ae ca (5, = 8.) Vitittip Np 


; 0 
+ 6,8) (ndiva +m Z| (9) 


The equations of motion of the magnetic moments, 
in expanded form, are 


a + 2M,ndivu 
= gMynx(2h — (2y + 8) p— Fon +(e +2’) Ap] 


—rax|r<|— py — opt (a—a') Ay 


— 4M, (8, — &) imi, 


o% — gM.nx{—By — i p + (2 — a’) Aq — 4M, (8:—8,)un] 


— nx {mv 2h — (2 + yn — fe nee +a) Oo} 


(10) 


where fin is a vector with the components ujknk, 
and where y is an exchange constant. The mag- 
netic field H) is assumed to be directed along an 
axis of easiest magnetization n. 

Henceforth we shall treat in detail only the case 
in which the wave is propagated along the axis of 
easiest magnetization (k||n). As usual, we seek 
a solution of the form exp {-i(wt—k-x)}. 
Taking the component of Eqs. (9) and (10) parallel 
to the vector n, we get 


vy = 9, M1 + 2iM,ku, = 0, 


(o® — Bel) uy + (2iMg/ 0) (8: — 52) eng. 
+ (4Mo/p)(51 — 82) Ruy = 0. 
Hence we find the frequency and the phase velocity 
of longitudinal sound: 
w? = uk? = k {c7H—(8M2,/p)(8, — 85)}, (11) 


where 
Ci = C7 + (M3/p) (28 +a+4 (5s—28,) — 2 (a’— a)k?}. (11’) 


The dependence of the phase velocity on the wave 
vector k through the term 2 (M?/p)(a’ —a)k? 
in formula (11’) can be neglected in the acoustic 
frequency range: 
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o< C/V « ~ (0,/ &) (ghM,/@,)'t ~ 4-10" sec™! 


for ©) = cjhi/a ~ 3 x 1074 (@) ~ 300°K), My ~10°G, 
and @,.~ 500°K. 

Equations (9) and (10), with Maxwell’s equations 
taken into account, lead to the following dispersion 
equation for magnetoelastic oscillations that corre- 
spond to transverse sound: 


(w? — Rc?) {(w — gH,)? — 


¥ fo Shy Oca ‘I +(37) | 


OO ae 0 (Q4Q,) 
(00, — etd) + ™M (2, 2,) gM, 


a] 


2M? 
+ — teat, {ety (* —&) — 2 


Sr o[ Fz (81 — 5) a 


a 


| [! a (cin) | 


+o [ates a} ao aay 
Q = gM, {8 + 27 — 8x + (a + a’) R?}, 

Q, = gM, {B + (a — a’) k*}, 

C= ch—H%C/4np, = 6 = {c?h?/Aniwo — 1371, (13) 


In the absence of coupling between acoustic and mag- 
netic oscillations (Mj / pc? — 0), we arrive at a dis- 
persion equation for a magnetic wave with account 
taken of absorption through relaxation processes de- 
scribed by the constant and the conductivity o: 
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(© — gH)? — QQ, + i(h/ gM,)'o(Q+ Q,) 
—(NgM,)* (22, — g*H?) = 0. (14) 
Hence we find for \ << gM) 
© = gA)tV QO, 
— iM 2gMp) (Q + Q4) 1 + gHo/V QQ). (14’) 


Formula (14’) shows that the coefficient of absorp- 
tion of a magnetic wave by virtue of relaxation 
processes when o = 0 is 


T = — 2Ilmo|oxo = (1/gM,) (2+ O21) (1 4 gH /V QQ,). 


Absorption of the energy of the magnetic wave 
will take place if I > 0, i.e. if 


a perch VOXOR (15) 


This relation is the condition for existence of a 
ground state of an antiferromagnetic with My 
=—Mg along Hy. At fields gHy > VQQ,, the ground 
state corresponds to a structure with My) = — Mg 
perpendicular to Hy.° 

When o =A = 0 and Mj /pc? << 1, formula (12) 
leads to the following expression for the phase ve- 
locity of transverse sound: 
M2 


2 
="CH t ~ 
ped 


When o =~, d = 0, and Mj /pct << 1, the same 
formula (12) leads to the following expression for 
the phase velocity of transverse sound: 


w? ~2 2M GH o[2(3; — d2) (w — gHo) — 02:1 0o/Mo—(Q Mo/Hc) (81 —82)?] 
ve = ar = CF ‘ pair (0 — go>—AQ, |. cee 
When My = & = 62 = 0, formulas (11) and (167) re- ane coy se 2Mo (3; — 8)2QgM 
duce to the formulas for the velocity of sound in a \ pce : 
metal in the presence of an external magnetic field. (o—gH)*—20 
Formulas (16) and (16’) are valid when the sound x a (CS COLON EME T TT COsSCON He (17) 


frequency w is not close to gHy + VQQ,; in the con- 
trary case, “entanglement” of the acoustic and mag- 
netic oscillations occurs, just as in the case of a 
ferromagnet. 

Inclusion of the terms containing ’ and o leads, 
first, to an additional change of the phase velocity of 
the waves; and second, to damping of the oscillations. 
We consider first the change of the phase velocity of 
transverse sound. 

The dispersion equation (12) leads in the case 
o = 0 to the following formula instead of formula 


(16): 


The relative change of sound velocity at resonance, 
Av/v, for 4/gMy)~107', gM)/w ~ 107, and 6; ~ 6~1, 
is about 1%, as can be seen from formula (17). 

We note that in the case of antiferromagnets, the 
phenomenon of resonance (reinforcement of the 
coupling between acoustic and magnetic oscillations) 
takes place both for o = 0 and for o =~, as can be 
seen from formula (13) in view of the large value of 
the exchange constant y. But in contrast to ferro- 
magnets, the resonance frequencies can be made 
small in comparison with gMy (~ 10!° sec) only 
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in strong magnetic fields Hp: 


gH /V QQ,— 1 = H/MV 24 —1 <1. (18) 


From this it is clear that these fields must be 
on the scale of MyV2By ~ 10M) ~ 104G. Smaller 
values of the field Hy) may be obtained if antiferro- 
magnets are chosen with small anisotropy and a 
small exchange constant y. 

4. The absorption coefficient I of magneto- 
elastic oscillations in an antiferromagnet can be 
determined from formula (6) in exactly the same 
way as for a ferromagnet or ferrodielectric. 

However, it is now easier to determine the ab- 
sorption coefficient from the exact dispersion 
equation (12). The absorption coefficient TI is 
found from the solution w of the dispersion equa- 
tion by the formula 


T= —2 Imo. (19) 


Formulas (12) and (19) lead to the following expres- 
sion for the coefficient of absorption of magneto- 
elastic oscillations by virtue of relaxation proc- 
esses described by the constant A: 


M2 
T, =20%—* (8, —6,)" 
pce 
Q2 4- (@ — gH,)* ns 
X To — gH)? — Qa +O] gMe)oOF OY? * (20) 


The absorption is especially large at resonance, 
when w = gH) — VQQ, (magnetic fields of order 
Myv 2By ). The value of the absorption at reso- 
nance is 


My Viva gel @ 
T, = gMo A (93592) ake aC 
Ms > \2 gM 
= gM, — (8,—82)? cot ’ (20’) 


2 
pc} 


since Q, «< Q in view of the large value of the ex- 
change constant y by comparison with the aniso- 
tropy constant B. 

We shall compare the absorption coefficient at 
resonance with the absorption coefficient resulting 
from heat conductivity. The latter is determined 
by the formula‘ 


4 = WC xT atp= (gHo— V QQ))?C xT a¥p, 


where xk is the coefficient of heat conductivity, 
T is the temperature in degrees, C is the vol- 
ume specific heat, and a7 is the coefficient of 
thermal expansion. 

The ratio Tr, /y is equal to 


Ta/¥ ~ (Mo/pci) (8; — 82)°C? / xT arp. 


For ap=107, C=108, «=10°, T~ 10?°K, 
r/gMy ~ 1071, 6, ~ dg ~ 1, c7 ~ 5X 10°, and 
M, ~ 500, this ratio amounts to ['/y ~ 10°. 
The amount of absorption of magnetoelastic 
oscillations by virtue of the conductivity o, for 
small values of o, is given by the formula 


i tot cis eae 8xgMj(o—gHo) (8i—B2)} 


po? [(@ = gHo)? — QQ) 
(21) 


The absorption of sound by virtue of conductivity 
o in the vicinity of resonance is obtained from for- 
mula (21) by the substitution 
[(o — gH,)? — QQ,]? > [(@ — gy)? — QQ,/? 

a 32n2 wo |2 

+ | aie (2 + Qs)-+ BM a 
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one energy of a system of three particles, proton, electron, and positron, has been deter- 
mined by the variational method. It is found to be E < 0.563 Ry. The system can only dis- 
sociate into a proton and a positronium atom, with the dissociation energy |e| = 0.063 Ry. 


1. FORMULATION OF THE PROBLEM 


W: consider the problem of the determination 
of the ground state of a system consisting of a 
fixed (at the origin) proton and two particles, an 
electron and a positron, moving in the field of the 
proton. 

Let r, be the distance between the proton and 
the electron, rz, that between the proton and the 
positron, and rj, the distance between the elec- 
tron and the positron. The potential energy of the 
system is 


Uy = e?/re — €7/ry — €?/Pyo. (1) 


It was shown by Hylleraas! and Breit? that it is pos- 
sible to separate the variables in the wave function 
of two particles moving in a Coulomb field. The 
equation in six variables is thus reduced to an 
equation in three variables, 14, r2, and the angle 

@ between r; and r., which determine the rela- 
tive position of the particles. The three remain- 
ing variables determine the total angular momen- 
tum L of the whole system. This method leads 

to the following Schrddinger equation for the ground 
state (L=0): 


1 07. dy 1 9, , dp 
Ban (Hh an) +7 In (2 Gr) 


Lae (E-—U,)¢ = 0, (2) 


In solving the analogous problem of the helium 
atom one chooses as a first approximation that 
solution in which the interaction between the elec- 
trons is neglected. In our case this is not possible, 
since our system would not even exist without the 
attraction between the electron and the positron. 
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A separation of variables in Eq. (2) is therefore 
impossible. 

We find the solution to Eq. (2) by the variational 
method. In choosing a trial function we must use 
those methods of solution of the problem of the 
helium atom in which the variables are not sep- 
arated. The solutions of Hylleraas® and Slater* 
are of this kind. We must also consider the phys- 
ical characteristics of the system; we note that it 
is analogous to the ionized hydrogen molecule con- 
sisting of two protons and one electron. In decid- 
ing what should be the form of the solution of 
Eq. (2) we must therefore pay attention to the 
following facts. It is known that the problem of 
the hydrogen ion reduces mathematically to the 
problem of two centers: find the stationary states 
of the electron in the field of two fixed positive 
charges with the relative distance R. The solu- 
tion can be found using the methods of Born and 
Oppenheimer,° who made a general study of the 
system consisting of several protons and elec- 
trons. These authors show that the wave func- 
tions of the protons can generally be regarded 
as solutions of the equation of motion of particles 
in a potential well given by the electrons moving 
in the field of the protons. Let é be the set of 
electron coordinates relative to the protons, and 
x the set of relative proton coordinates. The 
wave function can then be written in the form 


h(x &) = Po(x) Fo(x%, &) + Pile) Fi (x, &) ++ 


Here F (x, &), as a function of the coordinates 

t, is the wave function of the ground state of the 
electrons in the field of the fixed protons. It de- 
pends on the proton coordinates x parametrically. 
The energy of the system of electrons, V(x), is 
then also a function of the parameters x. The func- 
tion #)(x) is the wave function of the system of 
protons in the first approximation. The quantity 
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V (x) appears as the potential energy of the coup- 
ling of the system of protons: 


V2, (x) + (2M/A*) (Ep — V (x) ©y (x) = 0, 


where M is the mass of the proton. The potential 
V (x) is no other than the potential of the exchange 
forces which couple the heavy nuclei of the mole- 
cules. 

These results not only suggest the choice of 
the trial function, but also play a decisive role in 
the analysis of the solution and of the character 
of the forces binding our system. It should be 
recalled at this point that the potential V(x) for 
the ionized hydrogen molecule has the form of a 
well similar to the one shown in the figure (see 
below), where x stands for the distance between 
the protons, r. The minimum of 0.1025 atomic 
units is located at the distance rm = 2a) (a) is 
the Bohr radius ) between the protons; as the pro- 
tons come closer to each other the potential in- 
creases according to the Coulomb law e*/r, 
while it goes to zero as -¥, re‘ at large rela- 
tive proton distances. 

The Born-Oppenheimer method is based on 
the fact that the ratio of the electron mass m to 
the proton mass M is small, so that the wave 
function can be expanded in powers of m/M. In 
our case the proton is replaced by the positron, 
which has a mass equal to that of the electron. 
However, a method of solution analogous to that 
of Born can be found even for this system. This 
was done by Slater‘ in the solution of the problem 
of the helium atom. He regarded one electron as 
fixed at the distance r,, and determined the mo- 
tion of the other electron in the field of the two 
centers (+e) and (-e). Slater first found the 
energy of the second electron, V(r;), as a func- 
tion of the distance r, between the nucleus and 
the first electron (which enters as a parameter), 
and then regarded this energy as a field of con- 


-2/0 
-Q125 


Solid curve: potential U of formula (23) in atomic units, 
counted from (—1/4) as the zero point; dotted curve: the func- 
tion (24); dash-dotted curve: the wave function ®(r). 


servative forces imposed on the first electron by 
the remaining part of the system. This is equiv- 
alent to the Born method. Slater pointed out the 
great accuracy of this method, which allowed him 
to restrict himself to the first approximation. 
Hylleraas? also remarks on the accuracy of the 
Slater method. 

In our problem we denote the position of the 
proton by the point a, and put the positron at 
the fixed point b. The coordinate of the positron, 
r, =R, will then be a constant parameter in Eq. 
(2). This leads us to the problem of two centers. 
Its solution is given by a system of wave functions 
of the hydrogen ion which depend on the distance 
r,=R as onaparameter. This system of func- 
tions is found in a known fashion by separating 
the variables in elliptic coordinates: 


& = (ri + Fi2)/R, No = (f1 —T12)/R (3) 
The functions can be written in the form 


Frim(R; Fn No) = XAR, Eo) Yim(R, No): (4) 


We shall seek the solution of the equation in the 
form of an expansion in terms of the normalized 
eigenfunctions of the problem of two centers, 


Fnim (23 '4, Le): 


b= D) (Ga) deoathas ro 12) + Py (re) Proce} 115 fo) tees 


We note that the expansion includes only func-: 
tions Fnig with the index o, which corresponds 
to the vanishing of the projection of the angular 
momentum on the proton-positron axis. In the 
present paper we restrict ourselves to the first 
term in the expansion only. As we are using the 
variational principle, the corrections to the wave 
function can only lower the energy level. Accord- 
ing to Slater and Born, %) must be the first ap- 
proximation to the positron wave function. ‘How- 
ever, this function is somewhat more complicated 
than in the aforementioned papers. 


2. THE LAGRANGE FUNCTION AND THE WAVE 
FUNCTION 


We introduce the variables 
E=n +r} Ui = terion (5) 


Fixing the positron coordinate r, we obtain the 
elliptic coordinates (3) of the electron: Ey = é/r, 
Ny =n/r. Let F(r; £, 1) be the wave function 
(4) of the ground state of the electron in the field 
of the positive charges fixed at the distance r. 
For the trial function we take 


b(r, & 4) = O(r) F(r; & 4), (6) 


in analogy to Slater’s solution of the problem of the 


l=TPo, 
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helium atom.‘ Following Slater, we must regard 
F (r; €, 1) as a wave function in the variables E 
and 7, normalized to unity. The normalization 
factor A(r) is a function of the parameter r: 


Fir, & 1) =A(r)f(r; € 7). (7) 


Knowing the volume element and the normalization 
condition in elliptic coordinates, we can write this 
condition also in the coordinates (5): 


' ie he 
oF\ al ane B =l 8) 


Substituting in this formula the expression (7) for 
F, we obtain the following relation: 


FA (r) I(r) = 1, 


J(j=F\\PGE DEW addy 


The quantity J(r) can be used to simplify the later 


calculations. According to Slater, the function © (r) 


is the wave function for the motion of a particle in 
some spherically symmetric potential well, nor- 
malized to unity. However, the simple method for 
finding this function which Slater employed in the 
‘helium problem cannot be applied in the present 
case. 

We solve the problem in the following fashion. 
The wave function (6) and the lowest energy level 
E are determined by the minimum condition for 
the functional 


mass \\\e (r, & 1, Ob/Or, O/dE, Ob/dn, p) dt. (10) 


Here L is the Lagrange function for the proton- 
electron-positron system in the coordinates (5). 

It is known that the integral (10) is equal to the 
energy of the system if y% is the solution of Eq. 
(2), normalized to unity. We find the volume ele- 
ment dt and the normalization condition in terms 
of the coordinates (5) from the analogous formu- 
las in terms of the coordinates r;, rz, and pee 


\\\ pdeanth rar ( ae iy dy(2&—P)¢2?=1. (11) 


With condition (8), this leads to the following 

normalization for the function © (r): 
4n\ @2dr =1. 
0 

For the determination of the Lagrange function it 
is convenient to use the analogous function for the 
helium atom, derived by Hylleraas?® in terms of 
the coordinates rj, Yf, and rj2, but to define 
the potential according to formula (1). We note 


that the transformation (5) is reminiscent of the 
transformation used by Hylleraas in the paper 

just mentioned. Making use of this analogy, we 
find the Lagrange function for the proton-electron- 
positron system in terms of the coordinates (5): 


taser oH) 


i SF —Om Ar (Se i 


Saat 


eee ae Oe oes ap (dp dy) 
met ge ree cael 


+(—* 4)°\ drdgd, (12) 


In the following we shall use atomic units (the 
energy unit in this system is twice the energy of 
the hydrogen atom, i.e., 2 Ry). In going over to 
this system we must set ay =1 and e=1 inthe 
Lagrangian (12). 

We must now write down the explicit expression 
for the wave function of the ground state of the hy- 
drogen ion (44): n=0, 2=0, and m=. At'this 
point we note the following peculiarity. The sys- 
tem of functions (4) was obtained by separating 
the variables in elliptic coordinates (3). For each 
value of the distance R between the positive 
charges we separately determine a set of eigen- 
values and eigenfunctions. The function F, there- 
fore, depends on R as on a parameter, but there 
is no analytic expression for this dependence. As 
for the analytic dependence on &) and 7%, itis 
natural to refer to that form of the wave function 
(4) which was found by the variational method. 
Teller® has used the variational principle to cal- 
culate those functions Xpy(R, &)) of the system 
(4) which have no nodes. He found the following 
approximate expression for the ground state: 


Xy(R, &) = Cexp(—V %o b>)» (13) 


where yy _ is the eigenvalue in the equation for the 
function Xp(R, &)). The magnitude of this eigen- 
value depends, first, on its number, but it is also 
a function of the distance R. Teller has given a 
table of the first few eigenvalues as a function of 
R. Guillemin and Zener’ also determined the 
ground state wave function from the system (4) 
with great accuracy. Their choice was based on 
the following considerations. 

It is known that, if the distance between the 
centers a and b is increased to infinity, then 
the elliptic coordinates (3) go over into parabolic 
coordinates with respect to that center which is 
at a finite distance from the electron. If, on the 
other hand, the charges a and b are brought 
together in the point O, the equations for Xn 
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and YjJm go over into the equations of the La- 
guerre polynomials for the radial function of 
the helium atom and into the equations of the 
spherical functions, respectively. For large 
distances R between the centers a and b the 
wave functions (4) themselves go over into a sym- 
metric combination of the wave functions of the 
hydrogen atom at the points a and b. Ifthe 
charges are brought together at one point, these 
functions go over into the wave function of the 
helium atom: 


Pree =2V2/ne", Wren =(e “te %)/V Or. (14) 
Guillemin and Zener therefore require that the 
wave function, firstly, satisfy the boundary condi- 
tions (14), and, secondly, that it can be expressed 
in the form of the product X(é ))Y(%). This 
function then has the form 


SCR gro = Ce PRE? (erehaee seer Genie je #15) 


The normalization factor C(R) and the quantities 
a(R) and @(R) are continuous functions of the 
parameter R. In virtue of the foregoing properties 
of the elliptic coordinates (3), the function (15) sat- 
isfies the boundary conditions (14) if a(R), B(R), 
and C(R) satisfy the boundary conditions 

ONO) ==2, 


8(0) finite, C (0) = 2/V 2n; 


C(co)=1/Y2r. (16) 


Guillemin and Zener find a(R) and B(R) from 
the minimum conditions for the functional. They 
also give a table of these quantities for several 
values of R together with a derivation of the gen- 
eral formula. Teller’s® tables for the function 
y(R) in formula (13) correspond to the quantity 
avy = Ra. 

We therefore seek the wave function in the form 
(6). Here F is the ground state function for the 
problem of two centers, the parameter R becom- 
ing the independent variable r. In the coordinates 
(5) this function is written, according to (7) and 
(15), 


soya bs f = e~*5!2 cosh (87/2). (17) 


a@(R) and 6(R) are continuous functions deter- 
mined from the tables of references 6 and 7 and 
the boundary conditions (16). The normalization 
factor A(r) has, according to (16), the following 
values at the ends of the half axis 0 <r<o: 


A (oc) = 2/V2z. (16a) 


Integrating over & and 7 in (9), we can write the 
function J(r) in the explicit form 


A(0)=4/ V 2x, 


Je 8h 


ae has rr 


sinh 8r 


ete te) 


4 3 sinh Br 
= sr (cosh Oe mas —)| . (18) 
Using the boundary conditions (16) for @ and 8, 


we can show that 


J(0) = 44a, d (00) = 2, (18a) 


Substitution of the numerical values of references 7 
and 6 shows that J is a monotonically increasing 
function of r. The normalization conditions (8) and 
(9) at the points r=0 and r—o are automat- 
ically fulfilled by virtue of Eqs. (16a) and (18a). 

At intermediate points the factor A(r) is deter- 
mined by the first of the formulas (9) and formula 
(18). 


3. SOLUTION OF THE PROBLEM 


In solving the problem by the variational method 
we substitute the Lagrangian (12) in the integral (10) 
and integrate over the volume in the manner indi- 
cated in formula (11). The trial function (6) is con- 
veniently written in the form 


p= OF = o(r) f(r; & nu), 


The function g(r) is unknown. The integration 
over the variables & and 7 does not cause any 
basic difficulties but is very cumbersome. With 
the help of the function J(r) the calculations can 
be somewhat simplified. Using Eq. (18), we can 
write the result in the form 


g(r) = Dir) A(r). (19) 


ee) 


B= at\ fe) + rx (rer ar, 


0 


no PJrdr = 1. (20) 
0 
Here x(r) is a function of r, both explicitly and 
implicitly through a(r) and B(r). After some 
simple calculations, using (9) and (19), we can re- 
place the function g(r) in the integral (20) by 
the normalized function @(r). Then formulas 
(20) take the form : 


pa se\ (52S +P ga] oo ar, 


4n | M2r2dr = 1. (21) 


0 


Here Jy is a total derivative: 
Jp=dJ/dr =0J / dr + 4,0 / da + 8,0J / 08. 


Equations (21) define the isoperimetric prob- 
lem of variational calculus, which can be reduced 
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to the problem of the absolute minimum of the 
functional 


foe) 
St = 4n\ L'redr, 

0 
where we take L* = L +A? for the new Lagrang- 
ian. It is known from quantum mechanics that the 
factor A in the Lagrangian in this case determines 
the energy of the system: A = —E. The Euler 
equation for the functional S* gives 


wie Pie) —2[CP ga) +] =o 


This is the equation of motion of a particle in a 
spherically symmetric potential field, 


(21a) 


hyo =0 (22) 
with the potential energy (in atomic units) 


U(c) = yf rd —J2/ 82, (23) 
given by the explicit formula 


pO aaa toms x)! tr) 


da 56? 4)( ee 1) 


apap Ja —{(r+4 eran 
(E+ G+ de)+ (oooh +4 sinha bor) 


at aa) (SSE +1) 


he eerie 


Peat tanl Ct) [ar (CPR AE 


3 inh r8 inhrB 
+ 7g (cosh rp— Sinks) — sintrey | (23a) 


For r—0 the potential increases according 
to the Coulomb law: 


Upao = 0,03:/ 7. 


As the proton and the positron come close to each 
other there should be a repulsion given by the po- 
tential (1/r). Hence we have here a screening 
effect. The behavior of the potential at infinity is 
determined by the boundary conditions (16) and 
(18a): 

limU,. «© =—- at. units. 


The first (Coulomb) term in formula (23a) can- 
cels out, and the potential decreases exponentially 
as r-exp(—0.49r). The intermediate points 
were calculated with the help of the tables of ref- 
erences 7 and 6. The resulting curve is shown in 


the figure (solid curve). It has the same behavior 
for r—0 and r—o as the potential for the ion- 
ized hydrogen molecule. Its minimum (0.375 at. 
un.) lies at rm = 2.5. The limit at infinity of 

this quantity is the energy of the positronium atom 
(= VAY Thus the “free energy” amounts to only 
0.125 at. un. of the total depth of the potential well 
(0.375 at. un.), while the remaining 0.25 at. un. 
represent the “bound” (internal) energy of posi- 
tronium. The quantity U(r) and the potential of 
the hydrogen ion are therefore comparable with 
each other: the minimum of U(r) is somewhat 
lower and is located further away from the proton 
than is the case for the hydrogen atom. 

The potential (23), therefore, has the same 
properties as the potential of the molecular forces 
binding the atomic nuclei in a homeopolar mole- 
cule. Hence the forces binding the positron have 
a quantum nature. They arise from the fact that 
the electron may be observed near the proton as 
well as near the positron, i.e., it belongs to both 
these particles simultaneously. This circumstance 
is incorporated in the choice of the form of the 
trial function (5). It was proposed by Ferrell® that 
the forces coupling the positron to the molecules 
of the medium have a potential of the same form 
as the U(r) shown in the figure. In the calcula- 
tion of the potential of the hydrogen molecule 
Hylleraas? assumed 50% screening of the nuclei, 
since a screening of this magnitude leads to good 
agreement with experiment. In our case the 
screening is also close to 50%. 

We now compute the ground energy level in 
Eq. (22). We use the following approximate for- 
mula for the potential (23): 


U =U,)+ U, = 0.13 [exp (— 
+ (2r) exp (— 2r) (24) 


0.96x) — 2 exp (— 0.48x)] 


(in atomic units), where x =r-—2.5. This poten- 
tial has the level — Y, as zero point. Accordingly 
we introduce « = E+‘, instead of the energy E. 
The dotted curve representing the potential (24) 

in the figure runs very close to the curve repre- 
senting the potential (23). The main term in for- 
mula (24), Uy, is the well-known Morse potential." 
The other term in (24) vanishes everywhere ex- 
cept near the origin of the coordinate system. We 
can obtain an exact solution of Eq. (22) by taking 
Uy instead of U. For this purpose we make use 

of the method given in the book of Schiff.!! After 
the substitution @(r)=v(r)/r Eq. (22) goes over 
into 


—s)u(r) = 
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According to Schiff we must find a solution v (r) 
which is zero at r=0 and r=. We solve the 
abovementioned equation by the method outlined 
in the book of Landau and Lifshitz.!° After the 
substitution 


s = V —«,/ 0.48, 
U(2) Ser4225w (2), 


z= (2V0.15/0.48) e™**, 
n= V 0.13/ 0.48— (s+ 1/,), 


we obtain the hypergeometric equation 
zw” + (2s + 1—z)w’+ nw = 0, 


The characteristic equations for its roots are 
p;=90 and py=-2s. Since z—0 for x—~o, 
the only solution is the first hypergeometric func- 
tion w(z) =,F,(—n, 2s+1, z). The energy € 

is determined by the second boundary condition 


& = — 0.035. (25) 


We now turn to the potential (23), which is 
counted from the level —0.5. Equation (22) has 
the following form near the origin: 


V2 — (1,25/r—s)® =0. 


Its characteristic roots are py=0 and p,=-1. 
The first solution therefore does not vanish at the 
origin. The second solution has there either a 
pole or a logarithmic divergence and must be dis- 
carded. Since the wave function of the ground 
state has no nodes, we may conclude, after inte- 
grating this equation once, that the derivative 
®’(r) is positive for small r. Assuming that 
the potential (23) has for large r the form 

—-k exp(-ar), we transform Eq. (22) to 
Bessel’s equation by the substitution y = 

exp (—ar/2). This problem was proposed in 

the book of Schiff.!! Its solution is 


@ (r) = J, (by) /r = Le (By + Bye-#® +. ..). (26) 


The wave function has the form shown in the figure. 


We shall solve Eq. (22) by the variational 
method: 


e=il (d@ / dr)? r? dr + \ U(r)? dr, \ @'2dr = 1, (27) 
0 0 


0 


where U =U) + Uq is the potential (24). Substi- 
tuting the function 


@; (r) = e-028" (1 + 0,12 re—-1") / 4,89 (28) 
in the integral (27), we find the energy value 
&; = gy; + Eg = — 0.028 + 0,004 = — 0.024. 


Here €qj is the “Coulomb” part of the energy 
arising from the integral over Ug. The solution 


of Eq. (22) must have the asymptotic behavior (26). 
The value of ¢j is therefore higher than the actual 
level. From the minimizing sequence of functions 
6; we can find the sequence of energies €j. The 
calculations show that the absolute value of €qi 
decreases as the absolute value of the energy €j 
increases with the number i. We can therefore 
assume that the energy €j = €9j + €qi approaches 
the limit ¢), corresponding to the solution of 

Eq. (27) with the potential Uy, plus a correction 
€q which does not exceed 0.004. The sequence 

of €9;, however, has an exact lower limit, namely 
the solution (25). We can therefore regard 


se = — 0.032 at. units 


as the solution of Eq. (22). 


4, DISCUSSION 


By this method the solution of the variational 
problem (10) with the boundary conditions (14) to 
(16) gives in first approximation the value E = 
— 0.282 at. un. for the energy of the system. The 
ionization energy is equal to 0.032, i.e., about one 
third of that of the hydrogen ion. The system can 
only disintegrate into a proton and a positronium 
atom. Since we have used the variational method, 
the ionization energy found is lower than the actual 
one. With an appropriate choice of the functions 
a(r) and B(r) (with the same boundary condi- 
tions) the potential well (23) can be made deeper. 
From a theoretical point of view this corresponds 
to solving the following variational problem: find 
those functions qa and £, satisfying the boundary 
conditions (14) to (16), which lead to a minimum of 
the functional (21a). This variation leaves the 
limit (- eS unchanged, since the latter depends 
only on the boundary conditions (14) to (16). 

In comparing these results with those of other 
authors, we should recali that Simons!” has made 
calculations for the “positronium chloride” mole- 
cule. He used the electrostatic field due to the 
negative chlorine ion. This field has been calcu- 
lated by Hartree by the method of the self-con- 
sistent field in order to determine the energy of, 
for example, a sodium ion located in it. Simons 
developed a method to solve the problem of the 
motion of a positron in the field of the chlorine 
ion and found that the potential well of this ion 
is sufficiently deep to bind the positron. He ob- 
tained a heteropolar molecule analogous to sodium 
chloride. 

By the method given in the present paper we 
can compute the forces of attraction between a 
positron (or positronium ) and neutral atoms. 
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The method can also be applied to the helium 
atom. The calculations would probably confirm 
the assertion of Ferrell®»!3 that two counter -acting 
forces act between the positronium and the helium 
atom: the attractive Van-der-Waals forces and the 
repulsive forces arising from the fact that the two 
electrons of the helium atom form a closed shell. 
These repulsive forces should be the main reason 
for the formation of the long-lived component in 
liquid helium, but the Van-der-Waals forces work 
against this effect. The solution of an equation 
analogous to equation (2) for the helium-positro- 
nium system would lead to results which could be 
compared with presently available experimental 
data on positronium in liquid helium.'4 In another 
article,!® published recently, Ferrell casts some 
doubt on the existing belief that the quenching of 
positronium atoms in gases by adding NO is 
caused by the exchange of electrons with opposite 
spins. He assumes that the annihilation is caused 
by the exchange interaction between the electron 
of the positronium and the valence electrons of 
the molecule. After an analysis of the experi- 
mental work on the quenching of positronium by 
DPH (diphenyl picryl hydrazyl) in benzene, 
Ferrell asserts the following: the annihilation of 
positronium is due to the capture of the whole 
positronium atom by the DPH molecule under 

the action of the covalent coupling between the 
electron of the positronium and the valence elec- 
trons of DPH. Further calculations based on the 
methods presented in the present paper could, 
perhaps, help in the resolution of the abovemen- 
tioned questions. 


In conclusion the author expresses his deep 
gratitude to his adviser, Prof. A. A. Sokolov. 
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The conditions of unitarity and macro-causality for the Lee model with an indefinite metric 


are investigated. 


We consider the Lee model with an indefinite 
metric,'»? regarding the coordinates of the “heavy” 
N and V particles as fixed. The unrenormalized 
Hamiltonian has the form 


A=— my 197 dy, + > pay Ax 
i k 


ereaeh 
ara er 


Here ¥V,, ?v, YN, and yn, are the crea- 
tion and absorption operators for the V and N 
particles at the point Rj; the mass.ofthe N par- 
ticle is my =0;? gy is pure imaginary; for point 
interactions the cut-off factor f, goes to unity: 
teas 

The constants my and gy are chosen such 
that the denominator of the Green’s function of 
the V particles, 


(Sb hn ane” at dv duane ). 


fie 
gth(e) =e + my + gt * — 


re 20, Op — & 


has a multiple root at E) <u (dotted curve in the 
figure). Let us consider the problem of the bound 
states of the @ particles in the field of the two 
particles Ng and Np. The distance |R,g —Rp| 
is arbitrary. The state vector has the form 


® = Ca|VaNo> + 65 |VoNa> + >) 9k | NaN's9,>. 
k 


Solving the Schrédinger equation Hf =E®, we 
obtain a homogeneous system of equations for cg 
and ch for the bound states with E<yp. The 
secular equation for this system yields 


(A (2) — J (e)) (A(e) + J (®)) =8,, ©) 8, (&) = 9, 
ee s fy exp {ia(R, —R,)} 


20, Ore 


q 


The dispersion curves gg(€) and gas(e) are 
given in the figure. The presence of a second 
center leads, of course, to the splitting of the 
“degenerate term” Ey). The function 85(¢€) has 
no real roots, where the function Gag(€) shas 
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two real roots, E,; and E,; the state with energy 
E, has a negative norm. This consequence of the 
Lee model suggests that the presence of a multiple 
pole in the single nucleon Green’s function gives 
rise to states with negative norm in the deuteron 
problem. 


Bogolyubov, Medvedev, and Polivanov® proposed 
a method for the description of the more general 
case which allows for states with negative norm 
(“ghost states” ). According to these authors, the 
state vector is given by a superposition of states 
with positive and negative norms. The contribu- 
tion of the latter states is determined from the 
preceding (“preparatory”) experiment as well 
as from the one that follows, and in such a way 
that the “ghost state” does not change in this later 
experiment. Then the presence of the state with 
negative norm cannot be detected in any experi- 
ment which measures the difference of physical 
quantities (for example, the particle flow) before 
and after the experiment, and the conservation of 
the total norm guarantees the unitarity of the ob- 
served S matrix. We shall show that this violates 
the condition of macro-causality. This condition 
is, for two remote centers, given by the relation 
S(A+B)=S(B)S(A), where S(A), S(B), 
and S(A+B) are the S matrices for the scat- 
terers A, B, and A+B. 

We assume that h(e) has the distinct real 
roots Ep and Eg < Ep, and solve the problem 
of the scattering of two @ particles by the sep- 
arated particles Vap and Np. According to the 
proposed scheme we have 
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gk tkeVapNp __ shilav 


spe DY ee) (Oh ogee Be NE) 
Gi92 


x SUeV age + Y) gS (0g + Ep + Eg— E) SPY, 
q 


The upper indices of S denote the incoming par- 
ticles and the lower indices correspond to the 
possible outgoing channels; Vap, Vbp and Vag, 
Vbg are the physical and ghost states of the V 
particle at the points A and B; S‘°‘: are standard 
S matrices obtained from the solution of the 
Schrédinger or Dyson equation; S.. is abe ob- 
served S matrix. The functions gay Qo» 2 de- 
scribe the initial distribution of the @ particles 
in the “ghost” state. They are determined from 
the condition that there be no scattering of “ghost” 
states: 


kik,VapN 
Sher VaR + >) gaa.d (a, + 4, + Eg — 


qi42 


(ye ae b 
k'VagNp 


BY(S— 


+ de (w, a, Ey ae Eo) Sie oN, = 0 


and analogously for Vpg. 

We restrict ourselves to the zeroth approxi- 
mation with respect to 1/|Ra—Rp|. The problem 
is readily solved by graphic methods. The answer 
is of the form 


S(A+ B) =S(B)S(A) +R. 


The meaning of R is the following. Suppose we 
have determined, in the absence of the center B, 
that admixture of ghost states which leads to no 
scattering of ghost states by the center A, i.e., 
we have found S (A). If now the particles Np are 
added at the point B, the real scattering will be 
accompanied by the scattering of “ghost” states of 
the 6 particles, so that the previous superposition 
has to be changed. The absence of “ghost” scatter- 
ing in the complete problem can be achieved by 
changing the state vector, but this gives rise to 
additional transitions from ghost states to phys- 
ical states at the point A, which are described 
by the matrix R. In the problem of the scattering 
of two @ particles, R does not decrease with 
the distance. This is precisely the reason why 
this problem was selected to illustrate the con- 
tradiction. ae 

A unitary matrix S can also be constructed 
by calling the states which involve ghost states, 
“auxiliary” or “unobservable” states, which may 
therefore undergo arbitrary elastic processes as 
long as these conserve the norm in the ghost sub- 
space. However, with this approach the theory 
has to forego uniqueness and a clear interpreta- 
tion. 
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Let us now assume that the roots of h(€) are 
complex (and conjugate to each other). Follow- 
ing Kallén and Pauli,’ we show by direct calcula- 
tion that the S matrix is in this case automatically 
unitary. Let us consider, for example, the scat- 
tering of 20 from N. From the equation Hé = 
E@ with the usual boundary conditions we obtain 


O= 2%, koqo | VO,> + Xie, Kodo | 8.8qN>, 
q 


4 
a > (Skk.5aq, Tr 8kq.5qk,) 


eons 4 (—e fe iG ar 
4 Opt ae oe iy \V 20, '4 Kodo A ore V 2, Px, koq 


oe Koo 


A(E — 8 + 1%) % kg, = — Pok, kone 


= Falg Pa, koqo =i, k 
TRAC MRS pear him one 


where 


E = Op, + 0g, ¥— +0, 


4 Rela(eales Fr, 
Pok, kode Zo Ga Ske ais V 20, Pha.) : 


Calculations similar to those of reference 1 lead 
to the equation 


ab(E—E)el{i( DY + D Ue Urea 


paal es mee een 


4 1 
“ Guess iy) = 


— i>) (ot, © —ot, 
k Kodo» i TOK, kode ko do ox, kaa) 


fafa 
4. 20 Diag Px, tagd (Ok + 0 —£)} = 0. 


kq V 40,0, k Ka k 

The sum over k with E-—w, <w in the first 

term, which describes transitions to bound states 

in the paper of Kéllén and Pauli, is here equal to 

zero, since h(¢€) has no zeros on the real axis. 
With the notation 


<kq| R| koqo> = 7805 (Oe + , — E) 


( hp ue I ) 
x dog a Kot 20, Pon , 


‘we obtain from the preceding equation 


¢kiqo| R-+ Rt + RtR| koqo> = 0. 


The proof is easily generalized for the other sec- 
tors, as for example, for the problem of the scat- 
tering of two 6 particles by two N particles, if, 
as before, the functions gg(€) and gas(e€) do not 
intersect the real axis. 
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In the case of complex roots of h(e¢€) the sta- 
tionary S matrix of the Lee model is therefore 
unitary’ without any trivial violations of the caus- 
ality principle. The scattering amplitude has a 
pole in the upper half of the energy plane, so that 
the dispersion relations have to be modified. In 
the sector N+06 we have two nonorthogonal state 
vectors with vanishing norm, 9,9, corresponding 
to the eigenvalues A, + id, of the Hamiltonian. As 
solutions of the equation i0¢/dt = H® both of these 
vectors depend exponentially on the time: 9%; ) ~ 
exp [—i (Ap + iA, ) tJ, but the norm of an arbitrary 
superposition is, of course, preserved. 

The author thanks K. A. Ter-Martirosyan and 


L. A. Maksimov for their interest in this work 
and comments. 
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It is shown that wave equations with nonzero rest mass are invariant with respect to a 15- 
parameter group of transformations which is a representation of the conformal group. 


1. INTRODUCTION 


Tue Klein-Gordon and Dirac equations are in- 
variant with respect to a 10-parameter group of 
transformations which is a representation of the 
inhomogeneous Lorentz group Ly). 

It has been shown by Cunnigham,’ Bateman, 
Dirac,® Bhabha,’ Pauli,> McLennan,® and others 
that in the case of zero rest mass the wave equa- 
tions are invariant under a wider, 15-parameter 
group of transformations which forms a represen- 
tation of the conformal group Cy, including Ly. 
The Dirac equation for the neutrino is in addition 
invariant under the 4-parameter Pauli group. 

It is generally believed that these invariance 
properties are peculiar to wave equations with 
zero rest mass. 

However, we show below that both the Klein- 
Gordon and the Dirac equations with nonzero rest 
mass are also invariant under a 15-parameter 
group of transformations Gy; which is a repre- 
sentation of the conformal group Cy. The analogue 
of Pauli’s group also exists for the Dirac equation. 
The operators for all these transformations con- 
tain as a parameter the mass m, and in the 


1 2 


limit m=0 go over into the well known operators. 


Some of the operators of the representation of 
the Lorentz group Lj) assume an unusual form in 
the group G,;. This causes certain difficulties: 
under Lorentz rotations the momentum of a par- 
ticle does not transform as a four-vector. 

In the derivation of the transformations for 
nonzero rest mass we shall made use of the known 
form of the transformation for m = 0. 

In this connection we discuss in Sec. 2 the rep- 
resentation of the conformal group Cy, for rest 
mass zero. In Sec. 3 we establish the method for 
deriving the corresponding transformations for 
m ~ 0. In Sec. 4 we give the infinitesimal op- 
erators of the G,; for wave equations with m =~ 0 
and the analogue of the Pauli group. 
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2. CONFORMAL GROUP AND WAVE EQUA- 
TIONS WITH ZERO REST MASS 


As indicated in the introduction, many papers 
exist! dealing with the proof of conformal invari- 
ance of wave equations with zero rest mass. In 
this section we give a summary of the principal 
results, some of which appear in references 3 — 8, 
relevant to the problem of the conformal group 
and the invariance of the Klein-Gordon and Dirac 
equations with zero rest mass. The 15-parameter 
conformal group C, consists of the Lorentz group 
Ly) (translations and rotations ), of the scale 
transformation, and of the four properly conformal 
transformations (see first line, Table 1). Properly 
conformal transformations correspond to the prod- 
uct of an inversion in the unit hyper-sphere Ke 
Xu ff x’, then a translation, and then again an inver- 
sion. Three of them (spatial) are related to 
transitions to a uniformly accelerating frame of 
reference.?—'8 

The transformation laws for solutions of the 
Klein-Gordon and Dirac equations with rest mass 
zero 

1p (x) = 0, (1) 


Yu fet (x) = 0. (2) 
are given in lines 3 and 4 of Table I. 

As can be seen from Table I the solution of even 
the Klein-Gordon equation does not behave like a 
scalar under scale transformations and properly 
conformal transformations. 

Functions transforming according to any of the 
representations of the conformal group change ac- 
cording to the following law under infinitesimal 
transformations :* 


p’ (x) = (1 + ia, P,) > (4), (3) 


*We take the physical momentum and angular momentum 
operators for P, and Muy — hence the appearance of the imagi- 
nary unit i. 
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TABLE I. Finite transformations 
ee 


Scale 
transformation 
(1 parameter)* 


Properly conformal 
transformations (4 parameters)** 


Transformation of , on 
; x a 
coordinates p 


Transformation of 
a scalar function 


Ff (x,) =F (ax,) 


Transformation of 
solutions of the 
Klein-Gordon e- 
quation with m=0 


9, (X,) = 40 (ax,,) 


Transformation of 
solutions of the 
Dirac equation 
with m= 0. 


, (x) =a"? bo (ax,) 


oe xy — 0x? 
p 1—2 (ax) + ax? 
y he xy +- a, x? ) 
i (%,) i( 4+2 (ax) + ax? 
ei) = 
x, + a, x 
= 2y2]-1 b b. 
re [rete aera al ae ( 142 (ax) ax? 
¢@,) = 
1+ 2 (ax) — (ay) (yx) ( xy +a,,x? ) 
se ee | ee a 
[(4+2 (ax) + a2x?)? , 1+2 (ax)+a2x? 


*The numerical value of the power to which a must be raised in the case of 
o(ax) and w,(ax) is determined by the requirement that ¢, and y, transform ac- 
cording to a representation of the group C, in its entirety, and may be found from 


the structural relation (15). 


ky? = 
seas HH 


a=4 0, (Ox)=a x , w= 1,2,3,4. 
, (Ox) nXp? # = 1,2,3,4 


b' (x) = (1 + iopMyy) > (x), (4) 
p’ (x) = (1 + ef) $ (x), (5) 
b’ (x) = (1 + elu) o(*), (6) 


where Py, Myp, I, and I, are the infinitesimal 
operators for the translation, rotation, scale and 
properly conformal transformations, and au, Wp» 
€ and a, are the corresponding infinitesimal 
transformation parameters. 

The infinitesimal operators of the conformal 
group and its representations satisfy the following 
structural relations: 


[Ps Ps = 0, (7) 
eth. My] = — i (8y,P,— Sia) (8) 
[Mw, Mo) =1 (SuraMve = 8ypM ua a bupMyr a 8yaMue); (9) 


us Mval = — i Bul, —- Surly), (10) 
Tu, 1] = 0, (11) 

[Pu, I]= Py, (12) 

[Mu, 1] = 0, (13) 

Uy =—|, (14) 

[Pus Lv] = 2 (Muy + i8yv/). (15) 


For solutions of the Klein-Gordon equation with 
zero mass the infinitesimal operators in x- and 
p -representations respectively [w(p) = (27)7? x 
Jexp (—ipx) / (x) dx] are given as follows 


Pi = —0/ Gx, Pa — Pes 

Muy = —i(xyO / Oxy — X,0/ OX,), 

Muy = — i (pu0/ Op, — pv / Opu), 

[=x,0/0x,-+1, ° [=—p,0/dp,—3, 

Ty, = X°0/O0Xyp — 2x,%0 / OX) — 2Xy, 

I, = —i {pyd? / 0p? — 2[3 + pyO/Op,] 0 /Opy}. (16) 
For solutions of the Dirac equation with m = 0 

the corresponding quantities are 

Py = 10), 04 a Pe 

Muy = — i (XyO/ OX) — %,0 / OXy) + + oyy, 

Muy = — i (pu0 / Opy — pO /Opy) + = ow 

1 = x,0/0%, + %/ T= —pr/Opu —*/s, 

Ty, = X70 | OXp — 2X ,X,0/0X, — 2xXy — Yu (XX), 

Ty = — i (py0" / Op? — 2(3 + piO/Opv) 0/Opy + turd / Opy), 


| (17) 
where Oyp = -i (YpYy- Op) 

Whereas the operators Py, Mypy commute with 
the wave equation operators, the corresponding 
commutators for the operators I and I, are 
(in the p -representation ): 
for the Klein-Gordon equation 


Ul, p-]=—2p*, [1,, p?] = 4i0p" /op,, (18) 
and for the Dirac equation 
, iyp] = —ixp, Uy, iyp] = 2i0(ixp)/dp,. (19) 


Consequently these commutators vanish when ap- 
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plied to solutions of the wave equations and there- 
fore the transformed functions will also be solu- 
tions of the wave equations. 
If instead of In; Pu, and I one introduces the 
operators 
Mus = + (ut iPy), Mus = = (P 


Ms =—] 


wt il,), 
(u 5,6), (20) 


then the relations (7) — (15) may be written in the 
form of structural relations for the rotation group 
in six dimensions, i.e., in the form (9) with My We 
A, p =1, 2, 3, 4, 5, 6. A number of authors?4>!4 
have studied the conformal group and invariance 
with respect to it of wave equations with zero rest 
mass by going over to a 6-dimensional space. 


38. RELATION BETWEEN WAVE EQUATIONS 
WITH m +0 AND m=0 


The proof of invariance of the Klein-Gordon 
and Dirac equations with mass under the 15- 
parameter group will be accomplished by estab- 
lishing a relation between the equations with and 
without mass. All considerations will be carried 
out in momentum space. 

If in the Klein-Gordon equation 


[p? — p2 + m*] (Pp, Po) = 9 (21) 

one makes the substitution 
G=P, Jo=2(Po) VW p2— m’, (22) 
0 (4, Jo) = 9(P, Po), (23) 


then Eq. (21) takes on the form of a Klein-Gordon 
equation with zero mass 


(q° — 95) 0 (4+ Jo) = 0- (24) 
Similarly, the Dirac equation 
(iyp + m)$(P, Po) = 0 (25) 
goes over, under the substitution (22) and 
bo(4, Jo) = SP (P, Po); (26) 
where 
S =cosh+ sly, sinh + , y= tanh! a er (27) 


into the Dirac equation for zero mass 
iyqbo(4» Jo) = 9 (28) 
- since 
S* (iyp + m) S* = ixq. (29) 
There exists a whole class of transformations 


of this kind which reduce the Klein-Gordon and 
Dirac equations to mass m= 0. They are all non- 


covariant. One of them, with a unitary S matrix, 
was utilized by Cini and Touschek.!® 

Equations (25) and (28) are invariant with re- 
spect to the 15-parameter conformal group. The 
laws of transformation for the solutions of these 
equations are given in Sec. 2. The 15-parameter 
transformation group Gy; which leaves the equa- 
tion with nonzero mass invariant may be obtained 
as follows: 

1) Using (22) and (23) for the Klein-Gordon 
equation, or (22) and (26) for the Dirac equation, 
we perform the reduction to the massless equa- 
tions. 

2) We perform any of the transformations of 
the 15-parameter group for m = 0. 

3) Finally we perform the operations inverse 
to (22) and (23) or (22) and (26) and thus obtain 
the operators of the 15-parameter group for non- 
zero mass. 


4, INFINITESIMAL OPERATORS OF THE 15- 
PARAMETER GROUP FOR KLEIN-GORDON 
AND DIRAC EQUATIONS WITH m ~0. 


Finite transformation of the 15-parameter group 
G,, for m #0 are very complicated. However, 
since they are fully determined by their correspond- 
ing infinitesimal operators we give below only the 
latter, derived in the manner described in the pre- 
vious section. 

The infinitesimal operators are as follows:* 

a) For the Klein-Gordon equation 


PRastp, (r=1, 288))- Py SV pes, (30) 


Mra = i Po dp, 4 Op, } (Ps = ipo); (31) 
K oF Leta aie 

: Sar Op, Po Ope |" (32) 
py caren cara Pa 

Tr = ipr| Op? Pe OP; pe Opp ap, 


ae ——- + 
Op, = Pa P,P 


—2/K <| (33) 


*For the sake of simplicity we consider only the case of 
positive frequencies, pp > m. 
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b) For the Dirac equation 


PP = p,, 


Py =V pw; (34) 
Me. = Mh, + Vodrn ’ 
2 
MR = MK + Vn — org 
Po 
+ a (4D — Yar + mora) ; (35) 
2poV p? — m? 
D ua 0 m2 ‘ 
I = p> PuSp, po = + Ya valle (36) 
a Wie 5 LmPoPr — 2pets (205 — me) 
4p), a 
+ 20 rps emi 
ey ) im 0 inte (e- = nom of ) } 
lYr (ws. ap, Do ma 1 pe Pr Po ap, ’ 
Tp = Ty + [2a (203 — m*) + mp] 
ay ae 
imya yP m + "{aPo (% ace A onl 4 
ce 
(37) 
The infinitesimal operators (30) — (33) and 
(34) — (37) satisfy the structural relations (7) — 
(15). Consequently the transformations deter- 


mined by them form a representation of the con- 
formal group C,. In the limit m=0 they go 
over into the corresponding operators for the 
massless equations [See Eqs. (16) and (17)]. 

All these infinitesimal operators either com- 
mute with the appropriate wave equation operator, 
or commute in application to the solutions of these 
equations, in a manner similar to the m=0 case 
[see Eqs. (18) and (19)], e.g., 


[1?, iyp + m] = — (1 + yam/py) (ixp + m). (38) 


Let us note that all commutators that vanish for 
the m=0 case also vanish for m #0 with the 
exception of 


[Mn itp +m] 


aya 


Thus, the Klein-Gordon and Dirac equations with 
mass are invariant with respect to the 15-parameter 
group Gis. 

However in order to obtain a representation of 
the conformal group Cy, in its entirety it was nec- 
essary to modify the representation of the inhomo- 
geneous Lorentz group Ly) (the operators Py and 
My, were changed). As a consequence the law of 
transformation for the four-momentum of a par- 
ticle Py (which is not the same, in general, as 
the operator of infinitesimal translation Py) will 


2 (Pra — Par) (é¥p + m). (39) 
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differ from the transformation law obeyed by four- 
vectors.* Analogous difficulties may also arise 
for other physical quantities. 

In conclusion we note that the method described 
in Sec. 2 may be used to derive the analogue of the 
Pauli group for the Dirac equation with mass. For 
example, the one-parameter group is given by 


p' (p) = exp (ial’s) $ (p), (40) 


where 


Po + Ostman Sian 
V p? atts 
po— tm 


In the representation discussed above of the con- 
formal group C, the quantity I; behaves like a 
Lorentz pseudoscalar. 

The authors are grateful to Prof. M. A. Markov 
for his interest in this research and to L. G. Zas- 
tavenko for useful discussions. 


Ds = 8 (Po) —J 


hee a (41) 
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Correct expressions for the relativistic operators for momentum and angular-momentum, 
components in orthogonal curvilinear coordinates are derived by a systematic application 


of the theory of spinors. 


INTRODUCTION 


Tes is well known that the operators for momen- 
tum and for covariant differentiation differ only 
by a constant factor. Since the Dirac equation 
contains a linear combination of products of mo- 
mentum components by a spinor, one must then 
use covariant derivatives of a spinor to write this 
equation in curvilinear coordinates. Operators 
for covariant differentiation of a spinor have been 
calculated by Fock and by Ivanenko and are given 
in the books of these authors.!* The virtue of 
these operators is that they agree with the rule 
for differentiation of a vector and give the cor- 
rect result when a certain linear combination of 
them is substituted in the Dirac equation. Indi- 
vidually, however, these operators are incorrect, 
as is shown below by a particular example. The 
purpose of the present paper is to use an elemen- 
tary but systematic application of the theory of 
spinors to get the correct expression for the 
operator of covariant differentiation of a spinor, 
and along with it the expressions for the momen- 
tum and angular-momentum operators. 


1. THE COVARIANT DERIVATIVE OF A SPINOR 


The spinor é is to be regarded as a one-column 
matrix with four complex components. 

It is convenient to represent vectors and bivec- 
tors by square matrices, as Cartan’ does. Thus 
one puts in correspondence with the vector vi 
the matrix V= vin (summation from 1 to 4), 
where 


Cher) 4s 0 0 0:0 
oro 0 =41 O70 O- ¢ 
UW NG 08 MOTT? EE bee faa aa be 
Ot 0 20 0 2-1-0" .0 
O70 0" 4 A atioseis 
00140 0 0 
Hs = Ge 40 081° H=[o-1 0 0 
0. 0 x0 4 0 
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Any two of the matrices Hj anticommute, and 
Hi =e), €y =e, =e3=1, ey =—1. We shall con- 
fine our treatment to orthogonal bases consisting 
of unit vectors (a Galilean frame) relative to 
which the components of vectors and bivectors 
are real, the space axes having the numbers 1, 2, 
3, and the time axis being taken as the fourth. 

In finding the covariant derivative of a spinor, 
Dké, we follow Cartan in using the following defi- 
nition of the covariant derivative Djf of any 
quantity f: 


Df = D,fot, (2) 


where Df is the actual increase (the absolute dif- 
ferential) of the quantity f, and wi is the i-th 
Galilean component of the vector connecting two 
neighboring points: 


ds? = (w!)? + (w?)? +. (w)? — (w4)*. (3) 


The form of the operator Dj depends on the ob- 
ject f to which it is applied. If we denote by wik 
the components of the bivector of an infinitesimal 
rotation (wii=0) and by Q the Cartan matrix 
of this bivector 


(4) 


3 


Q=— of HAe, 
we have for the absolute differential of a spinor 
(5) 


The components of the bivector © are found by 
an elementary calculation (cf., e.g., reference 4, 
p.217). Let the standard form of the line element 
in our orthogonal coordinates xk be 


De = dg — + Q8. 


4 
= DF} ger (dx), (6) 


k=l 


where x!=ct (c is the speed of light, t the 


time). Let us introduce the briefer notations 
ek8kk = 8k; then 
; OB i 
bpd Eee aro) 
4 Wik \° on . (@ 
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From Eqs. (2), (5), and (4) it follows that 


4 
5 Dio! = dé — — > wk HH pk. 
i=1 i, Rel 
Inserting the quantities (7), we find 


4 


A 
» Do! = — y} “t wee Hi p&dx* 


im) rae V gi&e 2 


4 
0, 
te) a — eae. 


ikea V ee, 9 ot 
In the first double sum we interchange the 
summation indices i and k; the right member 
of the last equation is then written in the form 


4 
(6) 
siete <E <p (HiHe — Hell) ede 
Sree V gies Ep 


The terms with i=k cancel. Using the fact 
that the matrices H_ anticommute, we get finally 


dg + > 


4 


4 
RD palte: dee ce! ey Hytdx!, (8) 


i=1 FD, V Bie a 
and from a comparison of Eqs. (8) and (6) it fol- 
lows that 


=V gi dx‘. (9) 


In virtue of the arbitrariness of the differen- 
tials dx! we get from Eqs. (8) and (9) 


ls G2 1 ep 9g, 
V @ ox 4g, fai V &e O% ax 


This is the expression for the covariant derivative 
of a spinor prescribed in terms of its components 
relative to the Galilean coordinate frame xk, Be- 
cause of the presence of the matrices the operator 
Dj is nondiagonal, and this nondiagonality cannot 
be removed by any kind of unitary transformation.* 


DE = —-H,;Hg. (10) 


2. RELATION OF THE COVARIANT DERIVATIVE 
TO THE DIRAC EQUATION 


Since the basis for the derivation of Eq. (10) is 
Eq. (2), in which the symbol D has scalar char- 
acter, it is clear that the index i in the expres- 
sion Djé is a full-fledged covariant index, and 
the quantities Djé form a tensor of rank three 


*It is also easy to get from Eq. (2) the rule for differentia- 
tion of the product of a matrix A and a spinor €: DjAé= 
(DjA)€ + ADjé. When we use Eq. (10) to differentiate a vector 
expressed as a bilinear combination of the components of a 
spinor, we get the correct result on the basis of the remark 
just made. If, on the other hand, we take the requirement that 
the rule for differentiation of a vector shall hold as the basis 
for finding Djé, the result obtained is not only incorrect, but 
also ambiguous. But if we follow the Cartan procedure there 
are, aS we See, no ambiguities. 


halves (a spinor being regarded as a tensor of 
rank one half). Thus we have a right to put in 
correspondence with the canonical momentum 

P, the expression Px, — —ihD,. The treatments 
by Fock! and by Ivanenko and Sokolov? give ex- 
pressions for the momentum operator in which 
the index k is not a covariant index. The cor- 
rectness of the results so obtained is due to a 
peculiarity of the Dirac equation, which we shall 
now analyze very briefly. 

It is well known that the momentum compo- 
nents PK, k=1, 2,3 and P4=E/c (where E 
is the total energy of the particle) form a con- 
travariant four-vector. The Cartan matrix of 
this vector is P= Pky. 

The eigenvalue equation of the energy-momen- 
tum operator, written in the form 


PE = M1, (11) 


gives the value of the spinor for a free electron, at 
the origin of the coordinates. The matrix 


is introduced so that the left and right members of 
Eq. (11) will transform in the same way.® For 
agreement with the theory of relativity we must 
have A=+mjc, where mg is the rest mass of 
the electron. To get the value of the spinor at 
the other points of the space, we must make the 
replacement PK — —ifhD,z, or PK — —ifiexDx, 
and add the matrix V of the electromagnetic 
potential, multiplied by e/c (-e is the charge 
of the electron), if there is an external field. 
Furthermore one sets } =+myc, and the Dirac 
equation takes the form 


(— ik 7 + eV /c— mecHy)§ = 0. 
where : 
Vi= Det Dy 
i=1 
Using Eq. ie and recalling that Hi o a we get 
vind Te x) HE+ TZ 5 >» 


imy hot SE 


iz st g Hib. 

In the double sum we may sum over k from 1 to 

4, and over the same values of i, except the value 

i=k: 

ep nae Tey oh (12 
i Vg, ax® k 4 ae — A, &. ) 


k=1 i¢ 


Thus we can set i 


Vv = ene Da, 


k=] 


RELATIVISTIC OPERATORS FOR MOMENTUM AND ANGULAR MOMENTUM 


where, according to Eq. (12), 


~ 4 Fi) 4 4 98; \ 
Dz aa aes ny Ce —— —_ = 
V & ax® + 4 2 i : 


(13 
igk & da* ) 


The operator —ihD, is also taken for the mo- 
mentum Px.! It has, however, nothing in common 
with the covariant differentiation operator Dx, as 
can be verified easily by particular examples. The 
correctness of the results obtained by the use of 
Kq. (13) is explained by the fact that 

4 4 
>) Ce eDié = >) ent, Dek. 
kun] k=1 
If, however, one uses the operators Dy. not in the 
linear combination with the matrices H,, but sep- 
arately, then they naturally lead to incorrect re- 
sults. 

Let us consider, for example, the cylindrical 

coordinates p, ~, z, x‘, for which 


ds? = dp? + pdg? + dz? — (dx*)*, 
i.e., 


From Eqs. (10) and (13) we find 
D,=0/0p, D,=(0/00-+'H.2H,/2)/p etc. 
D,=0/0p+1/2e, D,=0/09 etc. 


Let € be aconstant spinor, prescribed in terms 

of its Cartesian components. In cylindrical coor- 
dinates the column representing the same spinor 

field is! 


fee (cos + +sin + HH.) g. 


Since the field is constant, we must have D,é’ = 0, 
D,é’ = 0, and these equations are’ indeed verified. 
But Dé’ # 0, Doé’ # 0, so that the operators 
D;, D, cannot possibly be called covariant deriv- 
atives. 

We note that the expression (10) can also be ob- 
tained by starting from the requirement that the 
covariant derivative of a constant spinor field must 
be zero. 


3. THE ANGULAR-MOMENTUM OPERATOR 


The components of the operator for the orbital 
angular momentum are defined by the equations 


K, =—ih(R,D; —RsD.) etc. 
where Rx is a Galilean covariant component of 


the radius vector. The complete (three-dimen- 
sional) operator for the angular momentum is 


K = KiH, + KiH2 + Kalts. 
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In spherical coordinates 8, ~, r we get 
rent ah iO aeanal iat 
K=- \( Ea 00t8) Hay ae HHH}, 
(14) 
whereas the use of the operators Dk instead of 
Dx would give 


fe {5 + cot 6) ip — a Hh. 


(15) 
The eigenvalues of the operator (15) are all posi- 
tive integers, excluding zero,! whereas in the non- 
relativistic theory the angular momentum can also 
have the value zero. The operator (14), on the 
other hand, admits also the zero eigenvalue, be- 
cause the eigenvalues of the matrix iH,H,H3 are 
+1 and this matrix commutes with K. 
There is, however, also a third possibility. 
Let us define the angular momentum as the (three- 
dimensional) bivector with the components 


Kmn = Kea = Reps. 


According to Eq. (4) the Cartan matrix of this bi- 
vector is 


K’= AaHaKes — Hall Kart Hiblghaae 


The operator (16) is antihermitian, and therefore 
we must multiply it by i. In spherical coordinates 
we get 


(16) 


Az 


het (se + Scot 6) HiHs+ =a = Hols}. (17) 

The eigenvalues and eigenfunctions of the oper- 
ators (17) and (15) are the same (apart from inter- 
changes of components ), but from the point of view 
of the representation of operators by Cartan mat- 
rices the expression (17) must be given preference. 

The results obtained in this paper are also cor- 
rect in the presence of gravitational fields, provided 
the coordinate bases remain orthogonal, as, for ex- 
ample, in the case of the Schwartzschild line ele- 
ment.? 
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Equations of motion for the partial magnetizations of a system containing two kinds of in- 
teracting magnetic moments situated in a weak variable magnetic field are obtained by 
methods of thermodynamics of irreversible processes. The same equations can be derived 
from the microscopic theory in the case of sufficiently rapid thermal fluctuations of the 
local fields. The relaxation times and the shift of the resonance frequency are computed. 
It is shown that a universal relation, similar to the Kramers-Kronig relation, exists be- 
tween the quantities determining the transverse relaxation time and the resonance fre- 


quency shift. 


ie In many problems of the theory of magnetic 
resonance one has to deal with systems contain- 
ing two kinds of magnetic moments. Such systems 
are substances whose molecules contain two kinds 
of nuclei with different gyromagnetic ratios, viz: 
isotope mixtures, paramagnetic solutions, metals. 
In some cases these systems are described by two 
uncoupled equations for the partial magnetizations. 
In spite of this, the behavior of the magnetic mo- 
ments of one kind may depend in an essential man- 
ner on the nature of the interaction between the 
magnetic moments of the other kind, through the 
relaxation times and the shift of the resonance 
frequency. An example of such a system is a 
solution of Mn* in water.! 

The microscopic theory of relaxation processes 
in systems which contain the same number of mag- 
netic moments of each kind with spin 3, and which 
differ only in their gyromagnetic ratios, was de- 
veloped in Solomon’s paper? and was applied to 
the description of nuclear resonance in hydrogen 
fluoride.? 

On the other hand, by the method of the thermo- 
dynamics of irreversible processes, one of us‘ has 
obtained equations for the partial magnetizations 
M, and M, in weak variable fields of arbitrary 
orientation with respect to the constant field. 

In the present paper we develop a thermody- 
namic theory more complete than the one given 
in reference 4, and also a microscopic theory of 
systems containing two kinds of magnetic moments 
for weak magnetic fields; we also obtain equations 
for the partial magnetizations M, and Mb). 

2. The thermodynamic theory of the systems 
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under consideration may be developed on the basis 
of the methods of thermodynamics of irreversible 
processes.° 

We suppose that the paramagnetic sample is 
situated in a constant magnetic field H=Hz and 
in a variable magnetic field h(t) which violates 
thermodynamic equilibrium only to a small.extent. 
In this case the partial magnetizations of the sub- 
systems Mj = Mj(t) (j =1, 2) satisfy the follow- 
ing equations linear in the variable field:® 


Miz = >) Lim it im (t) — hn), 


m,k 


Lm =X, Ys 2; je = 2 (1) 

where 
hY = ya" (Ms (t) — M2), (2) 

while 
M2 = yeH (3) 


are the equilibrium partial magnetizations of the 
magnetic subsystems. 

On going over to circularly polarized compo- 
nents 


Mii =F (Met iM,)/V2, 
hay =F (At ihy)/V 2, 


M, = Mz, (4) 
hg = hz, (5) 


we shall obtain in accordance with (1) 


Ma = dies, ie (Ap (t) — hf), a,B=+1,0. (6) 
ic} 


The kinetic coefficients Log,jk satisfy the 
Onsager relations, which in the case of paramag- 
netic media (Xj <«< 1) have the form 


THEORY OF PARAMAGNETIC RESONANCE 


a+ B, 


a= 8, 


Lap, je (9) = — Loa, je (— Hy) = — L_pa, n(— Ho); 
Lea, ik (Hy) = Lee, it (— H,). (7) 
Requirements of axial symmetry with respect 


to the direction of the constant field H lead to the 
additional relations 


Lag, jk (Ho) = Sap Lap, jk (Ho); 
Lu, {RF jhe —1, jk + Loo, ik (8) 
Equations (7) and (8) can be satisfied if we set 
Lae, ik (H,) =) XjXe (1 fie oe iaw!"), 


where yk and Tit are even functions of Hy 
symmetric with respect to an interchange of the 
indices jk: 


Piet H,); 


Hy) = L_a—a, ik (— 


gs SSSA S (9) 


Te=Ts (H,), “= 1" (H,).. (0) 


In weak fields (Hj) 0) the system possesses 
spherical symmetry, and therefore 


TE =Ti =T". (11) 


On substituting (9) into (6), and on taking (2) and 
(3) into account, we obtain a system of linear equa- 
tions of motion for the Dagal magnetizations 


May + DV %j/ % (1 


= DWV ty (1/ TE + iaw!*)h, (t), 
k 


which contain undetermined (within the frame- 
work of thermodynamics) coefficients Tik and 
jk. 
*s 
For a Beg containing one kind of magnetic 
moments (j =k=1) we obtain the equations 


Ma + (1/Ta + iow) (Ma — Mz) 
=Xo(1/Ta + ia ) ha (2), 


which agree with those which we have obtained 
earlier in microscopic theory.’ 
In the absence of a radio-frequency field 
h(t) =0 and when xj/Xk = (yj/Yk)* Eas. (12) 
reduce to the equations obtained by Solomon. 
They differ from the equations obtained in refer- 
ence 4 by the presence of terms containing Sime. 
The static susceptibilities appearing in (12) 
depend on the thermodynamic temperatures of 
the subsystems which, generally speaking, may 
differ from the temperature of the remaining 
degrees of freedom of the magnetic material — 
the equilibrium lattice temperature. By restrict- 
ing ourselves in this paper to the case of weak 
fields h(t), we neglect variations in the tem- 
peratures of the subsystems by setting them equal 
to the temperature of the sample. The transfer of 
heat from the spin system to the “lattice” may be 


/ TH + iaco!*) (Mae— Mx) 


(12) 


(13) 
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taken into account in a manner analogous to that 
used in reference 6. | 

3. In order to interpret the coefficients vik 
and wik appearing in Eqs. (12) we consider the 
case of the free precession of the magnetization 
h(t) =0 in the constant field Hp. 

On setting 


Ma; (t) = Maj + Aaj exp(— af), 


we obtain for the determination of Aqj a4 system 
of homogeneous equations, the condition for the 
solution of which has the form 
(—da + 1/73 + ia") (— da + 1/TP + iaw) 
= (1/T? + iaw'?)?. (15) 
Solving the quadratic equation (15) with respect 
to Aq, we obtain the complex eigenvalues Aq. 
Now the solutions of (12) can be written 
Mas (t) = Mar + Ad (— 2d + 1/72 + iow”) exp (— 24 2) 
— ADV y1/%2 (1/Ta + iaw'’) exp(— af), 
Maz (t) = Maz— Aa Vx¥2/ x1 (1/Ta + iaw™) exp (— Xe (#)) 
4+ Ag (—a +1/ TE + iaw™) exp (— 232). (16) 
In two limiting cases they assume a particularly 
simple form. If 


(1 pg BR al iaw”)” 


(14) 


(EP Te te ee (17) 
then, in accordance with (15), 
he = Me 1/7? + iw”, 
= ee iaor, (18) 
In this case 
Maj (t) = Maj + Aaj exp(— 41), (19) 


where Ti have the meaning of relaxation times, 


while wi} have the meaning of characteristic fre- 
quencies. 

If the inequality of (17) is reversed, the eigen- 
values are determined in the following manner: 


a3 a(Li/ Paria lefebn tbe tee) 


+ 1, ia (wl + w?? 4+ 201%), (20) 


and the solutions for M44j(t) have the form of 
damped beats, which are due to the existence of 
coupling (ish w!?) between the equations for the 
partial magnetizations. 

4. The microscopic theory of relaxation and 
resonance phenomena in systems containing two 
kinds of magnetic moments can be developed on 
the basis of the method of Kubo and Tomita? in a 
manner analogous to the one which we used in the 
case of one kind of spins." 

We shall assume that the g-factors of the par- 
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ticles are isotropic, while the spin-Hamiltonian 
of the system does not contain products of more 
than two spin operators 19, and therefore con- 
tains them in combinations which transform ac- 
cording to the irreducible representations of the 
rotation group Do, Dy, and D2. Then, on taking 
into account the fact that 10) 70) = = const, we can 


write 


H=R,ApH +H, (21) 
where 
Nj 
Ht, Sie ide (22) 


is the operator for the eee 5 of the magnetic 
moments with the constant external field Ho, j 

= ¥jHo: R, represents the part of the total Hamil- 
tonian 3C which is independent of the spins; ae! 
is the perturbation: 


Nj Np 
Gg F978 >| eae =>) ] y (hs 
isk dv i<k AV S<m 
Kel ed aes Cleve lba Ay e 
ten) or Bp Tn, (23) 
I<k Ws 
where 


i = V0 oat ae, 
POP Wan =V15/4e 12,7, 
te eto, = 10/401 ry, vas 
PPE W 0 = VE/m TY T mos 
CP Pm hars =V5/4e PET ie 

Under a rotation of coordinates the coefficients 
Boy) ic Fs Q+”)) transform according to the 
representation D,, while AAdK transform ac- 
cording to Dy; this determines their angular de- 
pendence. 

Expression (23) may, in principle, contain com- 
binations of spins which transform according to 
the representation D,;. However, in this case the 
coefficients must be functions not only of the co- 
ordinates but also of a certain axial vector. The 
only such vector in the case under consideration 
is H. We shall obtain such an expression, for 
example, if we take into account the anistropy of 
the g-factor.® 

The choice of the Hamiltonian in the form (21) 
— (23) enables us to take into account the quadru- 
pole moments of nuclei, atoms and ions and their 
interaction with the local inhomogeneous and, gen- 
erally speaking, fluctuating field (for nuclei and 
atoms inside the molecule or for ions inside the 


complex), and also weak direct and indirect ex- 
change interactions leading to hyperfine splitting. 
The singling out of coefficients which depend on 
spherical harmonics leads to simpler calculations 
in the case of a homogeneous and isotropic me- 
dium. 

According to reference 7, to compute 


a (7) 


Maj()— May = — 3) 9 hy(t—x)dt (24) 
it is sufficient to determine the form of the re- 
laxation function 


Gag (t) = G3, (—*) = 2iGapj(*) — Gap(co) = 0, (25) 
i 
where for the fields ordinarily used (hwj K kT) 
Gapi (*) = pe Dy SP ho {Maj (t) Mee), (26) 
k 


and Mgj(T) isa time-dependent operator in the 
Heisenberg representation determined by the 
Hamiltonian &%: 


Maj (t) = exp (it / Ti) Me; exp (— itt /h). (27) 


We seek expressions for Capj(T) in the form 
of expansions in terms of the parameter character- 
izing the perturbation: 


Gay (*) = G2, (c) + GR () +ERG|+..., (28) 


where 


Ga3; (t) = ip SP 6 Po {May (2), Mor}, 


Ri) =— are x\ d9 Sp po {Maj (2), 5” (9)] Moa} ete., 
0 
while the dependence-of the operators MQj(T) 
and 5c’ (T) on the time is determined by the 
Hamiltonian i, according to the usual formulas 
analogous to (27). 

The character of the subsequent calculations 
depends on the magnitude of the interactions de- 
termined by the operators sell, sel2 and #22, If 
gel ~ gcl2 ~ §¢22 then one should consider to the 
same extent all terms of the perturbing operator 
(23). On the other hand, if 5¢!! > #2 >> 422, then 
in considering the first subsystem we may neglect 
2 and #22, while in considering the second sub- 
system we may neglect 322, 

5. In the first case we have for a homogeneous 
and isotropic medium, if the density matrix may 
be assumed constant, 


Gig, (t) = a ‘ibe, 96x (— law), (29) 
Gibi(t) = iaxGSR, (2) AS abe = iaxGQ, (2) Ao 1 


(30) 
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Using the property of the independence of the 
trace of the time origin, and neglecting the terms 
with A, v # -A’, —v’, we obtain in a manner 
analogous to the one used in references 7 and 8, 


G2 (2) = — 62 (DS, (as, { a8, 


kdb 


X exp [(idw; + ivw,) (3, — 9,)] pik, (3, — 95) 


t 8; 

a \ do, \ d9, exp [(idey + ivon) 9, + (i (a —d) oy 
0 0 

Bott f (a =a v) Op) 95] On: (3,— 8,)} 


— GE; (+) (ado ey (31) 
where the functions 
a Hel = ik® O° 
pit, (9, —9,) — m AEs MPT) Myd> 
| My; > 

— Bro8vo <aA@ M2, (32) 
7 ho (9; ag 32) 

_ Mai 2, (91— 9) [Hy — (ayy (0) Maal? (33) 


7 <7 M,; > 


satisfy the conditions p! beh o)= Qian o)=0. 

The angle brackets denote everywhere averag- 
ing over the coordinates and the spins, using a con- 
stant density matrix, while figure brackets indicate 
the symmetrized product of the operators. 

The Heisenberg operators 5c) Aa t) appearing in 
(32) and (33) contain a dependence on the time de- 
termined by the Hamiltonian Fy 

To ascertain the type of equations of motion 
for the partial magnetizations Maj(t), we differ - 
entiate (24) with respect to the time. Then, after 
integration by parts we obtain 


co 


dM,, (t) dG4p;(0) .. @Gaaj(t) . 
ee) are! H(t) — 3)\ Farha 


dt dt? amet 
0 
(34) 
Differentiating (29), (30), and (31) with respect 
to T, and adding them together we obtain 


dGap; (t) / dt = —iaw;Gap; (t) 


— iaGS, (x) Ao i d— (1) if t) 


iaAws 


(7) >) \ d9 exp [(idw; + ivo,) 9] PA, (9) 
Rk dv 0 


ara GY. (t) Vx X;/ Xe pa \ d% exp [ia (wp — wy) 3] QF: (3), 
(35) 


where Pu L(t) and oe (t), in the case of an 
isotropic sample, are made up of parts corre- 


sponding to different terms in the interaction 
Hamiltonian (23). If the characteristic times for 
these functions satisfy the condition of strong 
narrowing* 


tp<(Ph(0)-* | ge (QE), 


then the integrals in (35) may be replaced by their 
asymptotic expressions: 


(36) 


Pi vtay = PLE, (0) (ery + itry) 
co 


=a d9 exp [(idkwy + ivog) 9] PR, (9), 


Qh ry — (apse (0) (xry + ixpy) 


= | d8-exp [ia (op — o)) 9] V4, (9). (37) 
0 
Further, on introducing the notation 
1/TY + iaAw® ” = >)>) PA, (0) ta 
k dv 
1/TH + iado”™ = 2) aie (0) x20, (38) 


Awl! = AgWMii + Agi ; ae = jz + Aa? , (39) 


we obtain, up to terms of second-order perturba- 
tion theory, the equation satisfied by the relaxation 
function Gqpj: 


dGap) (2) /de = — DV ya / Ta!® + ious!*) Gage (2), (40) 
k 


where we have approximately replaced 
G3; (t) (1 — 

On substituting (40) into (34) we return to Eqs. 
(12) for the partial magnetizations. If the specific 
nature of the interaction is given, then the coeffi- 
cients TJK and wik appearing in (12) are deter- 
mined by (38) and (89). | a 

6. In the case when K22 «x H!2 « 5¢!! we can 
write 


iaAw”!! <)> Gap; (t). 


TP (~ TP, (41) 


Gaps (t) = pp (Ma 
Gap, 2() = ypu <(Mas (2); ae (42) 
k 


where qo), (7T) and May(T) are operators in the 
Heisenberg representations defined respectively 
by the Hamiltonians 3, + 5! and 3, +3¢!! + 3c!2, 
As may be seen from (41), an ade SoNASAE 
equation is obtained for the first subsystem in 
this case. If PHav(t) is a rapidly varying func- 
tion of time, we obtain, as in the preceding case, 


dGaps (2)/de= —(1/TE + ino") Gasi(t), (43). 


*In this case the local fields fluctuate rapidly because of 
the thermal motion of the magnetic moments. 
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where Tq and w"! are calculated for the case 
of the interaction %!! by means of the formulas 
given earlier. On solving this equation under the 
condition Ggpg,(0) = (—1)%x45q,-g we obtain for 
the second subsystem 
AGape(t)/dt= —(1/T2 + iaw®?) Gaps (t) 
—V x2/% (1/72 + iaw??) Gopi (t), 


where 


(44) 


co 


x thy Ae . 4 
= 4+ iaAo® 2 = >I \ d9P%4, (9) exp | (es + ivott — a ; 


a Av 6 


Sa + iaw™ = >) doqgi, (9) exp | (i (oarra a 7a) z| 
1A dv 0 Ta 


(45) 

If y, > Y2, we can neglect the last term in (44), 
and the equations for the separate subsystems are 
completely separated, but the coefficients in these 
equations turn out to be coupled. If 1 is con- 
siderably less than the characteristic time for 
the function Ponape ), then we may set in (45) 
pat. (t) = P%. (0). Then, if the condition Ti} 
<«K (P21, (0 ))-1/2 is satisfied, we shall have 


Awe + ivol + 4/T)) 


aR ETAT ON 
(Aw ++ voll)? + (TH)-2 (46) 


a + ia Aw) 2 — SP (0) 

The relaxation time and the shift of the reso- 
nance frequency for one substystem turn out to be 
related to the relaxation time and the resonance 
frequency of the other subsystem. 

7. The real and the imaginary parts of the co- 
efficients T)p(wj, wk) and k,yp(wj, wk) which 
were determined earlier in (37) satisfy the dis- 
persion relations. 

We consider the integral (Wj = Wk) 


Ty (@j;: Wp) == a (o;, Wp) = ie (@;, Wp) 
© 


= [1 /P&.(0)] | do exp [(2e, + ivog) 9] PA, (9). 
0 

We let wj take on not only real, but also com- 
plex values. Then, for A> 0 in the upper half- 
plane, and for A <0 in the lower half-plane, 
Tay vanishes when |wj|— ~. If we represent 
Try(Wj, Wj) by means of Cauchy’s theorem in 
the form of an integral along a contour consisting 
of the entire real axis and of a semi-circle of in- 
finite radius (taken, respectively, in the upper 
half-plane in the case A> 0, and in the lower 
half-plane in the case A <0) then we obtain in 
the usual way the following dispersion relations 


(47) 


09 -boo 


Ty (%, ©) ax 4 ' 
———————EE——— Ge — 


—oo 


Ty (X, Wp) Ax 
pe (48) 


X—O; 


where 4 =+1. We can, evidently, write down com- 


A” AS SOO RIN Gand Gl 8 ask RO Doiem 


pletely analogous relations with respect to the vari- 
able Ww. 

Thus, a universal relation, analogous to the 
Kramers-Kronig relations, exists between Thy 
and Tho Expressions (48) are of a very general 
nature, and do not depend on the specific form of 
the functions PUK (t): Expressions (38) provide 
a simple connection between the relaxation time 
and the resonance frequency shift on the one hand, 
and the quantities Tjp and Tp on the other. 

_8. When the characteristic time for PJ, and 
Qik) is great, then we can no longer make use of 
the asymptotic expressions for the integrals in 
(35). The concept of relaxation times in this case 
has no meaning, and we cannot write down simple 
macroscopic equations for the partial magnetiza- 
tions. In this case we can calculate directly the 
partial susceptibilities. By expanding Magj(t) — 
MQj and hg(t) into Fourier integrals with re- 
spect to time we shall obtain for the correspond- 
ing Fourier components Mqj(#) and hg(w) the 
following equations 


Maj () = Li (a () + ix%g (©) he (©), (49) 
where 
Lan) = Xo8a—g — (— 1)*o Im J Gag; («) exp (it) de, 
Xapj() = (—1)° > \ Gag; (t) exp (iwt) dt. (50) 


The real and imaginary parts of the susceptibil- 
ity are related to one another by the Kramers- 
Kronig relations. 
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The velocity distribution function for electrons in a weakly ionized plasma has been found 
with account of inelastic collisions. It is shown that the inelastic collisions lead to a sharp 
drop in the distribution function for electron energies exceeding the excitation (or ioniza- 


tion) energy. 
INTRODUCTION 


Ts finding the velocity distribution function for 
electrons in inelastic collisions, one usually neg- 
lects completely the fact that the function is valid 
only under the condition that the mean energy of 
the electrons is much smaller than the excitation 
(or ionization) energy. In many cases, and in 
particular, in the study of phenomena taking place 
in gas discharges, this proves to be a serious limi- 
tation. In a number of researches,!~* approximate 
methods of solution have been found which permit 
the energy losses in inelastic collisions to be taken 
into account. However, these methods have lim- 
ited applicability, and apply essentially to cases 

in which the mean energy of the electrons is not 
very great, so that the inelastic collisions affect 
chiefly the tail of the distribution function. More- 
over, they assume some particular form for the 
dependence of the cross section on the velocity; 
the model of inelastic collisions used by Davydov? 
is very rough, and leads to the divergence of the 
distribution at small velocities. It should also be 
noted that there is an error in the work of Smit? 
(see below); however, in the case considered there 
of small E/p (E is the electric field intensity, 

p the gas pressure), the error is shown to be 
unimportant. 

Under these conditions, it is desirable to de- 
velop a method free from these limitations; the 
present paper is devoted to such a development. 

We consider the case of a spatially homogene- 
ous plasma, in which the ionization is so small 
that we can neglect the Coulomb interaction. The 
generalization of this method to the case of a suf- 
ficiently strong ionization, in which the electron- 
electron interaction becomes important, will be 
considered below. 
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1, FUNDAMENTAL EQUATIONS 


Let us first consider the case in which the 
electric and magnetic fields do not depend on the 
time. Then the kinetic equation for the determi- 
nation of the stationary electron distribution func- 
tion has the form 


M N 
{1 + [vQ]} Of /Ov = Sta + Di SH” + D) SH + Str, (1.1) 


where y=eE/me, 2 =eH/mec while Stag, 

stg™, st{ and St, are terms taking into ac- 
count, respectively, the elastic collisions of elec- 
trons with molecules, excitation of the m-th level, 
ionization. (n-fold), and recombination (volume 
for high pressures and surface for low). Here we 
have neglected collisions of second order, inas- 
much as these do not play an important role for 
weak ionization. Moreover, we confine ourselves 
to monatomic molecules. In the case of polyatomic 
molecules, it is necessary to take into considera- 
tion the excitation of vibrational and rotational 
levels, and also dissociation. This can easily be 
done by an analogous method. 

The expression for Stg has the usual form 
(see, for example, reference 4), while for the 
inelastic collisions we assume an approximate 
model and set 
o(™) 
Uv 


Stl — ve" (v) F (0, 8, @) + v6 (0) 2 f (o™,0,9) (1-2) 


~(n) 
St? = — v6 (0) F (0, 8 @) + v9 (0) fF (0,8,9) 


me Meee TG) ayes 
+ ‘vf (os) — fF of”, 8,9); (1.3) 
where v&™ = Nyvo¥™, v&M =Novoj™; No is tne 
number of atoms per unit volume; 64” and oj 
are the excitation cross sections of the m-th level 
and the n-fold ionization, averaged over the angles; 
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um) = (x 4 2el™ / mg), v\") = (qv? +280" / me)”, 
Nee = (qv? oe 2e{” / te)”, 
e{™ and «{™ are the corresponding energies of 
excitation and ionization, while the quantities 1 <7 
<o and 7=7/(n-1) take into account the en- 
ergy distribution between the primary scattered 
and the secondary electrons in the ionization. In- 
asmuch as the distribution of secondary electrons 
has a maximum for low velocities, while the scat- 
tered distribution has one at high velocities, we 
can usually assume 7 ~ 1. 

As regards the term Sty, it is introduced to 
satisfy the law of conservation of the number of 
particles. Account of it in the stationary case 
has importance in principle, although the specific 
form is shown to be unimportant. We set 


St, = SUG (v) f (2, 6, ), (1.4) 
where, as follows from (1.1), the relation 
N 
\ (st-+ Sse) dv = 0 (1.5) 


n=1 


must hold. (N is the maximum multiplicity of 
ionization.) It is easy to prove that if St{™ and 
St{™ are written in this manner, the laws of con- 
servation of energy and of the number of particles 
are satisfied. The law of conservation of momen- 
tum is not satisfied. However, inasmuch as the 
form of the non-isotropic part of the distribution 
function is fundamentally determined by elastic 
collisions, this does not have a significant effect 
on the isotropic part of the distribution function. 

Following Davydov,? let us expand f ina series 
of spherical harmonics in velocity space: 


f(v, 8, ¢) = fo(v) + vfi (ve) + x(v, 9, 9), 


where x(v, 4, ~) represents the remaining terms 
in the expansion. 

If neutral atoms have a Maxwellian distribution 
with temperature Ty, then it can be shown (see, 
for example, reference 4) that, accurate to quan- 
tities of first order of smallness in 6 = me/mj, 
we obtain 


(1.6) 


Sta (fo) = ge 55 %2(2) | fo ae ee) 
Sta (vf,) = — va (v) vhy, (1.8) 


where vg is the frequency of the elastic collisions. 


We substitute Eq. (1.6) in Eq. (1.1), and inte- 
grate over the angles @ and g. Taking Eq. (1.7) 
into account, and also the condition of the orthog- 
onality of the spherical harmonics, we obtain, 
after a single integration over v: 

kTo Of 4 S 
Bya(0) [Fo ee l|— ath — M0, (2.9) 


m,v0 Ov 
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where a 
M U, 
ral 1 \ yim) (v) f ) f (2) v?du — Vp (v) f (v) v2dv 


(n) 3”) 
+5] \ vf” (0) f (v) odo + \ vs (v) f (0) 0? do}. (1.10) 


v 


SC) = 35 


¢ 


Multiplying (1.1) by v, and again integrating over 
the angles, we find (neglecting* the correction x 
in comparison with fp): 


v?S (vf,) = mye, meters’ 


va(0) fr +(2xhil +a wo BE 


Since, in writing down the initial equation, we 
have neglected the law of conservation of momen- 
tum for inelastic collisions, we can also neglect 
the third term on the left in Eq. (1.11) in compari- 
son with the first. Then, solving (1.11) relative to 
f;, and substituting the resultant expression in 
(1.9), we obtain an equation for the isotropic part 
of the distribution function fy (v): 


kTo 0 1 Ofo Ss 
8y.(2) | fo: ia ae lh an on or = Oe) 
where 
y Q Q 2 
PG fe Ata a cl (1.13) 


14+ 2? /v2 
Inasmuch as the magnetic field enters into Eq. (1.12) 
only in the form of the product @-y, we shall every- 
where below assume for simplicity that Q=0, hav- 
ing in view that the generalization of results to the 
case 2 #0 reduces simply to replacing the quan- 
tity w(u) in the obtained formulas (see 1.18) by 


3kT 0 bv? if (u i Mata (u) + Q2 cos? (7) 
m, \?. aie ‘veg? (u) + Q2 


We change in (1.12) to a new independent vari- 


able u and to a new function A (u) by the for- 
mulas 


wep, (U) = (loa 


w= m,v*/282, — f5(0) |o=ow = foo(u¥)A(u), (1-14) 


where fo) (u) is the solution of the equation in the 
absence of the inelastic collisions. Now, setting 
va Ya Qa (wu), v= Vr Or (u) Dees 
yi” = Vol (uw) wu, y = Vol” (u) wu”, (1.15) 
where ¥,, Dy, DE) and D™ are certain con- 
stants, chosen to make @,(1) = Yy(1)=1 and 


to make the functions yf and y™ of the 
order of unity for u > 1, we get 


d y 
#4 4 Q(u)[F (A) — Vero du|=0. (1.16) 


*It can be shown that for A*, > 1, the function 
X ~ (hv /8. De —2q+ Dat) < Ex 


EFFECT OF INELASTIC COLLISIONS 


Here 
uulm) 


|) foo (1) 46" (uw) A (u) du 


u 


M 
FA = SN 


nu+ us") 


N 
Te, \ foo (4) 9S” (u) A (u) du 


nutus” 


+ \ foo (u)¢f (u) A (u) du, 


0 


(1.17) 


Q(u) = Ga(u)/u” Footy — = (BRT 893 / moy?) 3 (u) + 1, 


u 
) ~ 
foo=exp{—\du/ug}, uy = y?mau(u) / 38986498 (u), 
: (1.18) 
eee — Bs. Vays” / 2m, Nn = 3004 vf f Dh Be te — Nea Oans 
eee yy i/ Qrisx? 
us = 6 eS 1, ul eh eS 1, 


We note that, in accord with (1.5), 


CO 


N o 
2 \ r foo A dus = S1Nin\ of foo A de. 


i) 0 


foe) 


(1.19) 


This condition is very important. Actually, if it is 
not satisfied, then, as follows from (1.16), A (u) 
vanishes for a finite value of u, whereas its deriv- 
ative at this point undergoes a jump, which is phys- 
ically withoyt meaning. In essence, (1.19) is equiv- 
alent to the requirement 


OA/Ou-—>-0 for u—oo, A(u)—0. (1.20) 


In the work of Smit,” the loss of particles as the 
result of recombination was not taken into account; 
hence condition (1.19) was not fulfilled. However, 
in the solution of the equation, the author used the 
condition (1.20) (which is not compatible with the 
initial equation in this case), and thus obtained 
correct results for u > 1. 


2. SOLUTION OF THE EQUATION FOR A (u) 


To avoid needless complications, we first con- 
sider the case in which only a single ionization 
(N = 1) is possible, and there is either only one 
level of excitation (M=1), or the distance be- 
tween the levels is so small (u(M) —-1<1) that 
e@) can be replaced by some average excitation 
energy €e, while g&™ can be replaced by the 
mean frequency of excitation. 

An exact solution of Eq. (1.16) is evidently im- 
possible without going to numerical integration. 
However, one can attempt to apply an approximate 
method of solution, which is essentially the expan- 
sion of A(u) in inverse powers of the parameter 
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A%,. Actually, as follows from its definition, this 
parameter is of the same order of magnitude as 
the ratio of the energy lost per unit time by the 
electron (with velocity corresponding to the max- 
imum of the frequency of ionization) on excitation 
to the energy obtained by it from the external field, 
i.e., it is usually much greater than unity.* Thus, 
we shall solve the equation for A{u) under the 
assumption that A%, > 1. 

We note that, as follows from the discussion 
below, the function A(u) falls off with distance 
as ~1/Agy, whereas fy) (u) depends on distance 
as ~ L/OAR,. Consequently, since 6<«<1, we 
can, for not very large Ae, (less than 67), re- 
move the function fp) in Eqs. (1.16), (1.17) from 
under the integral sign.{ Then, denoting by Ay(u) 
the solution for u <1, and by Ajy(u) the solu- 
tion for u=1, and dropping the index (1) in 
Aer ei, PL? and —$, we obtain 

u 
Au (u) + Qu(u)|¥ Fx (Au) — 07 gAndu|=0 (2.1) 
0 


for? U.= land 
Ai(u) — 7 Qi (u)\ ¢rArdu = —NQi(u) Fi {An} @-2) 
0 
for u=1, where 
utd 
F, {Ay} = \ @e (u) Ay (u) du 


u 
nu+u; nu+u; 


+ 8] \ @;(u) An (u) du + \ 91 (u) An(u) du}, (2.3) 


0 


Qi (u) = Ga (u) / uy (u). (2.4) 


The prime here and below denotes differentiation 
with respect to the argument. 

To begin, let us consider Eq. (2.1). We assume 
that the condition 


[In Ay (u)}’ Ss le (2.5) 


is satisfied, i.e., the function Ayy(u) falls off 
rapidly in the interval [u, u+1], and differenti- 
ate (2.1) with respect to u. Then, considering 
that, by (1.19), A%< 1 and AX > 1, and neglect- 
ing Ayy(u+1) in comparison with Ajj(u), we 
find, with accuracy 2& Nees the equation of first 
approximation 


*The case of very large E/p, when the quantity ’e1 be- 
comes smaller than unity, will not now be considered, inas- 
much as for such values of E/p, the percent ionization is 
sufficiently high and it is necessary to take into account the 
electron-electron interaction. 

tThe case Ae, > O7* always corresponds to low (of the 
order of several hundred degrees) mean energies of electrons, 
when the inelastic collisions no longer play a role. 
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— (In Q; (u))' (AIP)’ — Xp? (u) AP = 0, (2.6) 


p? (wu) = Qy (u) [pe (u) + 8? ¢, (u)]. (2.7) 


Up to now we have made no assumptions con- 
cerning the form of the dependence of the cross 
section on the velocity. We now assume that ge, 
gj, and @g are such that p? vanishes nowhere, 
except at the point u=1, whileas u—l, 


p? (u) = po(u— 1)", (2.8) 


where q>0O and p? >0 are certain constants 
which depend on the behavior of the functions Pe 
and gj close to the thresholds of excitation and 
ionization. 

Let us change variables in Eq. (2.6), introducing 
the independent variable 


x) =[G+0%\pwaul — @.9) 
and the new function ‘ 
¥ (x) = (x (w)/ Qi)" AW (4) luc (210) 
We then get for Y(x) the equation 
Y” (x) — [€ (x) + x29] Y (x) = 0, (2.11) 
where 
C(x) = Lx’) (x) V+ (x! GY? EE (QP? — VAD lew: 


An estimate shows that the function ¢(x) will, 
generally speaking, be of the order of 

2-1/4 (rAQp)) YA"), i.e., very small both for 

x close to zero and for large values of x. It can 
become large only if u approaches the next root 
of the function p*(u). Inasmuch as we have as- 
sumed that the function p*(u) never vanishes 
for u>1, wecanneglect ¢(x) in Eq. (2.11) 


in comparison with x24 and obtain 
Y"—x4yY = 0, (2222) 


whence, by taking account of the condition (1.20), 


q+1 
YY = GOOG oK 1/2941) (= )x xh const -V,(x), (2:13) 


Tey 

where Ky is the MacDonald function of order n 
and Cy is a constant, so chosen that Vq(0) =a 
Thus 


Ai (u) = const-[Qy/x)"Va(x) lew (2-14) 
and the condition (2.5) takes the form 
2 p?(u) > 1. (2.15) 


It then follows that, for sufficiently large u, when 
A%p2(u) ~ 1, the solution (2.14) turns out to be in- 
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valid. However, for these values of u, the func- 
tion AYP is already very small (~ exp [—A%po]) 
and cone ea is not of interest. 

For Arp? > 1, we can limit ourselves entirely 
to the first approximation Af? If Agpy - becomes 
of the order of-unity, then it is necessary to use 
the solution Aff), obtained in second approxima- 
tion. Assuming, as before, that for u > 1, 

NuU-; u 
NH \ oA du =~ \ pA du, 
0 0 


we find from (2.1) that 


(2.16) 


2S 

iS 

—_, 

= 

~— 

I 

> 

© 0 
Ru —-2g 


\ Qi (u) J {AP} da, 


where 
u+i nung 
J {AP} = oe AX du + 8 \ 9, AY du. (2.17) 
u 

We now proceed to the finding of the function 
Aj(u). Generally speaking, for an exact solution 
of Eq. (2.2) it is necessary to give an explicit form 
for @y(u), which, unfortunately, is very little 
known. We can prove, however, that in the case 
under discussion here, the term proportional to 
A. plays an important role only in the region of 
small values of u, where it leads to a certain 
increase in Ay(u). Moreover, inasmuch as the 
distribution function for u< 1 is needed essen- 
tially only for the calculation of the normalizing 
factor, then, taking it into account that 7 > 7, 
we can set, without excessive error, 

u 
NF, (ASP) — 02 gr da = NI {ANP}, 
0 

whence 


A;(u) = AP (y+ nz) Q, (u) J fA'P} du 


= 12) Qi (w) J (ANP) du, (2.18) 
The results obtained for Ay(u) and Ajyz(u) 
can be materially simplified by making use of the 
fact that Vg (x) is a rapidly decreasing function. 

We first note that: a) if uj is close to unity, so 
that @(uj-1)<1, where a = (Agpy) e!/(4*1), 
then we can write 
u+i qu 
paul +ert{ | Qrtpraip du + 6° Gr pray dul ; 


(2.19) 


b) in the opposite case, when a (uj-—1) > 1, | we 
can neglect the second component in (2.17) and get 
ut+l 
= \ Qr ‘pdt? du, 


u 


“(2.19") 
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i.e., case b) is obtained from a) if we set B2=0 
in the latter. Therefore, we limit our considera- 
tions to the case a).* Substituting (2.14) in Eqs. 
(2.16) and (2.18), and integrating, we obtain [bear- 
ing in mind that, for u> 1, the function AYP (u u) 
decreases rapidly]: 


Aj (u) = const - [seu WV, (x (u)) 


(1+ 8) Va (x (u + 1)) 
fee Se! Ve (x (qu + 1))]}, (2.20) 


nx’ (mu +1) 
where the index (2) in AfP (u) is omitted, and 
A; (u) = Ay (1) 


— (1+ By 2a [e (u) (1 + 84) V; (0) — Vi (x (w+ 1) 


— BV, (x (qu + 1))}— x! (w+ 1) \ (uw — 1) x29V,(x(u)) du 
uti 


n+ 
— Bx! (qu + 1) | (=) 2#V, (x (u)) dul, (2.21) 
fu - 
where 
1 
«(u) =| e du (2.22) 


The resulting values apply to the case in which 
only single ionization is possible (N=1) and 
there is only one excitation level (M=1). How- 
ever, it is easy to generalize it to the case of ar- 
See, N and M. Actually, Eqs. (2.9) and (2.14) 
for AW and Eqs. (2.16) and (2.18) for A,;(u) and 
A{P(u) evidently remain valid avon in the case in 
Rich we replace the quantity rZp? (u) appearing in 


it by 
P? (u) =Q, (u) pe of” + Sih som) 
and the expression A&J{AfP} by 
M uu) N nuul” 
1{AD) =Sieen |) gh? ALP du +N | gf? Al? du. 
m u u 
(2.17’) 


It follows from the expression for Ayy(u) that 
the presence of inelastic collisions leads to a sharp. 
decrease in the distribution function when u> 1. 
Thus, with increase in the intensity of the electric 
field, the mean energy of the electrons at first in- 
creases rapidly and then, beginning with some 
value E=E(Nj)) (corresponding to Ag6 ~ 1), 
it remains practically constant until values are 


*Similar simplifications can be carried out also in the 
case of an intermediate value of Uj However, inasmuch as the 


resulting formulas are very cumbersome, we shall not write 


them out. 
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reached, for which the energy drawn from the 
field per unit time is comparable with the losses 
due to excitation and ionization (A, ~ 1), after 
which it again begins to increase. 

The formulas given above are valid, in general, 
for all q>0. However, the greatest interest at- 
taches to the case q = '%, inasmuch as the function 
Vq coincides in this case (with accuracy up to 
some constant) with the excellently tabulated 
Airy functions,® which simplifies appreciably the 
use of the formulas. In the same way, the case 
q='4 agrees well with the actual course of the 
cross section close to the threshold for excitation 
and ionization." 

By way of illustration we have plotted the func- 
tion vfy(v) for the case in which the frequency 
of elastic collisions does not depend on the veloc- 
ity: 
g,=u(u—1)/(w® + U2), Ye= 2Quyva, 8 =5-1074 
ben Dyn Be 10,0) ae 00 Ka 


Q,= 1, 


r 


The dashed curves correspond to distribution 
functions computed without consideration of in- 
elastic collisions, the solid curves, with consid- 
eration of losses by excitation. 

In conclusion, it should be noted that although 
the method of solution used here is valid, strictly 
speaking, only for the condition (2.15), an analysis 
shows that the expressions obtained for A(u) re- 
main valid up to values @~1, which corresponds 
to quite large values of E/p. 


3. DISTRIBUTION FUNCTION IN AN ALTER- 
NATING ELECTRIC FIELD 


In previous section we found an expression for 
the electron distribution function in electric and 
magnetic fields that were constant in time. The 
results are easily generalized to the case af an 
alternating electric field. We assume, for sim- 
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plicity, that E(t) = E,) cos wt. We then have in 
place of (1.9) and (1.11): 


of 1 0 RT Ofo| x (4) fi S (fo) | 
ae SF ao v* {30 fo 4 dl 3 v i (G2) 
of tho 
waa Valy + [2 xf] aes (3.2) 


where Y(t) =Y) cos wt, and S(f) is determined 
by (1.10) as before. 

Before undertaking the solution of these equa- 
tions, we note that in a variable field the mean 
energy of the electrons changes only as a result 
of a change in the external electric field. There- 
fore, depending on the ratio between the character- 
istic time TR ~ 1/w of change in the field and the 
time 7T of the relaxation of the energy of the elec- 
trons, we can segregate the cases of slowly 
(wT K<1) and rapidly (wt > 1) changing fields. 
In the first case (quasi-stationary ), the energy 
distribution is established in a time much shorter 
than 1/w and thus the stationary solution is valid 
provided we replace y* in it by y(t). In the 
second case the mean energy of the electrons does 
not succeed in changing within the time ~1/w and, 
consequently, the isotropic part of the distribution 
function f)(v) should not, in first approximation, 
depend on the time. Consequently, we can solve 
the set of equations (8.1) and (3.2) by successive 
approximation, expanding f) and f, in positive 
(for wt <1) or negative (for wr > 1) powers 
of the parameter wT. A logical exposition of this 
method, for the case in which we can neglect the 
inelastic collisions [S(f) =0], has been given by 
A. V. Gurevich.® In the presence of inelastic col- 
lisions, the problem is somewhat complicated, in- 
asmuch as for S(f) = 0 it is no longer possible 
to introduce a single parameter independent of the 
value of the applied electric field capable of char- 
acterizing the rate of establishment of the symmet- 
ric part of the distribution function. Actually, in 
weak fields, when the inelastic collisions do not 
play an important role, the relaxation time is de- 
termined essentially by the elastic interaction and 
T~ 1/6vg. With increasing electric field, the fre- 
quency of the inelastic collisions increases, and 
the inelastic interaction begins to play a decisive 
role, i.e., the relaxation time decreases. How- 
ever, in spite of this indeterminacy in the choice 
of T, we can nevertheless evaluate the lower 
(71) and upper (T,) bounds of 7; thus, for fre- 
quencies w<«K7,! and w > 1/T,, we apply the 
method of successive approximations as before, 
expanding fy) and f, in powers of the parameter 
wT, (for wt,K1) or (wt,)7! (for wr, > 1). 
Solutionrof these equations in the case of inter- 
mediate frequencies 1/7; > w> 1/t, entails great 


mathematical difficulty and will not be considered 
here. 

1. Let wt, «<1. Then the equations for the 
functions of first approximation, ff and ff”, 
are obtained from (3.1) and (3.2) by discarding 
the time derivatives, after which we get for f{'): 


kT, Ole” a(t) Ola, ees Gey ae 
Va is a = ou s 3v 0 ou 7) 0; 


<= 


where 
y A+ly )xQ]/vg + Q (Qy ())/v4 
1+ Q2iv2 


ORG) = 


It is easy to see that this equation is identical with 
Eq. (1.12), the solution of which was obtained above. 
An estimate of next higher approximations shows 
that the parameter T, is equal, in order of mag- 
nitude, to 1/6va, where vag is the average fre- 
quency of elastic collisions of the electron with 
the atoms of the gas. 

Thus, for w/dvg « 1, 


(a, t) = C(t) foo (tA @?) (3.3) 


[with u =u(v)], where the function C(t) is de- 
termined from the normalization condition, and the 
expressions for fy) (u, t) and A(u,t) are given 
by Eqs. (1.18), (2.16), and (2.18), in which the quan- 
tity y? has been replaced by y?(t) = ve cos? wt. 
2. For wt, > 1, the equations of first approxi- 

mation give 
of) 
oe = 0, i) = 

1 ayy 


v ov 


Re 


(to (Yq + £0)? + (vg 10) f¥oxQ]+ 220) sap 

(vq + 1@) [(vg + iw)® + 02] e } t 

(3.4) 

Proceeding to the second approximation, f{?), and 
bearing in mind that f{?) is bounded as t—o, 
we find an equation for f{!) as a function of v: 


é (1) 
Z WRT, fe 
aye | 19° Ee pa ou | 


where 


age? Oy eS) 
6y,v dv v 


=0, (3.5) 


b= (14+ 0%/2)7 {1 mao 


(v2 + Q? — 3") sin? (70,2) } 
(vi, + @% + 0?) — 4020? 
(3.6) 


Comparing (3.5) with (1.12), we find that they 
coincide if y-@ in(1.12) isreplaced by y@v/2. 
Thus, as has already been pointed out, the iso- 
tropic part of the distribution function does not 
depend in first approximation on the time, and is 
equal to 


f) (v) = const-f,, (u) A (u), (27) 


where fy) (u) and A(u) are determined, as above, 
by Eqs. (1.18), (2.16), and (2.18), in which y? is 
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replaced by vb /2 and the function y(u) [see 
Eq. (1.18)] is replaced by 


p(t) = (6RT pv? /y2m) ¢2 + b(v), (3.8) 


By computing the higher approximations, we find 
that the solution (3.7) is valid only for frequencies 
w satisfying the inequality 


Oa OU). 


w SS vehp CID) | (3.9) 


The author thanks M. S. Rabinovich for his in- 
terest in the research. 
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It is shown that an analysis of experimental data on the energy distribution and angular cor- 


relations inthe m +p—-n+7*+7, . 


notre + 1, and pete aon 


9 reactions makes it pos- 


sible to determine the amplitude for charge-exchange scattering of charged mesons into 


neutral ones: 1* +7 — 27°, 


Ix a previous paper by the authors! it was shown 
that the experimental study of the photoproduction 
of two m mesons near threshold may give infor- 
mation on the charge exchange amplitude (7’*, 7) 
—2n° at zero energy. In this note analogous re- 
sults are presented for the case of production of 
a m-meson pair in a pion-proton collision. In 
this case knowledge of pion-nucleon scattering 
phase shifts (63; and 6;,) makes it possible to 
indicate a somewhat different method for analyz- 
ing the experimental data. 

Three reactions accompanied by production of 
two ma mesons are possible in the collision of a 
™ meson with a proton: 


re pn- nr ar, (1a) 
nr +p o>n+nrot r°, (1b) 
rtp >p+nr+7°. (1c) 


The squares of the matrix elements for reac- 
tions (1), with final-state interactions taken into 
account, can be written, analogously to the case 
of photoproduction of two m7 mesons, as follows 
(accurate up to terms linear in kry):! 


|<xtnon| S| x p> P=e? [1 + pissin gis: & (4, — Ap) Ris 


+ pissin gis: = V 2 (by, — by,) Ris), 
| <x°n°n| S| x7 p> |? = p2[1 + por sin ge1- 4 (Az — ay) Ryo 
“+ P23 SiN Pag = V 2 (by, — 6y,) (Ris + Res)], 
\<n-n°p| S| e-p) = p21 + par sin pas- * V2 (by,— by) bas 


+ P32 SiN Pgo + a V2 (by, — by,) kos], 
Pik = Pe/0i, Pik = Pi — Pre (2) 
Here pj and gj are determined by the relations 


Aj = pi exp (igj) where Aj are the matrix ele- 
ments of reactions (la) — (1c) at threshold; 


(ag—a))/3 and V2 (b3 —bi/,)/3 are, as before, 
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charge exchange amplitudes for 1-7 and 7-N 
scattering at zero energy; kjm is the absolute 
value of the relative momentum of the /-th and 
m-th particles, which are numbered in the order 
in which they are written out in the left hand sides 
of Eq. (2). 

To determine Ag — ay it is sufficient, as in ref- 
erence 1, to study the angular or energy distribu- 
tion of the reaction 1a because the coefficients 
Pig SIN~y, and p43 Sing 3 are related due to 
charge independence by 


P12 SIN Pyp = — V 2/3015 SiN $)3. (3) 


Below we discuss in some detail the quantity 
Pi2 SiN ~yg Which enables us to give a rough esti- 
mate of the magnitude of the effect and indicate a 
method for a determination of (a,—a)) without a 
measurement of the ratio of the coefficients of 
Kyg and kj. 

Near threshold the contribution to the matrix 
elements of reactions (la) — (lc) comes from the 
Pie state of the (7,p) system. The (7, p) 
system is a superposition of isospin T= 1), and 
y, states. Consequently, if we characterize the 
system (N, 7, 7) by its total isospin T and the 
isospin of the two mesons Ty, then in the final 
state there are only the following possibilities: 
T=%, Ty=0 or Day = oar wee 
forbidden for zero-energy m mesons). There- 
fore the three amplitudes Aj may be expressed 
in terms of two isospin invariant matrix elements 
</, 0/8144 >) and) haley ee 

It is easy to show (see reference 2) that the 
phases of these matrix elements arise from 
initial-state interactions and coincide with the 
scattering phase shifts of mesons on nucleons, 
64, and 63, in the Pi, State with isospin T = 
he and , at the energy corresponding to the 


DETERMINING THE AMPLITUDE FOR CHARGE EXCHANGE SCATTERING _ 355 


threshold of the reactions under study. We can 
write 


GOS} = Fue, 2 0/8/25 = Fye®, (4) 


where Fy, F3,; are real (but may be positive as 
well as negative). 


It is then easy to find for Ay, A», and As: 


hy = p,e%1 = — (V 2/3) Fyyes + (1/3 V5) F3,e%a, 
he aoe 0,€!?2 = (V 2/3) F,,e%u al. (2/3 V5) Fe, 
hg = p3e!?s = -——- V 3/10F3,e%, (5) 


Equation (5) leads in particular, to Eq. (3). 

Let us express pi. Sing, interms of F and 
6: 

; 3 sin (331 — 311 15 
AVE a ae x V10 + 1/xV eT ra me co) 

Thus the quantity p4, sing y,, which determines 
the order of magnitude of the effect, depends on 
6313-64, and x. The scattering phase shifts 46,, 
and 64,;, at energies 140-220 Mev in the center 
of mass system, are but poorly known.® It is ex- 
pected, however, that | 5,,—63;| < 10 deg 
(B. M. Pontecorvo, private communication ). 

The quantity p4, Sing, behaves as a function 
of x (with 63; — 64, = 10 deg) as shown in the 
figure. For x< 0 the effect is small. In that 
case it would be more favorable to study the 
reaction (1b). 

In order to determine pj. Sindy, assuming 
the phase shifts 6,, and 63, to be known, it is 
necessary to know x. A measurement of the 
ratio (pj. /p?) of the rates of any two of the re- 
actions (la—i1c) at threshold would determine 
x, using Eq. (5). However, the x so determined 
will be two-valued. One may also determine x 
by measuring the ratio of the rate of reaction (la) 
to the rate of either of the reactions m+p— 
mt +a2°+p, a*+a*+n (the cross sections for 
these reactions are ~ F3,). Here again x will 
be two-valued. To obtain a unique value for x 
it must be measured by any two of the indicated 
methods. Otherwise two alternatives for the sign 
of a,—ag will be obtained. 

Once the quantity p1. sing, has been deter- 
mined, it is sufficient to study, for example, the 
dependence of the total cross section for reaction 
(1a) on the energy of the incident a meson. This 
cross section is given by (see reference 3): 


s 64 F a 
oo ihe {1 aa Zee tszN Pre [(a@2 — 4) V 2127 
ae (bs), aa by.}V 6x37} ’ 
Bye = / 2, Bayg =e [2)3 
where m and yp are the nucleon and meson 


masses, and T is the kinetic energy of the three 
particles in the center of mass system. 


(7) 


fresh Pry 
08} 


06} 


The method described for determining a, —ag 
can also be used in principle in the photoproduction 
of two m mesons ona proton.! Instead of Eq. (6) 
we have in that case 


3 sin (a3) — 414) y Bai Gu (8) 
yV 5+1/y V5 — 2 cos (43) — an)” Gar” 


12 SIN Gy = 


where G3,e'%31 and Gy,e/%11 are the matrix ele- 
ments for photoproduction in the isospin states /, 
and ‘4 (with a total angular momentum 17, yakne 
phases aQ;, and as, differ from zero because of 
the existence of a real intermediate state y+N 
—N+a7—-N+7+7, and can be expressed, with 
the help of the unitarity condition,” in terms of 
photoproduction amplitudes and the matrix ele- 
ments Fy, and F 3; (see reference 4) for the 

m into 27 transition: 


Gy sina = +|My,||F., (0, 
G5, sin &, = £| M3, ||Fa| ee (9) 


Here My, and M3, are the amplitudes for the, 
photoproduction of a single + meson by an M1 
photon at a photon energy E=m+ 2u ina state 
of total angular momentum 14 and isospin '4 and 
7, respectively.‘ I’ is the phase space volume 
(k?dk/dE) of the nucleon+pion system at energy 
E = Vk2+ m2 + Vk2+ p2 =m + 2Qu. If the photo- 
production amplitudes M are normalized so that 
the cross section is given by o= [|M|?dQ, then 
yale 1.5p. 

The authors express gratitude to B. M. Ponte- 
corvo for his interest in this work and discussion 
of the results. 
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A momentum space of constant curvature is introduced into the theory in place of the 
pseudo-Euclidean momentum space. The Feynman diagram technique is suitably 
generalized. Finite results are obtained in the lowest order perturbation theory approxi- 


mation for the fermion and boson self-energy. 
INTRODUCTION 


Tue formulation of a theory of elementary par- 


ticles free of the “ultraviolet catastrophe” is, appar- 


ently, impossible without the introduction of an “ele- 
mentary length” Jl) which defines the limit down to 
which the ordinary concepts of space are still valid. 
Another equivalent possibility is the introduction 
into the theory of a “limiting mass” pw ~ 1/1), 

which establishes corresponding limitations in mo- 
mentum space. The present paper is devoted to an 
attempt of formulation of such a theory. A brief 
formulation of the principal idea consists of the 
following. The four-dimensional momentum 

space is a space of constant curvature. The ra- 
dius of curvature of this space is the limiting 

mass Uy. The theory must be formulated in 
accordance with the geometry of a p -space of 
constant curvature. 

The existence of a geometric principle intro- 
duces a considerable degree of uniqueness into the 
formulation of the theory. At the same time a con- 
sistent development of this principle leads to far- 
reaching consequences, the most important of 
which is the conclusion that in this theory the law 
of conservation of energy and momentum appears 
in an altered form. Apparently other physical 
concepts, for example, coordinate space and the 
condition of microcausality, will also have to 
undergo a similarly serious alteration. 

In the present paper Feynman’s diagram tech- 
nique is generalized in the spirit of the geometry 
of a p-space of constant curvature (Sec. 3). Pre- 
liminary investigations (Sec. 4) show that “ultra- 
violet” divergences are not very likely to arise 
within such a scheme. 

Diagram technique is one of the fundamental 
tools of the modern theory of elementary particles. 


Therefore the possibility of generalizing this tech- 
nique to the case of a p-space of constant curva- 
ture may be regarded as a hopeful result. How- 
ever, to formulate a consistent theory of elemen- 
tary particles it is necessary to subject to a simi- 
lar generalization many other aspects which play 
an important role in modern theory. 


1. MOMENTUM SPACE OF CONSTANT CURVA- 
TURE 


The principal role in the theory under discussion 
is played by the p-space of constant curvature. 
The radius of curvature of this space py has the 
dimensions of a mass. The usual theory corre- 
sponds to the case py = ©. We shall consider the 
magnitude of py to be finite, and shall assume 
only that the masses of the elementary particles 
satisfy the condition m «py. The numerical 
value of the constant yy must be determined from 
experiment. In the following we adopt a system of 
units in which wy) =c =h =1, so that all the rela- 
tionships take on dimensionless form. 

The general method of constructing spaces of 
constant curvature, based on the introduction of a 
projective metric into the space, was developed by 
F. Klein.’ In following this method we isolate in 


the four dimensional p -space the hypersurface 
Deiesl (1.1) 


and we define the non-Euclidean distance between 
the points p and q inthe form 


D(p, q) = Inv +VP—1), 
J =(1—pq)/V0 =p) —@). 


We henceforth adopt the following notation: 
p, q,... denote four-vectors in p-space, for 
example p= (pj, Pe, P3, Py). The scalar product 


(1.2) 
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of the vectors p and q is given by pq = pyqy — 
Pi%1 — P2d2 — P3d3; p? = pp. 

If all the components of the vectors p and q 
are much less than unity, then up to terms of 
higher order 


D(p, q)~V(p—q)?, 


i.e., the metric is pseudo-Euclidean near the ori- 
gin. The hypersurface (1.1) divides the whole 

p -space into two parts, interior (p* < 1) and ex- 
terior (p?>1). According to (1.2) the “dis- 
tance” D between points lying in the interior and 
exterior regions is complex. The momenta of 
real particles always lie in the interior region. 
However, there are no reasons for considering 
that the momenta of virtual particles cannot take 
on values lying in the exterior part. 

From expression (1.2) we can easily obtainfor 
our space the differential metric form which de- 
fines the square of the distance between two infi- 
nitely close points p and q=p+dp 


ds® — (1 — p*)* {dp® + (1— p*)* (pdp)’}, 


from which we find in the usual manner the mag- 
nitude of the volume element 


dQ =(1— p*) * dtp. (1.3) 


To compute the volume of the whole space it is 
necessary to indicate the manner of going around 
the singularities situated on the hypersurface 

p* =1. We define the volume of the space in the 
following manner 


Q = lim \ (1 — i8 — p2y)“* dép. (1.4) 


50 
The manner of evaluating the integral (1.4) is 
illustrated in Fig. 1. Cuts are introduced in the 
complex plane of p, from the branch points 

py =+V1+p* —id. The path of integration 1—2 
can be transformed without crossing the cuts into 
the path of integration 3 —4 (the integrals along 
the arcs of the large circles tend to zero). 


ome lid p-id 


cut 


—_—_—_____—_. 


cut 
4=Vi+ p?-id 


FIG. 1 


As a result we obtain 


Q = i\ (1+ prt pe-+ pet pry“? dip = 4 int, 


The imaginary value of the volume Q of the space 
does not lead to any difficulties. In view of the fact 
that the volume QQ is finite, the integrals over the 
momenta of the virtual particles of the self-energy 
type converge. In evaluating these integrals, the 
same procedure is utilized as for the evaluation of 
the volume Q. 


2. THE GROUP OF MOTIONS OF p-SPACE 


The group of motions in p-space consists of 
all the point transformations that leave invariant 
the distance (1.2). According to the general — 
theory due to Klein,! the motions in p -space are 
described by projective (i.e., linear or fraction- 
ally linear with respect to the components of the 
vector p) transformations which transform the 
hypersurface (1.1) into itself. Evidently the 
group of motions in p -space contains the group of 
Lorentz transformations which leave invariant the 
magnitude of p? and which transform the point 
p =0 into itself. 

In addition to the Lorentz transformations, the 
group of motions contains also the “displacement” 
transformations. Each displacement transforms 
the point p =0 into some point k, with a one-to- 
one correspondence existing between the vectors 
k and the operations of displacement. This en- 
ables us to speak of “displacements by a vector 
k.” Symbolically we shall represent the effect of 
displacements by equalities of the following type 


g=p(+)k, (2.1) 


by which we understand that the vector q was 
formed as the result of displacing the vector p by 
the vector k. The relation (2.1) establishes a 
certain law of addition of vectors in p-space. The 
most characteristic feature of this “addition” is 
that it does not commute 


p(+)k#R(+)p. 
The operation which is the inverse of the displace- 
ment by a vector k is a displacement by a vector 
—k. The result of such a displacement we shall 
denote by an equality of the type 


q=p(—)k. 
These definitions may be generalized in an obvious 
manner to a “sum” of several vectors. For exam- 
ple, the equality 
q = p(+)k(—) L(+) 2, (2.2) 


denotes the consecutive application to the vector p 
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of displacements by k, by -l andby n. Of 
course the order of the “addends” in (2.2) is im- 
portant. 

We note that the operations of displacement do 
not form a group; the product of two displacements 
will no longer be a displacement. One may show 
that displacements generate the whole group of 
motions in p-space. 

Explicitly the “sum” of two vectors is defined 
by the expression 


— pVi— k++ RA + pk) (1 +V 1 — Pe) 


eae (2.3) 


qg=p(+)k 


If both vectors p and k are small (py, ky <1) 
then 


p(+)k=prk, 


i.e., near the origin of coordinates the “addition” 
of vectors defined by formula (2.3) coincides, up 
to higher order terms, with ordinary addition. The 
following equality follows immediately from (2.3): 


1/VI=@ = (1 + pk) /VO— PF) —#), 


from which it can be seen that the transformation 
(2.3) describes the motion in p -space, since it 
follows from p*=1 that q?=1. 

In going over to a p-space of constant curvature 
a new feature arises, associated with the transfor- 
mation of spinors under displacements. While in 
the case of a pseudo-Euclidean space spinors do 
not transform under a displacement, in the case 
of a “curved” space it is neeessary to make a dis- 
placement by a vector k correspond to the fol- 
lowing transformation of the bispinor y: 


pod(k)d, d(k)=[(1—k/01 +28)", 


(2.4) 


(2.5) 


where 
R= Ryu 


The relation (2.5) follows from the connection 
between the group of motions in p-space consid- 
ered by us with the rotation group of a certain 
pseudo-Euclidean five-dimensional space. 


3. PRINCIPLES OF THE DIAGRAM TECHNIQUE 


To describe interactions between elementary 
particles, we make use of Feynman’s diagram tech- 
nique,” altered in the spirit of the geometry of p- 
space of constant curvature. We consider the inter- 
action of a Fermi-field with a Bose-field. Let us 
trace the changes in the momentum of the fermion 
along a line (we shall consider both fermion and 
boson lines to be directed). In the usual theory, 
the law of conservation of energy-momentum holds 
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at each vertex of the diagram. If the momentum of 
the fermion is p “before” the absorption of the 
boson, then “after” absorption it becomes equal to 
p +k, where k is the momentum of the absorbed 
boson. In going over to “curved” p-space, it is 
necessary to alter the rule for the addition of mo- 
menta at the vertices of the diagram: ordinary 
geometric addition of momenta is replaced by 
addition in the sense of Eq. (2.3). This rule is 
formulated more exactly in the following manner: 
if at the beginning of the line the fermion had a 
momentum p, then after the vertex of the diagram 
which corresponds to the absorption of a boson of 
momentum k, we must replace p by p(+)k, while 
after a vertex which corresponds to the emission of 
a boson with momentum _ k’, we should replace it by 
p (—)k’. In moving along a fermion line in this 
manner we obtain a unique result for the final mo- 
mentum p’. The sequence of operations required 
for this is determined by the sequence of vertices 
along the fermion line. Figure 2 shows several of 
the simplest diagrams which illustrate the rule of 
addition of momenta. As can be seen in the exam- 
ples of the diagrams of Fig. 2, the relation between 
the values of the energy-momentum vectors of the 
particles before and after scattering is no longer 
universal, but depends on the nature of the scatter- 
ing process. 

Thus we conclude that the introduction into the 
theory of a p-space of constant curvature instead 
of the pseudo-Euclidean space requires the altera- 
tion of the usual form of the law of conservation of 
energy-momentum. In the new scheme the latter is 
only approximate, and is valid in the case when the 
energy and the momentum of the interacting par- 
ticles are small. This follows directly from the 
fact that for small values of energy and momentum 
the new law of addition goes over into the ordinary 
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law of geometric addition of vectors (Sec. 2). 

After the nature of the change in the momenta 
along a fermion line has been established, all the 
Feynman rules for the calculation of matrix ele- 
ments corresponding to a given diagram can be 
directly generalized. The propagation factor 
D(k) corresponds to the boson line with momen- 
tum k, while the propagation factor G(p) cor- 
responds to the fermion line of momentum p. To 
the segment of an internal fermion line with mo- 
mentum p(+)k there corresponds the propagation 
factor 


d™ (k) G (p (+) k)d (R). (3.1) 


The appearance in the expression (3.1) of the ma- 
trix d(k) is associated with the transformation of 
spinors (2.5) under displacements by vector k. 
For the sake of simplicity we set the vertex opera- 
tor IT equal to unity, i.e., we consider the case of 
scalar bosons with scalar coupling. Finally, it is 
necessary to integrate over the volume of the whole 
p -space over the momenta of all the virtual par- 
ticles which are not defined uniquely by the law of 
addition. In carrying out this integration, it is 
necessary to take into account Feynman’s rule for 
going around the poles and to rotate through quad- 
rants the contour of integration over the momen- 
tum components as shown in Fig. 1. 


4. SOME CONSEQUENCES OF NON-COMMUTATIV- 
ITY OF “ADDITION” OF MOMENTA 


We shall illustrate by means of simplest exam- 
ples results due to non-commutativity of “addition” 
of momenta. We first consider a first-order pro- 
cess (diagram a, Fig. 2). It can be easily shown 
that, just as in the usual theory, a free particle 
cannot emit a boson. This follows directly from 
relation (2.4), in which we must set q? =p? =m’, 
kK? = te In going over to the fermion rest system, 


we obtain 


1+ mo =V1—p?. (4.1) 
Obviously Eq. (4.1) cannot hold for positive values 
of the boson energy w. 

As a second example, we consider the scatter- 
ing of a boson by a fermion. This process corre- 
sponds to two second-order diagrams (Fig. Japs) OKC 
which differ in the order of emission and absorp- 
tion of the boson. Whereas in the usual theory 
both these diagrams contribute to the same scat- 
tering process, in our case, because of the non- 
commutativity of the “addition” of momenta, they 
lead to different final states starting from the 
same initial momenta p and k of the colliding 
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particles. In other words, these diagrams de- 
scribe two different scattering processes. For 
the sake of simplicity we write for the boson mass 
&#=0 and establish certain generalizations of the 
well-known Compton formula. By assuming that 
the fermion is at rest in the initial state, while 
the momenta of the quantum before and after 
scattering are respectively equal to k = (k, w) 
and k’ = (k’, w’), we easily obtain, with the aid 
of relations (2.3) and (2.4), expressions for the 
energy of the scattered quantum w’ as a function 
of the energy of the incident quantum w and of 
the scattering angle 9. For the case of the dia- 
gram of Fig. 2c we obtain: 

w, = 2w,/[1 + V1 — 4a? sin? (6/2). (4.2) 
For the case of the diagram of Fig. 2d we have: 

@, = o,/[1 + ww, sin? (6/2)], (4.3) 


where We is the energy of the scattered quantum 
which corresponds to the Compton formula 


We = w/[1 + (w/m) (1 — cos 9)]. 
It is clear that for w or We<1l 
0, YO, = &,. 
However, when w 21 considerable deviations 
from the Compton formula do occur. We consider 


scattering through an angle @ = 90°. When w >m 
we have Wce=m <1. At the same time 


oO, =n, @, = m/(1 + mw/2). 
The “line splitting” arising in this case 
Aow/o, = (@, — @,)/@, = mw/2 


increases proportionally to the energy of the inci- 
dent quantum. 


5. SIMPLEST SELF-ENERGY DIAGRAMS 


Let us consider the expressions for the self- 
energy of the fermion and the boson in second- 
order perturbation theory, corresponding to the 
diagrams of Fig. 3. According to the general 
rules of Sec. 4 we obtain for the self-energy of 
the fermion : 


B(p) = Ez 4 (k) G (7 (—) bd (h) Dh) dQe, (6-1) 


while for the self-energy of the boson we obtain 


I (k) = 25 -\ Sp (G (p) d (k) G (p (—) k) d (A)} dQp. (6.2) 
To estimate the integrals (5.1) and (5.2) it is nec- 
essary to know the explicit form of the propagation 
factors D(k) and G(p). 

However, within the framework of the prelimi- 
nary outline of the theory developed here, we can- 
not determine uniquely the forms of these factors. 
Therefore as an additional hypothesis we set 

D(k) = (1 — #)/(2? —p?), 


G(p) =Vi—p(p— m). (5.3) 

The choice of expressions (5.3) is based, on the 
one hand, on the correspondence principle for small 
values of the momenta and, on the other hand, on 
the special nature of the hypersurface (1.1) which 
plays a fundamental role in the whole theory. We 
particularly emphasize the utterly tentative nature 
of expressions (5.3), the form of which may undergo 
significant changes in a consistent theory. 

Fairly simple calculations yield 
d (k) G (p(—)k)d-¥(k) 

_ VG) — p*) (4 — m) 4 — kp) — (1 —€) (1 + ps 


Te (1 + k®) (4 — p?) — (1 — m2) (4 — kp)? - (5.4) 


Substituting (5.3) and (5.4) into the expressions for 
the self-energy we obtain 
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; 2V1i— p? 
wf (1 — m) (1 — kp) — (1 — &) (1 + p) 4 

x\ [(t — 2) (1 — p®) — (1 — m?) (1 — Rp)? | (hk? — 2?) (1B?) pi 
(5.5) 

2Vi-k 

If (k) = ii 

Y 4 — p?— (1 + m?) (1 — kp) Ape 
X\ 4 
(5.6) 


To evaluate the integrals (5.5) and (5.6) we must 
utilize the procedure indicated at the end of Sec. 3. 
In this way, convergent results are obtained. There 
is no point in carrying out a more detailed analysis 
of the singularities of the foregoing expressions, 
since such an investigation depends on the forms 
of the functions D and G. The most important 
result is the absence of the ultraviolet catastrophe, 
and this result most probably will hold also in a 
consistent theory. 


1B. Klein, Non-Euclidean Geometry (Russian 
transl.) Moscow-Leningrad, 1936. 
2R, P. Feynman, Phys. Rev. 76, 796 (1949). 


Translated by G. Volkoff 
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We have used a new theory of electromagnetic waves in a crystal!’? to evaluate, in the ex- 
citon light absorption region, the amplitudes of the waves occurring in a crystal for a given 
amplitude of the wave incident from the vacuum. We have considered the case of cubic 
crystals. We show that in the frequency region where the refractive index is much less 
than unity the amplitudes of the normal and the longitudinal waves in the crystal are appre- 
ciably larger (by factors of the order of several hundred) than the amplitude of the inci- 
dent wave. The photoionization of impurities is therefore much more intensive in this 
frequency range than in the neighboring regions. This explains the frequently-observed 
sharp maximum of the external and internal photoeffects in the frequency range corre- 
sponding to exciton absorption. We show that there can occur in the crystal waves with 

an amplitude which increases linearly with the penetration depth into the crystal. 


One of the authors has shown in previous 
papers!~4 that if a monochromatic light wave, with 
a frequency which lies within the exciton absorp- 
tion range, is incident upon a crystal from the 
vacuum, several light waves appear in the crys- 
tal, among which strictly longitudinal waves are 
also possible. In particular, four transverse waves 
and one longitudinal wave appear in cubic crystals.” 
The amplitudes of the two anomalous transverse 
waves tend rapidly to zero when the frequency of 
the light moves out of the exciton absorption range 
on the red or the violet side. The remaining two 
transverse waves then go over into the usual waves 
known in optics. As far as the longitudinal wave 

is concerned, its amplitude remains appreciable 
(of the order of the amplitude. of the wave incident 
from the vacuum) in a much wider range of fre- 
quencies and important changes must be introduced 


into the usual electromagnetic optics for this range. 


In the present paper, as in reference 2, we re- 
strict our considerations only to cubic crystals 
and only to those cases where the coefficients of 
the expansion of the exciton energy in powers of 
the absolute magnitude of its wave vector do not 
depend on the direction of that vector (isotropy ). 
In particular, the effective mass of the exciton will 
not depend on the direction of the wave vector. We 
emphasize that for excitons with a longitudinal and 
a transverse polarization (called henceforth longi- 
tudinal and transverse excitons) these expansion 
coefficients will be different. We shall restrict 


ourselves, as was done earlier,” to considering 
the case where the expansion of the exciton energy 
in powers of the absolute magnitude of the wave 
vector does not contain a linear term. 

The aim of the present paper is to estimate 
the amplitudes of all five waves appearing in the 
crystal in relation to the amplitude of the incident 
wave. The equations obtained will be used to deter- 
mine the intensity and the frequency dependence of 
the impurity photoeffect, which will be shown to 
possess a number of peculiarities in the exciton 
absorption region. 


1. AMPLITUDES OF ELECTRICAL FIELD IN- 
TENSITY OF WAVES PRODUCED IN A CUBIC 
CRYSTAL ILLUMINATED BY MONOCHRO- 
MATIC LIGHT 


The amplitudes of the transverse waves (E,, E_) 
and of the longitudinal wave (Ej;) which appear in 
a crystal, and also the amplitude of the wave re- 
flected into the vacuum R can be expressed in 
terms of the amplitude of the wave incident from 
the vacuum A through Eqs. (23) — (29) of refer- 
ence 2. For the purpose of interest to us, we can 
simplify these equations in some limiting cases. 
Below we consider two such cases (we retain the 
notation of reference 2). 

A. The case where the indices of refraction of 
the transverse waves, n, and n_, have absolute 
magnitudes appreciably larger than unity. Let the 
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subscript s denote the component of the ampli- 
tude of the wave in the direction perpendicular to 
the plane of incidence, and subscript p the com- 
ponent in the plane of incidence. If [n, | Sal, 
Eqs. (23), (24), and (25) of reference, 2 can be re- 
written in the following simplified manner: 

s -components: 


By, =u.A,, “Rs = (Ua — 1yAg (1) 
u,=2cosg/(n,—qn_), u_=2cos9/(n_—n,/q), 
= — qu, (2) 


g=(n?—py(ni—p), == (2Mc?/he) (@=- @). (3) 
Here Q is the angle of incidence of the light on the 
crystal, M the effective mass of the transverse 
exciton, c the velocity of light in vacuo, wy = 
©)/fi where ©, is the energy of a transverse ex- 
citon with a zero wave vector, and w the light 
frequency. 

We can write down similarly Eqs. (26) — (29) 
of reference 2 in simplified form. 
p -components: 


Esp —vLA,,- “Rp— (On, + Ui — ly A, ) 
0,=2/(n,—qn_), v_=2/(n_—1N,/9), 
mime (5) 
Ey = — (2sin 9/9) Ap. (6) 
We have assumed that the other absorption bands 
are sufficiently far away from the one considered 
(or have low intensities ), and thus the refractive 
index of the normal transverse waves tends asym- 
ptotically to a constant value V 3, when the light 
frequency moves away from the exciton absorption 
region under consideration. The refractive indices 
of the transverse waves are determined in that 
case by the formulae! 


nh, = (u-+ 9/24 VG—aF +b, m 
b = 8r&Mc?a/h0}, (8) 


where a is a constant proportional to the oscil- 
lator strength of the phototransition of the crystal 
in the exciton state; its exact meaning is explained 
in reference 1. 

If the oscillator strength of the transition re- 
ferred to an elementary cell of the crystal is of 
the order of 0.1, and if we assume that M is of 
the order of the free electron mass, b turns out 
to be of the order of several times ten thousand, 
as shown in reference 2. Correspondingly, |n,.| 
turns out, from Eq. (7), to be of the order of 10 or 
larger. Such a large dispersion does, however, 
not yet mean an intensive absorption. The popular 
point of view, according to which a large disper- 
sion is always combined with an intensive absorp- 
tion, is in general incorrect, as shown in refer- 
ences 2 and 4. 
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The refractive index for the longitudinal waves 
is equal to? 


ni, = (2M'c2/ hwy) (© — o>), (9) 


where M’ is the effective mass of a longitudinal 
exciton, w) =64/h, and Gj is the energy of a 
longitudinal exciton with zero wave vector. The 
connection between Of and Gy is given in Eq. 
(8) of reference 3 and.Eq. (35) of reference 4. 
This connection can be written in the form 


Go— Go = bh09 / 29Mc?. (10) 


using the notation of the present paper. If pw is 
evaluated at the frequency w = wy using Eq. (3), 
we get 


uw (@ = Wy) = 6/9. (11) 


From this it follows that wo is just the frequency 
for which, according to Eq. (7), the refractive in- 
dex of one of the transverse waves (the normal 
wave) is equal to zero. At the frequency w 9 the 
macroscopic dielectric constant of the crystal is 
equal to zero. 

We now proceed to estimate the relative mag- 
nitude of the amplitudes of the waves occurring in 
the crystal. In the case M >0O the denominators 
in the expressions for v, and u, will, according 
to (7), not have a small absolute magnitude in the 
region |n,| >1. Hence, |v,| «<1 and |u,| <1, 
i.e., the amplitudes of both transverse waves are 
appreciably less than the amplitude of the incident 
wave. As far as the longitudinal wave is concerned 
its amplitude is, according to (6), of the order of 
magnitude of the amplitude of the incident wave for 
not too small ~. The longitudinal wave is thus in- 
tense and dominates over the transverse waves. 
When M <0, the longitudinal wave is determined 
in the region |n,| > 1 by the same Eq. (6), and 
has the same amplitude as in the previous case. 
uz and v, are also small, except in the frequency 
region where n, ~n_, i.e., where the denominator 
of ux, or vy tends to zero. ux, and v, become 
then infinite. This anomaly deserves a special 
detailed consideration which shall be given in the 
following section. 

In Figs. 1 —4 are shown the frequency depend- 
ences of |u,|, |v,|, and | Ey) /Ap | in the re- 
gion w * wy evaluated by the exact formulae of 
reference 2. The following values of the param- 
eters were used: hwy =2 ev, 9 =2, M’=M, 
lattice constant equal to 10 Bohr radii of the hy- 
drogen atom, and an oscillator strength of the 
transition equal to 0.1 (referred to the elemen- 
tary cell of the crystal). 

B. The case w & Wo; when the refractive in- 
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FIG. 1. Frequency dependence 
curves: 1) |u,| = |v,|; 2) |u_| = 
lv_|; 3) |E,/A,|- M=m (m is 
the mass of a free electron), b = 
58400, 9 =5°. 
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dex of the normal transverse wave is much less 
than unity. In this frequency range we get |q| «1, 
for M>O and |q|>1 for M<0. On the basis 
of these inequalities we can show that, according 
to Eqs. (23) — (29) of reference 2, the amplitude 
of one of the transverse waves (the anomalous 
wave) becomes negligibly small and all the prop- 
erties of the second transverse wave (the normal 
one) approach the properties that follow from the 
usual electromagnetic crystal optics. The refrac- 
tive index and the amplitude of the normal wave 
will henceforth be denoted by n and E, without 
the subscript +. On the basis .of the above- 
mentioned inequalities, Eqs. (23) — (29) of refer- 
ence 2 can be simplified and written in the follow- 
ing form: 

s -components: 


EB,=waA;, w=2/(i+ V n? — sin? ¢/cos 4], (12) 


sing =n! sing, cosd=V1l—nsin?g. (13) 


Here y is the angle of refraction of the normal 
wave. 
p -components: 


E,==vA,, v0 =2coso/[V1—n sin’ ¢ + neose 
+ sinto /nV o2n? — sin’¢], (14) 
E, = E,sing/nV 1 —sin®9/ an’. (15) 


CG Hila GCI ai = 40 1 E28 
FIG. 3. Frequency dependence curves: 1) |u,| ~ lvl 

2) feels [volyes) |E,/A,I . M=-m, b =-58400, 9 =5°. 

The region of complex values of n’ lies between the dotted 


straight lines. 


FIG. 2. Frequency dependence 
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Here 


a2 =n} / 1 = (Map / May) 6/9”. (16) 


To obtain the right hand side of Eqs. (16), we ex- 
panded nj and n? ina power series in w—wy 
and limited ourselves to the first terms of the ex- 
pansion, since we were considering the region 

w > wo. 

In Eq. (14) we can always neglect sin’ y com- 
pared to a’n* in Va’n?-sin?y since a isa 
very large quantity; we have, for instance a? 
b/s? in the case when M’w/Muw 4? ~ 1. In the 
numerical example considered above, a? was 
of the order of several thousands. Thus, even 
when the real part of n? goes through zero, 
| a*n?| will in practice always be larger than 
sin? y, since the imaginary part of n” is then 
different from zero. The second of Eqs. (14) can 
therefore simplified to 


~ 
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FIG. 4. Frequency dependence curves: 1) |u,|; 2) |u_l; 
i ° 
3) [vals 4) (vil¥ 5) |E,/A,| . M==m, b =—58400, 9 = 45°. 
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v = 2coso/[V1—n?@sin?o + ncosp+sin?g/n’a]. (17) 


We now go over to an estimate of the relative 
magnitude of the amplitudes of the waves occur- 
ring in the crystal. According to Eq. (12), u at- 
tains its largest absolute magnitude, u = 2, at the 
frequency for which n=sin g. In that point Eg 
is twice the amplitude of the incident wave Ag 
(assuming that y ~ $7). From (17) it follows, 
for the p-components, that if n >sin g we can 
neglect the last term in the denominator of ex- 
pression (17), after which it is clear that v is 
a monotonically decreasing function of n and 
thus also of w. v attains its largest value at the 
frequency for which n=sin gy. This value is 


[U]n=sing = 2cos¢/(singcosp + 1/«). (18) 


We have retained here also the third term in the 
denominator of Eq. (17), since sin g can be very 
small. The quantity (18) has a very sharp maxi- 
mum as a function of g atthe point g =0: when 
g=0, [V]n=sing = 2, i.e., it can take on a value 
of the order of 10%. This means that the amplitude 
of the normal transverse wave in a crystal can be 
larger than the amplitude of the incident wave by 
a factor of the order of a hundred. When 9g is of 
the order of 5 or 6 degrees, the magnitude of 
[Vv ]n=sin falls to 20 and varies further as 2/sing 
with increasing gy (one must bear in mind that fol- 
lowing a change in g one must change here the 
frequency, to keep the condition n=sin g satis- 
fied). 

In the region w < wj, when n?<0, |v| goes 
through a maximum at a frequency determined by 


the condition tan g = —n?. The maximum value of 


|v| is then equal to 2 cos g/V1+2sing cosg , 
i.e., it does not exceed two. The amplitude of the 
transverse wave in the crystal can thus not exceed 
appreciably the amplitude of the incident wave in 
this frequency range. 

Figure 5 shows the frequency dependences of 
the absolute magnitudes of the coefficients u 
(curve 1) and v (curve 2) for angles of incidence 
gy =95° and g = 45°; evaluated by the exact for- 
mulae of reference 2 [the values of the param- 
eters are the same as for Figs. 1—4 (see case A)]. 

The amplitude of the longitudinal wave in the 
frequency range w * wy can be estimated using 
Eq. (15), which can be written in simplified form: 


Ey = 2a tBpsio. (19) 


From this it is clear that if |n| ~ sing the am- 
plitude of the longitudinal wave is of the same order 
of magnitude as the amplitude of the transverse 
wave considered above, i.e., it can exceed by-a 
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factor of the order of a hundred the amplitude of 
the incident wave. Butif |n|< sing, the am- 
plitude of the longitudinal wave is larger than the 
normal transverse wave. Figure 5 (curve 3) shows 
the frequency dependence of | E| /Ap |. As is clear 
from the figure the peaks of thecurves for | Ey /Ap | 
and |v| coincide approximately both in height and 
in their position along the frequency scale. 

We must emphasize that the estimates given 
are made assuming that the absorption is so small 
that we can neglect the imaginary part of nowedn 
selected frequency intervals, however, it turns out 
that even a small imaginary part of n? plays an 
essential role. The condition n=sin g, for in- 
stance, used above, cannot even approximately be 
satisfied in the case g —0 if n possesses an 
imaginary part. (The fact is that the imaginary part 
of n? does, generally speaking, not vanish at the fre- 
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FIG, 5. Frequency dependence of |u| (curve 1), |v| (curve 
2), and |E,/A,| (curve 3) in the region w = @%: a for 9 =5°, 
and b for @ = 45°. In the point w = @% the quantities |v| and 
IE, /A,| tend to infinity; it is difficult to depict the corres- 
ponding delta-function curves in the figures and they are there- 
fore not given. Curve 4 in Fig. 5a is the function |v| in the 
neighborhood of the additional maximum at n? =—tan ® (differ- 
ent scale). 
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quency at which the real part of n? vanishes.) This 
causes in fact a deformation of the curves of Fig. 
5: the peaks are lowered and their position along 
the frequency scale is determined approximately 
by the condition that |1—n7*sin?y| be a mini- 
mum. Moreover, in the region w = wo the con- 
dition n=0 will be violated if account is taken 
of the fact that the imaginary part of n is differ- 
ent from zero. In that point |v| does therefore 
not attain, strictly speaking, an infinite value. 
One can take these changes explicitly into account 
only if the frequency dependence of the absorption 
coefficients of the normal and the longitudinal 
waves are known. 

In case A, when the amplitudes of the four 
transverse waves have the same order of mag- 
nitude, the results obtained above differ appreci- 
ably from the results of the usual crystal optics. 
In case B, however, it turns out that the normal 
transverse wave possesses almost the same prop- 
erties as follow from the usual crystal optics, 
since the amplitude of the anomalous transverse 
wave is very small. Equation (12) is thus, for 
instance, exactly the same as the corresponding 
usual Fresnel equation, and Eq. (17) goes over 
into the usual Fresnel equation if we neglect the 
last term in the denominator. The amplitude of 
the transverse wave in the crystal has thus, as 
in the usual crystal optics, a sharp maximum as 
function of the frequency at the frequency for 
which the condition n=sin@ is satisfied. One 
can easily understand this by considering that 
under the condition mentioned the angle of re- 
fraction is equal to 90°, i.e., the refracted light 
goes along the crystal surface. The ratio of the 
cross section of the light beam in the crystal to 
the cross section of the corresponding light beam 
in vacuo is then equal to zero. Hence, even though 
Ep is large, the energy flux in the crystal, inte- 
grated over the cross section, may anyhow be 
small. All the same, however, such a wave 
propagating under the crystal surface itself, 
and possessing a large amplitude, can cause an 
intensive external photoeffect and also a surface 
internal photoeffect. 

As to longitudinal waves in crystals, they do 
not arise, generally speaking, in the usual crystal 
optics, and are the consequence of the new bound- 
ary conditions formulated in references 1 and 2. 
We must emphasize that these boundary conditions 
do not go over into the boundary conditions of the 
usual crystal optics, not even in the limiting case 
of very long waves, when one may neglect the ef- 
fects of the spatial dispersion in the volume equa- 
tions. Under the condition n= sin g the ampli- 


tude of the longitudinal wave has also a steep max- 
imum as a function of the frequency and can exceed 
the amplitude of the incident wave by a factor of 
the order of a hundred. But the angle of refraction 
y| is smaller by the same factor: 


singdy =sing/n, =sing/an=1/a. 


The cross section of the light beam in the crystal 
is therefore not small; there is no energy flux into 
the crystal because there is no magnetic field in 
the longitudinal wave.!*! This wave is, however, 
able to cause an intensive internal or external 
photoeffect. 

A non-zero energy flux into the crystal, due to 
the expenditure of energy on photoionization can 
be obtained in the next approximation, by intro- 
ducing a weak absorption of the waves in the 
crystal. 


2. THE CASE OF TWO WAVES OF THE SAME 
POLARIZATION WITH THE SAME REFRAC- 
TIVE INDEX 


In the following we consider the case where the 
dispersion follows the curve of Fig. 6, i.e., where 
w has an extremum as a function of n?. Equa- 
tions (20) — (22) which follow refer not only to 
crystals, but also to any dielectric medium with 
a dispersion of the kind shown in Fig. 6 (for in- 
stance, to a plasma in a magnetic field). Such a 
dispersion occurs, for instance, when the refrac- 
tive index is expressed by Eq. (7) with negative b. 
In particular, if we are dealing with excitons, this 
case corresponds to M<0. At the point B (Fig. 6) 
we have n2 =n?. The two solutions, which have 
the form of plane waves with refractive indices 
n, and n_ and which are usually linearly inde- 
pendent, are thus identical at the point B and are, 
therefore, only one solution. The second linearly 
independent solution is obtained in that case, as 
is well known, by differentiating the first solution 
with respect to the parameter n. If we write the 
first solution in the form exp {i(w/c)n(s, r)} 
and take it into account that at the boundary be- 
tween the medium under consideration and the 
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vacuum (the plane z = 0) the relations 
NS» = Sox, NSy = Soy (20) 


must be satisfied by virtue of the usual boundary 
conditions (8) is a unit vector in the direction of 
the propagation of the incident wave in the vacuum, 
which is independent of n), the second linearly- 
independent solution is of the form 


zexp{i--n(s,r)}. (21) 


The solution (21) is thus a wave whose amplitude 
increases linearly with the distance z from the 
surface of the medium. 

Both solutions are waves with a zero group 
velocity. This follows from the fact that k = wn/c 
and the reciprocal of the group velocity is 

4 dk n 


o dn 
ue ee ee (22) 


since the derivative dn/dw =~ in the point B, 
because w, asa function of n?, possesses an 
extremum at that point. The energy flux into the 
medium is therefore equal to zero. 

The amplitudes of both waves mentioned above 
can be related to the amplitude of the wave inci- 
dent from the vacuum if the appropriate boundary 
conditions are known. Turning from the general 
case to the case of light waves in a crystal near 
the exciton absorption band, we can again use 
Eqs. (23) to (29) of reference 2. From these equa- 
tions we get u, —--—u_—o and v,—-v_—-o 
if n, —n_. If, however, we write down the total 
field of the +wave and the — wave, we get an in- 
determinate expression of the kind ~— ©, Writ- 
ing it out explicitly under the assumption that 
n, —n_, and taking it into account that the quan- 
tities 


gS aa IPSSe "Spates RES 2p = Se pi. Soe (eo) 


are independent of n,, we get the following re- 
sults: 
For the s -components: 


2ncos b + (iw /c) (n?—p) z 
cos } (cose + ncosy) + n%?—p 


E.(r, t) = 2cos ox 


x A;exp livo [= (s,r)— t} j 
sind =sino/n; (24) 
where n is the value of the refractive index for 


the frequency for which n, and n_ are the same. 
For the p-components: 


Eg ty = 2A, us exp {itn (s, r)| ; 


O 
Beto s 2Ay exp (i - n(s, r)} : (25) 
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where 
2 
Qx = cos [2n + ==" tan?d —"—* tand tan(p—$r) 
+ regi? —w)] 


Q.= —sing[9n—"—=# —"—¥tang tan(p — $1) 


1 Oz 2 
cae 
ae bsin py tan 
R=2n Coe + 3? — w+ an cos cos (b — py ) 
, n?— psin btanh 
n cos © 
ne 7 Bee ! n)tand tan(? — $4): 
n COs @ 
sin} oa ee 


The solution (25), (26) is the linear combination of 
the usual wave, of the type exp {i(w/c)n(s, r)}, 
with a wave (21) satisfying the boundary conditions 
formulated in references 1 and 2. 

We must emphasize that the solution (25), (26) 
is a wave which is not transverse. All the same, 
we can verify that for this solution, too, div E = 0, 
as should be the case in cubic crystals. Equations 
(24) — (26) can be simplified if n? > 1. We then 
get cos~*1, pw © 2n? and Eq. (24) takes on the 
following form: 

S -components: 


Es (t,t) = 2cosp pel 
xX As exp {io [= (s, r) = || ; (27) 


Equations (25) reduce approximately to the fol- 
lowing ones: 
p -components: 


(28) 


These formulae show that (if cos@ is approxi- 
mately of order unity) the amplitude of the wave 
in the crystal exceeds the amplitude of the inci- 
dent wave by a factor (4m/X)z, where A is the 
wavelength of the light in the vacuum. 


Eps (Tat) = 2C0s 6 


Epz(r, t) = 0. 


3. FREQUENCY DEPENDENCE OF THE IMPUR- 
ITY PHOTOEFFECT IN THE EXCITON AB- 
SORPTION REGION 


It has been established in several experimental 
papers that both for the internal and for the exter- 
nal impurity photoeffect the frequency dependence 
of the photocurrent has a maximum in the frequency 
range corresponding to the exciton absorption of 
light in the crystal. In this way, for instance, 
Zhuze and Ryvkin° were the first to discover in 
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cuprous oxide a maximum in the frequency de- 
pendence of the photoconductivity at the same 
frequencies at which Gross and collaborators® 
detected exciton absorption in cuprous oxide. The 
frequency dependence of the external impurity 
photoeffect also often shows a maximum at the 
frequencies corresponding to the exciton absorp- 
tion of light. This was shown experimentally by 
Apker and Taft’ for KI and RbI films in which 

F -centers played the role of impurities, and by 
Borzyak® for a cesium-antimony photocathode. 
Later similar maxima were detected by Taft and 
Philipp? in the spectral distribution of the external 
photoeffect in a number of other alkali halide films 
and in single crystals of KI, and also by Philipp!” 
in BaO. In all these cases the intensity of the 
photoeffect was proportional to the impurity con- 
centration, indicating the impurity character of 
the photoeffect. In the experiments of Apker and 
Taft the proportionality of the photocurrent to the 
intensity of the incident light was also noted. 

One usually explains the connection between the 
photoeffect and the exciton absorption of the light 
(position of the photoeffect maximum in the exciton 
absorption region) as follows. It is assumed that 
the direct influence of the light on the electrons of 
the impurity centers is not very great, because of 
the small impurity concentration. In the exciton 
absorption region, however, the light creates in 
the crystal, a large number of excitons, which 
diffuse and collide with and ionize the impurity 
centers. The energy of light spent on the ioniza- 
tion of the impurity centers is thus not determined 
by the impurity absorption, which is small, but by 
the intrinsic absorption. 

The exciton photoeffect mechanism described 
here is perfectly feasible and is, perhaps, in some 
cases the dominant one. There is, however, an- 
other possible explanation of the photoeffect, to 
which we wish to call attention. This explanation 
assumes normal photoionization of the impurity 
centers directly by the electrical field of the light 
wave. It is well known that the probability of such 
an ionization, per unit intensity of the light inci- 
dent from the vacuum, is equal to 


w= C()|E?/|AP, (29) 


where E is the amplitude of the electrical field of 
the light wave in the crystal, and C(w) a coefficient 
of proportionality independent of the field of the 
light wave and determined by the properties of 

the impurity center and the crystal. C(w) isa 
smooth function of the light frequency w. As far 
as |E|/|A| is concerned, however, this ratio has 
a sharp maximum as a function of w in the exci- 


ton absorption region, as was shown in the preced- 
ing sections. In the frequency region w ¥ wo, for 
instance, we thus have from Eqs. (17) — (19) that 
|v| and |E,/A| can attain values of the order 
of one hundred (for small angles of incidence ¢). 
The dependence of |v| and |E,/A| on the fre- 
quency is shown in Fig. 5. For w *® wy, the 
probability for photoionization can thus, accord- 
ing to (29), be larger by a factor 104 than in the 
neighboring frequency regions. A similar peak 

in the frequency dependence can also occur for 

the photoconductivity and the external photocur- 
rent, since they are proportional to w while the 
coefficient of proportionality is like C(w), a 
smooth function of w. 

We must emphasize that such a high photoeffect 
peak is obtained in the exciton absorption region 
precisely because n? ~ 0 in the region w * w». 
This however, is not always realized, but only 
when the following conditions are fulfilled: a) The 
oscillator strength for the phototransition in the 
exciton state must not be very small, so as to 
make the constant b in Eq. (7) large. This in- 
sures the vanishing of n2 or n* in the frequency 
range w=, which lies outside the region of 
strong absorption of light. b) The violet side of 
the band under consideration must have no inten- 
sive absorption bands, the presence of which can 
lead to such deviations from Eq. (7), that neither 
n2 nor n2 vanish. c) In the region w © wy the 
light in the crystal must be absorbed only very 
weakly (at the same time, the absorption back- 
ground must also be weak), so that n? is almost 
real. Otherwise the condition n=sin g, which 
is necessary in order that the quantity (17) take 
on the particularly large value (18), will not be 
satisfied even approximately. If these three con- 
ditions are not realized, the photoeffect peak will 
be appreciably lower. 

We note that our explanation of the photoeffect 
peak in the region of the exciton absorption is es- 
sentially different from the explanation based upon 
the mechanism of a photocreation of excitons, their 
diffusion and the subsequent transfer of their en- 
ergy to the electrons of the impurity centers. The: 
present explanation requires neither the absorp- 
tion of light in general nor the formation of real 
excitons. If the latter do appear, it is only as an 
accompanying phenomenon, which is not used for 
the explanation. The whole effect is caused only 
by a large dispersion (connected with the forma- 
tion of virtual excitons ) which causes n? to take 
on the value zero. It turns out in this case that 
even the boundary conditions at the surface of the 
crystal lead to such relations between the ampli- 
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tudes of the incident wave and the waves occurring 
in the crystal, as to cause | Ep /A| and |E,/A| 
to have a steep maximum as functions of the fre- 
quency w. 

The value n?=0 asa result of a large disper- 
sion can be realized not only near the exciton ab- 
sorption band, but also near other bands, for in- 
stance, the impurity absorption band. In that case 
|Ep/A| will also have a sharp maximum as a 
function of the frequency which leads to a corre- 
sponding peak in the photoeffect. The longitudinal 
wave, however, will not occur then, since its ap- 
pearance is caused by the special boundary con- 
ditions'*? (P =0 at the crystal surface) which 
occur near the exciton absorption band, but not 
near the impurity absorption band. 

The probability for the photoionization of an 
impurity center is determined by the total elec- 
trical field at the point where the center is situ- 
ated. We must thus take E in Eq. (29) to mean 
the amplitude of the vector sum of the electrical 
fields of all waves occurring in the crystal. 

When n=sin ¢ the angle of refraction of the 
transverse wave ~= 90°. This wave does there- 
fore not penetrate into the crystal but is propa- 
gated along its surface, causing an external photo- 
effect and an internal surface photoeffect. Photo- 
ionization inside the crystal, however, can be 
caused only by the longitudinal wave, the ampli- 
tude of which has a peak of the same height as 
the transverse wave and the angle of refraction 
of which, 7%, is determined by the condition 
sin ~ = sin y/on. In the case n* =n? (this is 
possible only for a negative effective exciton mass 
and only for a well defined value of the frequency 
w) a wave occurs with an amplitude which in- 
creases from the surface into the crystal according 
to Eqs. (24) — (26). If we assume that absorption 
is weak and that the complex refractive index is 
of the form n=n’+ik, K <n’, where n’ and k 
are real, the wave of Eq. (21) will have an ampli- 
tude that depends on z, its depth of penetration 
into the crystal, according to the law 

zexp {— OY eal 
c cosy J 

This amplitude has a maximum at z=c cos #/wk. 
The probability for ionization of an impurity will 
thus change with z as the square of the amplitude 
(30). Therefore, when a thin plane-parallel crystal 
plate is illuminated, the intensity of the external 
photoeffect will turn out to be less at the illumi- 
nated side of the plate than at the back side. 

An experimental verification of the theory given 
here would be a quantitative agreement between the 
formulae obtained and experiment. In particular, 
the theory predicts the appearance of a peak in the 
photoeffect only then when the refractive index be- 


(30) 
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comes much less than unity. Moreover, Eqs. (17) 
and (18) predict a definite dependence of the peak 
height on y. The peak height must also depend 
essentially on the polarization of the incident light, 
since for p-components the ratio | Ep /Ap | can 
be very large (of the order of a hundred), and a 
longitudinal wave with the same peak in amplitude 
occurs as well, while for the s-component | Eg/Ag| 
does not exceed two and no longitudinal wave ap- 
pears. For the s-component the peak in the photo- 
current can thus not be large in the exciton absorp- 
tion region. 

In conclusion we note that the present idea of 
the explanation of the photoeffect peak in the re- 
gion of exciton absorption of light was first pro- 
posed by one of the authors at the First All-Union 
Conference on Photoelectrical and Optical Phe- 
nomena in Semiconductors (Kiev, 1957). 

The authors express their gratitude to I.G. Zas- 
lavskaya for performing the numerical calculations. 
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The differential scattering cross section and the change of electron polarization are calcu- 
lated for the elastic scattering of polarized electrons on polarized deuterons. 


INTRODUCTION 


is we look at the electron-nucleon interaction, to 
first order in the electromagnetic field but taking 
into account all mesonic-radiation corrections, 
the nucleon structure is given by two material 
form factors a(q?) and b (q?) (see for example 
the work of Akhiezer, Rozentsveig, and Shmushke- 
vich'!). Here q? = (D1 —Pe )?, where Pp; and py, 
are the four-momenta of the electron before and 
after scattering, a(q?) characterizes the charge 


distribution, and b(q?) the distribution of the anom- 


alous nuclear magnetic moment. 

In the static limit (q?—0) we have ap =1 
and bp =p for the proton, and an =0 and 
bn =n for the neutron, where pp and pn are 
the anomalous magnetic moments of the proton 
and the neutron. 

Experiments on the elastic scattering of elec- 
trons on deuterons**? permit the possible deter- 
mination of the neutron form factor. Both the 
nucleon form factors and the form factor of the 
deuteron as a whole enter into the formula for 
the electron-deuteron differential cross section. 
Therefore, experiments with polarized particles, 
some of which are considered in the present work, 
are useful in determining these quantities. 


4 


DIFFERENTIAL ELASTIC SCATTERING CROSS 
SECTION 


The matrix element for the electron-nucleon 
interaction has the following form:! 


Vis = (U.VU1) Sus 


4 2 A — 
Tea) tet Sy ed ku =e Uatwts)- 1) 


Capital letters indicate quantities related to the 
nucleon, while lower-case letters refer to the 
electron; M is the nucleon mass. In the nonrela- 
tivistic approximation, which will be applied later 


to the deuteron, we have 
Vie = 2(Rigat+ Rela, Re=a, 
R = — (i/2M) {a(P; + P,) —i (a+ 6) [qxe]}; (2) 
v is a two-component spinor, and P, and Py, are 
the initial and final nucleon momenta. 


As applied to the bound nucleon, we can write 
instead of (2) 


Vis ad \ WV dude, (3) 


V = gyac'sr — (g 2M) {a {Vel + e's] 


—i(a+ b)([Vx 6] ef — ea [Vxg])}. (4) 


Corresponding to this, the matrix element for 
electron-deuteron scattering is written 


Vi \ Ye; (Vp + Val Vidtpdtn. (5) 


Here Wj and Wf are the deuteron wave functions 
before and after the collision, and Vp and Vy 
are determined by Eq. (4), where the form factors 
a and b correspond respectively to the proton 
and neutron. Writing the matrix element in the 
form (5) actually corresponds to using the impulse 
approximation for the deuteron. For elastic 
electron-deuteron scattering we get with the help 
of (5) 


Vie a Xs S Pee (6) 
Here yj and yf¢ are deuteron spin functions, 


S=A+B(s,4+ %)/2, 


/ ; \ 4 
A = 1G (g4— oT gq) aM I,g, B = Is [qx g]; 
1, = \ (ape + ane) | a, 


— 
nw 


a= gaz \Uap + bp) e+ (dn + bn) e~"] | gal@dr (7) 


4 
2M 


370 


r is the Yelative coordinate of the nucleons, 0; 
and 0, are proton and neutron spin operators, 
and gq is the deuteron coordinate wave function. 
The D-wave admixture in the deuteron ground 
state is neglected. 

We look at the general case for the scattering 
of polarized electrons on polarized deuterons. The 
initial state is described by the density matrix po, 
represented as the direct product of the electron 
and neutron density matrices 


Po = Pe X Pads 
Pe = */o (1 + itsts) n (px), 
Pa = + [1 + 4 a0) + 0 (0, + 6) + Bim (Siam + 52i91m)] - 


is the positive energy state projection operator. 
The four-component vector fu = (¢, €,) describes 
the electron polarization. In the rest system ¢, = 
(¢°, 0), and in an arbitrary system 


CH=Ute/m)h, Ce = i (pO)/m, 


where oe and cf are the transverse and longi- 
tudinal components of the vector ¢°, p is the 
momentum; e¢ the energy, m the electron mass; 
@ and Bjm describe the deuteron polarization, 
where Sp Bim = Bij = 9. The term “polarization” 
in the present case includes that process usually 
called “alignment.” 

The following expression is obtained for the 
differential cross section* 


dco 4 / er \2 
doe, 4 oe 
Here ¥ is the scattering angle, é = «,/M. Carry- 


ing out the summation on the electron and nucleon 
spin indices, we get 


Sp {yn (p2) SpoS'} 
ef sint (9 / 2) (1 + E sin? (9 /2)) 


(8) 


Sp {1 (pe) SoS} = | I, |]? cos? = 2256 BE qi + sin?) 


ED, 
=F Bim [(PrPam — P2iPim) cos” zy 


/ : 9 
— PimPu (1 + sin’ 5 


Esin? ) 
— PaiPem (1 + sin? 5 yk oan z)|} 


+ gt (i) fal? (eq) [61g — i (e — 22) (Ea) 


— 21,13 [(#$) q° — (aq) (Gq)]}- (9) 


In the computations it is everywhere assumed 
that €;>>m and #> m/e. The final expression 
for the differential cross section is conveniently 
written with the following choice of axes: 


*The factor e*/q has been removed from S. 
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k=p./|pil, 1 =[Pixpe]/|[PixP2l |, 1 = [kxn). 
We get 
ds /dQ = (ds /dQ),(1—N/N,), (10) 
where 
Ng = (4p + Qn)” ; q “oe a - a cos? ay) 
N oc eas gun Ne ~{(@k) tan. E q? (2 —ésin® >) 


x| 2 (al) +- (wk) (2 + 2) tan 3 5 | 


_ 2Me2 sind (a, + Qn) 
ae Ce cae oye by ae le), 


[2 (ck) — (a al) tan (2- +8)|| 


eo 


2 ~Ae2 u Has aac a Sr ore cea ws 
ae Q°Pim R:Rm (COS i alte tan ay ¢ Sin 5) 


v : 9 
4 dn (1 + sin? —€sint >) 


+ Ucn sin? + tan + (2 + Ecos 9) |} (11) 


The scattering cross section for unpolarized 
particles is 


is fe Hate ) f2.No cos? (9/ 2) 
¢7 sin? 


é Z - WZ 
(aa), 4 \ 4m (9/2) (1 + & sin? (9 / 2)) ie 


The deuteron form factor is 


fg be \ | fa Pefar/2 dr = \ UP? ie (qr, 2) Oe 


0 


where jp is the spherical Bessel function. 
ticular. it 


Gq = V>/ DECANE. 


In par- 


then fg = (47/q) tan! (q/4y). 


Formula (12) coincides with the expression given 
by Jankus.4 

The following circumstance is essential: the 
ratio of the scattering cross sections for polarized 
and unpolarized particles does not depend on the 
deuteron form factor. It is evident from formula 
(11) that, in the approximation used, the differen- 
tial cross section does not depend on the trans- 
verse component of the polarization of the elec- 
trons. It is interesting to note the following: if the 
cross section does not depend on the proton polar- 
ization in the scattering of unpolarized electrons 
by protons, then in the present case the influence 
of the deuteron polarization shows up even for the 
scattering of unpolarized electrons, and the prob- 
lem has azimuthal symmetry. 


THE CHANGE IN ELECTRON POLARIZATION 


The basic expression for the final polarization 
of the electrons &» in the scattering of electrons 
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with polarization ¢, from polarized deuterons 
has the following form: 


C, = Else!) Sp rayon (pa) SpoS*n! (p2)} 
: Sp {a (p2) SpoS*} 
The method of computation is exactly the same 


as for deriving the differential cross section. We 
set down the result: 


(13) 


C =k[Cy, ( k) + Ci, (Gin) + Cys (Gi 1) + Diy (ak) + Djs (a1)] 
+ m[Coo (Sim) + Cos (Ci1)] + 1 [Cor (Gtk) + Coo (Cin) 
+ C3 (Gil) + Ds (ak) + Dg (a1)]. (14) 


The coefficients in formula (14) have the following 
meaning: 


cos 9 


2 
Cu= N,—N {(ap 4 Gn)” 4 an (@p + An + bp + b,)? 


2 Be AN 
— Bim [kikm (cos? + + tan? = + Esint 5) 
+ lilm (1 + sin? + — sin >) 


blk tans sin? > x (2 + Ecos {I}. 


1 2 male 
Coy = Noo {(@, + Gn)? + ae (Ap + An + bp + bn)? E 
ane [een (1 + tan? 5 + sin? — tsin*3) 
— [km tan = sin? a2 + Ecos 9) 
ALP (cos* + 2tan® oe £sin* = i} “i 
q? (4, + a, + 5, + 6,)? tan (9 /2)8;, 
Cog = 4M? (No — N) 
\ be 
x4 ibm tan, = (2 + cos? = )— Rittn (2 eS esis >) , 
Stan(o / 2 +a, + 6, + 5,) ; 
Dy my ES ( ke ¥) Pp ds {e2 sin 9 (ap ai Gn) 
9, Gatien oo aoe Fest ANG 
cos Stan (9 / 2) (a, + a, + bp + by) 
Dire SS SS SS Se eV 0 


M (No— N) 


x \e, sin® 5 (2 + &) (ap + an) 


b, + 6,) q Sgro 
atetety Cason), 


Con = —C,, tan %, 
Dig. == — D,, tan 3, 


Cre —— (Cox sin 9, 
(Obe cae (Om cos a, 


Ga a — Co sin 3, 
Coo = — Cyg Cos 9, 


Db, =D, tan 9: 


It is obvious from these expressions that the final 
electron polarization does not depend on the deu- 
teron form factor. It is more convenient to rep- 
resent the final polarization in the coordinate sys- 
tem connected with the scattered electron: 


Co =bPo/ Po, Gh=Gn; Ch = (C[poxtl) / Por 


€] is the longitudinal component, th the trans - 
verse component perpendicular to the plane of the 
reaction, and oe the transverse component lying 
in the plane of the reaction. For the incident 
electron C= ¢,k; f= Cimand Gaaint. 

In terms of these the result is written 


Gor = [Cults + Diy (wk) + Dy3 (al)] /cos 9, 
CH = = (Cac ar OPGrs)| /sin®, 
Cot me = fence = (Ope ae | ]/sin >. 


It is evident that the longitudinal and transverse 
components of the polarization change independ- 
ently of each other during the scattering. 

If the deuteron is not polarized at first, we get 


n= = Gs 

col coll [ PUG + Oy + Oy iol | 
Sadie SMPN 
col COL [1 @? (4p + Oy + bp + by)®tant(/ 2) | 
ot z SVEN i 


In this case the longitudinal component of the elec- 
tron polarization does not change during the scat- 
tering, but both transverse components change in 
the same way. This statement is true also for the 
scattering of electrons on unpolarized protons, as 
follows from the formulas obtained before.° 

If the electrons are initially unpolarized, we 
have 


31 = [Dy (ak) + Dis (al)] /cos$, Oe = cD er 


The electrons appear longitudinally polarized. 
Other polarization effects may be interesting, for 
example, those arising in inelastic electron-deu- 
teron scattering, which effects are now being cal- 
culated. 

The author is grateful to I. M. Shmushkevich 
for his constant interest in the work. 
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The energy lost by a particle that passes through a layer of matter of finite thickness is 
computed. It is found that at high energies the particle losses due to passage through the 
interface between two media (transition radiation) can become important. 


Tue energy lost by a particle (per unit path 
length) is usually computed under the assumption 
that the particle moves in an unbounded uniform 
medium (cf., for example, reference 1). In the 
present paper we calculate the energy lost by a 
particle in traversing a layer of finite thickness. 
As has been shown by Ginzburg and Frank,” when 
a charged particle passes from one medium into 
another a readjustment must take place in the 
field associated with the particle; as a result part 
of the field is “shaken off.” This effect is the so- 
called transition radiation. It is of interest to 
consider the total energy lost by a particle in 
passing through the boundary separating two 
media. 

Before solving this problem for finite slabs 
we consider the case in which the particle moves 
from one semi-infinite medium into another. The 
particle losses are computed by the method de- 
veloped by Landau (cf. reference 1). The fields 
produced by the charged particle in cases of this 
kind have been given earlier.>*4 


1. CASE OF A SINGLE BOUNDARY DIVIDING 
TWO MEDIA 


Suppose that the particle moves along the z 
axis with velocity v and goes from one medium 
into another [with dielectric permittivities «,(w) 
and €,(w) respectively]; the plane z=0 is 
taken as the plane of separation between these 
media. The fields in both half-spaces will con- 
sist of two parts: one is the same as the field 
associated with a charge which moves in an in- 
finite uniform medium while the other is the ra 
diation field. We write the expressions for the 
Fourier components of the longitudinal (in the 
direction of motion of the particle) radiation 
fields in the first and second media: 
| poe. (1) 


k? — Wo / c? 


x? € / €; —VAg/ 


kh? — we, / c? 


Ein (k) = = 


27? yd + e1A2 
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et re 
~ Qn? egdy + 1A 


1 + vA, /o \ ~ pe (2) 


la — we, /c? | R2 — weg / Cc? 


Eon (kK) 


Here, in contrast with the expressions given ear- 
lier? the real and imaginary parts of A, and A, 
are taken as positive (Aj,2 = we;,./c?—k’). 

As in all problems of this type we assume that 
the energy lost by the particle is small compared 
with the kinetic energy so that the velocity remains 
constant. 

To calculate effects due to interactions over 
distances much larger than interatomic distances 
(in which case a macroscopic analysis can be 
used) it is sufficient to compute the work done 
on the particle by its field. The work done by 
the first part of the field is similar to that com- 
puted in reference 1. We compute the work asso- 
ciated with the fields given by Eqs. (1) and (2). 

In this case it is more pertinent to consider the 
total work done in each medium rather than the 
work done per unit length of path. 

First we calculate the work done by the Fourier 
field component in Eq. (2): 

Fy \ dt \ Bon (k) ef 02-0) t dk = 5. (FY) — FP), (8) 


0 


where 
Gye le eee (4 + vdAq /@) (Agu + o) 4. 
Py \ E2Ay + €yr2 (Rk? — wey / C?) (k? — wre, / Cc?) dw, ( ) 
Ope er x3 dx (€1 / €g + YA] /) (AQv + ©) 
fs \=x + €)A9 (k% — wse / 2)? cD @) 


From these expressions it is apparent that by com- 
puting the integral 


and then letting ¢«,/e,—1 (in the places denoted 
by the square brackets) and «3; — €;, Wwe Can ob- 
tain F$); then, by taking the limiting case €3 — 


€2, we obtain FJ). In Eqs. (4) — (6) the integration 
over k is carried out from zero to some value kp, 


x3 dy ([é1 / €2] + var / @) (Agu + @) 
ghz + EyAq (k® — wes / c?) (k2 — we / €?) 


al 


dw, (6) 
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corresponding to the minimum distance from the 
particle trajectory at which the macroscopic anal- 
ysis is still valid. 


First we carry out the integration over w from 
—0 to +. For this purpose we close the path of 


integration by a half-circle in the upper half of the 
plane. Since the integral along this half-circle 
vanishes the expression being sought will be equal 
to the sum of the residues in the upper half of the 
plane. The residues are taken at the zeros of the 
functions (k*-we,/c?) and (k*—w%e3/c2). In 
the upper half of the plane these functions have 
one zero, at the imaginary axis (cf. reference 1).* 
Then, we integrate with respect to w(k) instead 
of x (cf. reference 1). For an ultrarelativistic 
particle the limits of integration are 


ya am. AMEN Een seers 
V oe3/(1— 8?) and cV (2+ 0,5/c*)/(1 — BY, 
S23 = 4nNo3 e?/m 
(N is the number of electrons per unit volume and 
m is the mass of the electron). Thus, we have in 
the ultrarelativistic case 


oa 2Qxnc = 2 o,? a oe 3 


Vi-pel2 3 o,—os: ' 8x90 


Whence it is not difficult to obtain the values of 
F§) and Ff); finally, from Eq. (3) we have 


(2.+25)}. (7) 


3 /e */ 
2e° Vay 2) fo} 3 
F, — = { cise feeds al — — \. 
i C V1 — 62 Se S O2g— 0) 8x0c (92 31) (8) 


It is apparent from this formula that reasonable 
accuracy can be obtained if we take ky =~, i.e., 
the effect is macroscopic and vanishes at small 
distances. We may note that F, >0 when 0g, > o 
and F, <0 when dy» < Qj. 

By a similar calculation we can show that in ¢ 
contrast with F,, F,, the work of the radiation 
field on the particle in the first medium, falls off 
with increasing particle energy; we shall not con- 
sider it further. 

Our analysis is not complete until we take ac- 
count of the fact that a particle with the same ve- 
locity will have different energies in different 
media; this might be called macroscopic “renor- 
malization” of the particle mass. We compute 
the amount of electromagnetic energy which the 
particle carries through a plane perpendicular 
to its trajectory for motion in an unbounded uni- 
form medium: 


*JIn a similar manner it can be shown that A, and A, do not 
have zeros in the upper half of the plane. Furthermore, since 
€, and €, do not have zeros in the upper half of the plane and 
are positive along the real axis it is easy to show that the 
sum €,A, + €,A, has no zeros in the upper half of the plane. 


Wie \ [ExH], dx dy dt 
e x3 dx dw 


TU \ € (w) (k* — we (w) / c?) (k2 — we (— w) | 6?) * (9) 


The integration over x is taken from 0 to ky so 
that the numerical expression gives the flux through 
the entire plane except for a circle of radius 1/ Ky 
whose center coincides with the particle trajectory. 
Assuming for simplicity that «(-—w) =e(w), we 
compute the following integral (the zeros in the 
denominator are traversed from above): 


i fers =\ x3 dx dw 
~ to } e(w) (k2 — we (w) / c2) (k2 — we’ (w) / Cc?) * 


By taking ¢’ =e in the final result we obtain an 
expression for W. Thus, 


e oC = 
Yeager sc a 
where o = 41Ne2/m. 

It can be shown that the field at distances up 
to 1/k) is the same in all media. Thus, if a par- 
ticle has an energy pc?V1-— 2 in the first medium, 
a particle of the same velocity will have in the 
second medium an energy 


w'c? / J y— pF 
where pb’ =p+ (W,—W))/2 =p +e (Vo,—V0)/C*. 


Returning to our problem, we now take account 
of the force F, which also acts on the particle; 
the energy of the particle is 


Se ight 
4 3 4 e2 O,7— oO; ger | 
vi- at —|5 C Og—oy, |e (sige) =) | . 

It is easy to show that the quantity in the square 
brackets is always positive, i.e., in passing through 
the boundary between the two media the particle 
always loses an amount of energy given by 


ee IS, 


eS ee ee) a 


For vacuum-medium and medium-vacuum cases 
this energy loss is (e?/3c)Vo/(1—?) . 

We now show that the indicated energy losses 
are completely due to the transition radiation.* 
We compute the electromagnetic radiation flux 
through some plane perpendicular to the z axis 
(in the second medium ) for the entire particle 


time of flight: 
+00 
Snes oa \ [E,x H,], dt dx dy. (12) 


—co 


*Attention has been directed to this fact by K. A. Barsukov 


in a similar calculation for a waveguide. 
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We use the formulas for E, and H, which have 
been derived in reference 3, and make use of the 
6 -function in the integration over t, x, and y. 
Then, converting from integration over k to w, 
as in the preceding cases, we find that this flux 
consists of three parts: one is due to the field of 
the charged particle itself and is given by Eq. (10) 
(with o = 0); the second is the radiation field 
(given by I); the third is due to interference be- 
tween these fields and vanishes when (w/v —A,)z 
ly, 

We now find the angular distribution and fre- 
quency dependence of the transition radiation field 
in the second medium. To find the conditions 
under which the interference term vanishes (i.e., 
the transition radiation zone), after integrating 
over t, x, and y in Eq. (12) we make the sub- 
stitution k = (w/c )V €> sin 0, where @ is the 
angle between the wave vector of the radiation 
field and the z axis. Assuming for simplicity 
that €,=1 and ¢€,=€, we find the energy flux 
in the second medium due to transition radiation 
2e?82 sin? @ cos? 6 d6 

tc (1 — 8? cos? 0)? 


Ss. +s 


(e—1) 1 — 8? — 8 Ve— sin? 2 
a er a 


0 


(13) 


(we assume that the medium is transparent ).* It 
is apparent from this formula that the radiation 
vanishes at small angles (@ ~ V1-— 8?) with re- 
spect to the direction of motion of the particle. 
Taking account of this fact, it is easy to show that 
the main contribution in the integral in Eq. (13) is 
at frequencies larger than the optical frequencies 
[because of the small factor (1—6vV«-—sin?6@) 
which appears in the denominator of Eq. (13)]. 
Then, substituting the expression €(w) = 
1—o/w* in Eq. (13) and replacing sin @ by 6, 
we integrate first over the frequencies, and then 
over the angles from 0 to ©. We find Sj, = 

et Va/38eV1—B . 

As to the frequency distribution of the transi- 
tion radiation spectrum, we find from Eq. (13) 
that the radiation intensity is almost constant 
from optical frequencies to the limiting frequency 
Wlim = Vo/2v1 — B62. At this frequency the radi- 


*We may note that this formula coincides with Eq. (28) of 
reference 3, bearing in mind that the significance of the angle 
@ in both formulas is the same for transition radiation, but not 
for Cerenkov radiation. The infinity which appears in Eq. (13) 
when 1 — BVE — sin’ @ = 0 is due to the fact that this formula 
also gives the intensity of the Cerenkov radiation emitted with 
a semi-infinite trajectory in the first medium, which is assumed 


to be transparent. The intensity of the transition radiation itself, 


however, is always finite (cf. reference 3). 
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ation intensity falls off by a factor of 2 as com- 
pared with the intensity at lower frequencies. 
The main contribution in the integral is due to 
frequencies which are not too small compared 
with the limiting frequency. 

The transition radiation in the first medium 
can be obtained in essentially the same way. The 
well-known formula given by Ginzburg and Frank 
is used (cf. also references 3, 5, and 6); this 
formula differs from Eq. (13) in that B is re- 
placed by —f£. Asa result, the small factor in 
the denominator vanishes and the backward tran- 
sition radiation encompasses only the optical 
part of the spectrum, being given by an expression 
which diverges logarithmically with energy. 

If we now assume that the first medium is a 
vacuum and that the second is a dielectric, Eq. (13) 
undergoes changes which are unimportant at high 
frequencies, so that the foregoing results still 
apply. 

As has been noted, the transition radiation 
zone is determined by the inequality z > 
| w/v —A,|~1. If the second medium is a vacuum 
the transition radiation zone is determined, for 
all frequencies, by the inequality z >%*/(1- 7) 
(x is the wavelength of the radiation divided by 
27). However, if the second medium is not 
vacuum, the transition radiation zone is of the 
order of the optical wavelength for optical fre- 
quencies so that z > x/(1—£2+ ox*/2c?) for 
frequencies close to the limiting frequency. At 
the limiting frequency z]im > c/Vo(1— 2), i.e., 
the transition radiation zone grows much larger. 

Finally we consider the number of transition 
radiation photons. Again limiting ourselves to 
the medium—vacuum or the vacuum—medium 
case, the number of photons with frequencies 
w’ & Wopt, up to the hardest, is given by the 
expression 


Ny ie : (SV sae) —4- 


Whence it is apparent for example that if E/y ~ 
10" and w’ ~ Vo/2, Nj~ 0.1, i.e., out of ten 
particles on the average only one emits a transi- 
tion photon. If the frequency of the transition 
photon is close to the limiting frequency its en- 
ergy is approximately ~Va/(1- 2), i.e., 
this energy is approximately 137 times greater 
than S37. Thus, as follows from Eq. (14), a- 
photon of this kind appears approximately once 
out of 137 particles). 

In spite of the classical nature of the effect, 
the radiation of transition photons from singly 
charged particles is a rare phenomenon, sub- 


(14) 
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ject to large fluctuations. This effect can be 
made classical if the number of emitted photons 
is incxeased. This can be achieved, for example, 
if the particle is multiply charged or if it passes 
through a large number of boundaries. In the 
first case the number of emitted photons and the 
total energy increases quadratically with the 
charge of the particle; in the second case these 
quantities increase in proportion to the number 
of boundaries traversed. In both cases the lim- 
iting frequency of the photon remains the same. 
However in the second case the transition photon 
zone must be considered. 

All the results cited above refer to the vacuum — 
medium or medium—vacuum case. However, as is 
apparent from Eq. (11), these results apply quali- 
tatively for the medium—medium case, which dif- 
fers from the preceding cases only in certain 
small numerical factors. 


2. CASE OF A FINITE SLAB 


Suppose now that a particle which moves in 
vacuum enters a slab whose boundaries are the 
planes? z=0 and z=a (cf. also reference 7). 

Because the particle moves in the same medium 
(vacuum ) on both sides of the slab it is not neces- 
sary to “renormalize” the particle mass. 

As in the preceding case we consider the work 
done on the particle by the radiation field and ob- 
tain the following expressions for the region in 
front of the slab (Wo), in the slab (w,) and be- 
hind the slab (W,): 


; ae x8édxdw 15 
Wh a T% \ iF (Agu + ®) . ( ) 
eC xn’ dx dw ( i(Av—e)a/v __ 1) 
Cas | ay i 
ey So (ete oato — ae (16) 
a \ AF (Av + 0) 
, ce “8C dx dw 17 
has 7 \ ic (Ajpv — ®)’ ao) 
where 
Q é SG ea aa awa Were gad | T jexseae 
ptaloedsabae™! Bi eat ye eee Oa | 5 
, ils , a == ul ORE 
4 ie (aos 13 up EBPINGL (+ zis x) etioa/y, 
a | See Te = (GED) 
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> 52 ’ 
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% { je? @2 © C= 


{| _ #1/A+2/o #1/Ae—9/o 
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hk? — w? / c? 2 — wre fc2—” 


F = (e / ik = ] / hele == (2, h— I / ho)? Ciha- 


expression for F only the first term need be used. 
As in the preceding case, we find that Wy falls off 
with increasing particle energy; hence this term 
will not be considered here. 

In integrating the expressions for w, and W, 
we limit ourselves to “thick” and “thin” slabs. We 
note that w, and W, contain exponential terms 
with the characteristic argument i(A —w/v)a. 

A slab will be considered thick or thin depending 
on whether this argument is large or small com- 
pared with unity. In the first case we neglect 
terms containing this exponential; in the second 
case we expand the exponential and limit ourselves 
to the first nonvanishing term. We then analyze 
the manner in which w and k appear in the inte- 
grals to determine whether a slab is to be con- 
sidered “thick” or “thin.” 

In the case of the thick slab, w, is given by 
an expression which coincides with F, for the 
motion of a particle from vacuum into a medium, 
while W, coincides with F, for the motion of a 
particle from a medium into vacuum. Thus, from 
Eq. (8) it follows that the total loss of energy is 
— (2e?/3c) Va/(1 — B82) . Obviously this loss ap- 
proaches the transition radiation arising at each 
boundary of the slab. This same result can be 
obtained by direct calculation of the flux of elec- 
tromagnetic energy which passes through a plane 
perpendicular to the z axis and located in the 
space beyond the slab.* 

Assuming that the slab is thick, substituting 
the limiting value of the frequency, and assuming 
that kK ~ wv 1-2 /c, we obtain the following re- 
quirement for the slab thickness: 


as>c/ Vo(1— B). (18) 


If the thickness of the slab is less than the 
limiting value (18), the transition radiation spec- 
trum will not contain hard photons; these photons 
cannot be produced in the slab and it follows that 
they cannot be formed in the space beyond the 
slab. 

We now consider the thin slab. The following 
expressions are obtained for w, and W,: 


2 t 
w = “a eee ae (19) 
; oe” Ux ; 

Vi= ai Aer +e], 
e Ve(Ve—h 
SV ipie —— 

a tig e » de 20 
by == \ eae w dey (20) 


*We may note that in references 4 and 8, in the calculation 


of the Poynting vector in the ultra-relativistic case, only the 


i o show that F has no zeros in the upper fact , 
eae optical part of the transition radiation spectrum was investigated. 


half of the complex w plane. Furthermore, in the 


376 G. M. GARIBYAN 


(Q21/H, where I is the ionization energy of the 
K -electron). Adding the last two expressions to 
the usual ionization losses in matter!* the energy 
loss of a particle in a thin slab is given by the ex- 
pression 

24,2 
2nNet al C7) 


a ee In G53 a © 2c, — i]. (21) 


It is apparent from this formula that in thin slabs 
there is no density effect. To obtain the condi- 
tions under which a slab may be assumed thin we 
proceed as follows. In the expanded formulas (16) 
and (17) we compute the last term smaller than 
the first-order term in a. As a result the follow- 
ing condition is obtained for a thin slab: 


a<2(cQ/ >) In(vx, / V 1 — BQ). (22) 


It is apparent from these formulas that, after first 
levelling off, the ionization losses in the slab again 
start increasing logarithmically at some particle 
energy if the slab is in a vacuum. However if the 
slab is in a medium which has a smaller electronic 
density (than the slab), the ionization losses again 
reach a plateau corresponding to the electron den- 
sity of the medium surrounding the slab. 

As the slab thickness is reduced, the particle 
can radiate more or less hard photons in the re- 
gion outside the intervals given by Eqs. (18) and 
(22), and the term without the density becomes 
important in the ionization losses. 

Dnestrovskii and Kostomarev have considered 
the radiation formed in the flight of a charge 
through a circular aperture in an infinite ideally- 
conducting plane.’ The results obtained by them 
for the case of an ultrarelativistic electron are in 


*In view of the fact that Eq. (19) (with the exception of an 
additive constant) can be reduced to the usual expression for 
ionization losses, it would appear that braking forces do not 
operate on the particle in the slab. However account must be 
taken of the fact that the total field carried by the particle is 
different in vacuum and in the slab. When this factor is con- 
sidered it can be shown that the braking force acts on the 
particle only in the slab. 


agreement with the present results in that the total 
radiation energy is proportional to the particle 
energy. The coefficient of proportionality obtained 
by these authors is the ratio of the classical elec- 
tron radius to the dimensions of the aperture and 
is several orders of magnitude smaller than the 
completely natural coefficient of proportionality 
obtained from Eq. (11). 

The author wishes to express his gratitude for 
valuable discussions to Prof. V. L. Ginzburg, 
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G. S. Saakyan. 
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The asymptotic behavior of the thermoelectric force, Peltier coefficients, and Thomson 
coefficients for metals with closed Fermi surfaces and open surfaces of the “corrugated 
cylinder” and “space net” types is investigated on the basis of the quasi-classical theory 
of kinetic phenomena in metals in strong magnetic fields, as developed by Lifshitz, Azbel’, 


and Kaganov! and Lifshitz and Peschanskii.2 


erent: Azbel’, Kaganov, and Peschanskii!*? 
have given the theory of the asymptotic behavior 
of the kinetic coefficients in very strong magnetic 
fields, when the period of rotation of the electrons 
is much greater than the relaxation time. The 
asymptotic dependence of the coefficients on the 
magnetic field and on its direction relative to the 
crystal axes is then largely determined by the 
nature of the Fermi surface, and is very different 
for open and closed surfaces. The coefficients are 
weakly dependent on the actual form of the colli- 
sion integral and on the dispersion law. The range 
of validity of this quasi-classical theory is indi- 
cated by Lifshitz et al. The asymptotic behavior 
of the electrical conductivity tensor was calcu- 
lated in detail»? and some aspeets of the behavior 
of the heat conductivity tensor and of the Thomson 
coefficient were briefly considered? on the basis 
of the theory. In the present work we discuss in 
detail a number of thermoelectric phenomena. 

As is well known, the electron distribution 
function, f, for a metal in an electric field and 
a temperature gradient differs from fy 
= {exp [(e -u)/kT] +1}! by an amount fj i-e., 
f=f,+f,. f£ is derived from the solution of the 
corresponding kinetic equation. As a result of 
the additional term f, the current density vector, 
j, and the heat current vector, q, differ from 
zero, and are related to f, by the simple equations 


2e 


> j 2 
j= |v, = a= Gem \@—Ovha. 0) 


In general j and q can be written in the form! 
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Cir a) ies 
D0 ar Ep Pa ra (2) 


In a magnetic field the kinetic coefficients are 
functions of the vector H. The coefficients in (2) 
are not independent, but are related by the well- 
known symmetry relations 


Aik (H) = Api (— H), dip (H) == py (— H), 
bir (H) = Cee (— H). (3) 


If E and q are expressed in terms of j and 
VT, we obtain 


OT 


: OT au 
EL; = 37) In + Gk Ox,” Gi = Bir F — ir Bee (4) 
where 
ofp = (i Qiks Lig = leet air, 
Bik == Opi ares ip a Gee Cay ain mk) (5) 


which satisfy the symmetry relation connected 
with (3): 


Sin (H) = See(—H), ie (H) = xee (— H), 


T aie (H) = Bre (— H). (6) 


In these expressions oj, is the electrical conduc- 
tivity tensor, Kik is the heat conductivity tensor, 
Qik can be called the thermal emf tensor, and 

Bik are the Peltier coefficients.* It can easily be 
shown that the Thomson effect and related phe- 
nomena are described by the quantity 
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[Aik = — Xk al Bp: / Oi 


In what follows we shall be interested in the 
asymptotic behavior of the thermal emf in a strong 
magnetic field. Evidently, knowing the dependence 
of Qjk on H, and using the symmetry relations, 
the asymptotic behavior of Bj, and pik can 
easily be derived. In fact, we will first look for 
the asymptotic Peltier coefficients in each case, 
for the following reason. It can be seen from (5) 
that whereas ajk is connected with ajk and bik 
[i.e., it is found from the solution of the kinetic 
equation with an electric field (ajx) and a tem- 
perature gradient (bj;) present], the value of 
Bik can be found if the solution of the kinetic 
equation in the presence of an electric field only 
is known so that aj, can be determined by using 
relation (6). 


1. CLOSED FERMI SURFACE 


To find the dependence of the tensor fj, on 
magnetic field one must know the behavior of ajk 
and cjik, and we shall base our calculation on the 
work of Lifshitz and Peschanskii.2 They examined 
in detail the asymptotic electrical conductivity ten- 
Sor, Oik = ajk/T, but it is clear that apart from 
some special cases (as can occur in the case of 
equal numbers of electrons and holes for closed 
surfaces), the form of the field dependence of 
aik and cjik will be analogous. These cases will 
be examined separately. 

a) Unequal numbers of electrons and holes. 

We use below the symbol y) =1/wt) where ty is 
some characteristic time of the order of the re- 
laxation time, and w is some frequency of revo- 
lution of an electron in its phase trajectory. We 
must look for the asymptote of quantities in a 
very high magnetic field, such that yy K 1. Ac- 
cording to Lifshitz and Peschanskil, we have for 
this case 


2a) — ya -y,a0 


ya 2a‘ 


oat?) (7) 


— a) — ya) aio) 


ap = 


and the expansion of al?) in powers of yp) starts 
with the zero order term in general. The symme- 
try relations (3) are taken into account in (7). The 
most important fact turns out to be that the com- 
ponents axy and ayx are independent of the col- 
lision integral and 


Qzy = — Oy, = 2ecT (V,— V2) / H (2nh)? = ecT (n, — Ny) | H 


’ 


where V, and V, are the volumes in phase space 
occupied by electrons and holes, and n, and Ng 
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the corresponding numbers of electrons and holes. 
Using (1) we then obtain 


mkt? d 


Oxy = — Con = 3H Fe (tt — Ne). 
Evidently 
v2) ye ye? 
0 
en | —re Bel vol 
— nd we 
dey oC Ls dey dy, 
Cie Nodes dyy 4yz |» 
dy. dy, d,, 
then 
Vex Yoxy YoYxz 
Bik — YoYyx Vyy Yoyz > (8) 
Vox Yay Vz2 / 
where 
m2 k2T2 
Vex = Yyy = —35— — In (ny — Ne). (9) 


Remembering that aj; = [Bki(-—H)]/T and taking 
the symmetry relations into account, the coeffi- 
cients of the thermal emf, aj, are equal to 


Vex a YoYyx Vax 
4 
Aik = oy — Toxy Vyy Yay | - (10) 
— Toxz a Toyz Vaz 


b) Equal numbers of electrons and holes. This 
corresponds to a whole range of metals. The ex- 
pansion of the components axy in terms of Yp 
now starts with the quadratic term. i.e., 


Yoder sabato ees, aioe 
iis | secte dene Mante 20 ot ats (11) 
—ya? = 100i? aD 


If we make use of the fact that d (n, —n,)/de 
~ 0, then Cxy ~ Yo. as in the first case, i.e., 
the dependence of cjk on H is unchanged. We 
then obtain 


To XX To x Vaz 
Q —_ = —k 
Vin na Yo Vyx To Voy Vyz ’ (12) 
sit 
Yo 2x To Voy Voz 
and 
SA! ee) =] 
h To  Yex Vow Vjcte = aeiliotte’ 2c 
Mi, aoe eee | eel ee -1 13 
tk Hi mt) Vey Yo Voy camnlio Voy . ( ) 
Vez Vyz v22 


In the present case all the vj,x depend on the angle 
between the vector H and the crystal axes, and 
their actual form is determined by the collision 
integral and the dispersion relation. 
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2. OPEN FERMI SURFACE 


Lifshitz and Peschanskii? have shown that in 
this case the kinetic coefficients are rapid func- 
tions of angle near certain particular directions 
of the magnetic field, when the character of the 
phase trajectory changes, i.e., goes from open 
to closed or vice versa. The field dependence of 
the coefficients varies rapidly near to these direc - 
tions, and it is, in general, no longer possible to 
expand in powers of yj. These authors pointed 
out that there are three types of special field 
direction: a) directions for which a band of open 
trajectories exists, forming a one-dimensional 
set; b) directions giving open trajectories form- 
ing a two-dimensional region; c) an isolated di- 
rection of the vector H in the region of open 
trajectories, where the trajectories become 
closed. 

We consider below the behavior of the thermo 
electric coefficients near the special directions 
of all three types. 

The “corrugated cylinder” is the simplest 
type of surface. For field directions which make 
a not too great angle with the cylinder axis, the 
trajectories are closed and the asymptotic ex- 
pression for jk and, correspondingly, of aj, 
will be just the same as for closed surfaces. The 
behavior of Bik, however, changes rapidly when 
H approaches a direction perpendicular to the 
cylinder axis. The corresponding special field 
direction belongs to the first type. If we introduce 
N =%¥)/sin 6 (where @ is the angle between the 
cylinder axis and the plane perpendicular to the 
field vector), choose the direction of H as the 
z axis and take the x axis as lying in the plane 
passing through H and the cylinder axis, then? 


Wella (”) Yo xy 7) 109 xz (7) 
Ope Sa = {oO xy (3) Oyy (a) Dye (1) ) (14) 


2 (ah) Oye) bz, (a) 


where bj, is a function of the type 
Bin = (6 + OW + 77O@)/(1 + 724,), 


where bP and Aj, are relatively slow functions 


of the angle @. Then 
Tee Yon tg. nw Tor Gee) 
Go| = to Sel — 9) Sy.) dee) inn | ean) 
=o de (—n) dyz(—1) 4, (a) 
Tene Arely (stolen 
Cele ea ye) fe jf ~ OS) 
Sele, (= 7) Fye(—1) fee (™) 


From this it is easy to obtain 


Yee (M)— To%ey (0) YoVzz () 
Bie = = Yor) Yyy (n) ie es (17) 
Vor Veen) = Vay (0) Vag (1) 
and the thermal emf is consequently 
Vs bk i SSG Viel (aut) acy ever any 
— To Yx2 i Vie 4) Vag (— 1) 
(18) 


For n—© vj, tends to a finite limit. By 
comparing their behavior for two limiting values: 
of 6 (0 and 7/2) we see that all the vj,, ex- 
cept Vvyx, Vyz, and vzx, are relatively slowly 
varying functions of 6, i.e., they retain the same 
dependence on H for all angles. At the same 
time, Vvyx, Vyz, and vzx vary rapidly in the 
neighborhood of @ =9. By considering this be- 
havior for 6=0 and @ = 7/2 one can obtain 
n? ¥ (n) + 26 (0) 
eerie) (a) ane 
9d (n) + 0? (a) (19) 
Leen (a) 


eke 
1?3 (a) Bes 
ea eC ee LN 
where £6, y, 6 etc. are slowly varying functions 
of angle, and their actual form depends on the dis- 
persion law and on the collision integral. 
For directions of H which make a not too large 
angle with the cylinder axis, we have 


weet? 
Dek = Bye Sa 30 ae In 1B (20) 


where R is the Hall constant. 

Another surface which lends itself easily to in- 
vestigation is the “space net” type of surface. For 
this all three types of special field direction exist, 
and we will not consider the properties of the first 
type which is exactly equivalent to the case of 

=0 for a corrugated cylinder. We will discuss 
the other two cases, which refer to the magnetic 
field direction close to the direction of the crys- 
tallographic axes and of the boundary of the two- 
dimensional region of field directions which give 
open trajectories. In these cases the required 
choice of angle # can be obtained from the fact 
that aj, must be of the form 


2 a (0) (0) (0) 


15 {oe ey Yoa yz 
Qin =} — roa? 2a) + 9c, oal) + Sen J, (21) 
= ele qin 108 a oer a ee 


where aj; is mainly determined by closed trajec- 
tories, apart from which there is a band of open 
trajectories with width proportional to the angle v. 
Then 
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dhe, Haig (ear tah Gee ig ae 
ain = zy: Ma eee dy dy. (22) 

do. ate a ie a d d., 


from which it is easy to deduce that 


Vex Yoxy  YoYxz 
ae ip Sea) ~ 1 
Bik =| Yo%xt S¥9 Yyx  Yyy YoYy2 ov} 3 (23) 
Sk AGO) 
Vax ar dY5 Vox Voy Vez 


and the coefficients of the thermal emf are 


ee, —1, (1 —§.—1 (1) 
Vax 0 Sy5 v ue Van ae Vox 
4 
Diese ae | Yovxy Vyy Yay - (24) 
mare? —~ Toyz ‘is avi) Meg 


In the same way we have found the form of the 
asymptotic behavior of the thermoelectric coeffi- 
cients near the singularities of all three types. 
We must make a comment on the asymptotic 
behavior of the heat conductivity coefficients. 
Azbel’, Kaganov, and Lifshitz? have considered 


the heat conductivity of metals with closed surfaces. 


In metals with open surfaces the heat conductivity 
tensor Ki behaves completely analogously to the 
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electrical conductivity oj, in its dependence on 
H. This is seen immediately by considering how 
Kik is composed of ajk, bik, and Cjk. 

The authors are grateful to Academician L. D. 
Landau for discussing the work. Yu. A. Bychkov 
is also grateful to I. M. Khalatnikov and I. M. 
Lifshitz for valuable discussion. 
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The level scheme of nucleons in a spheroidal well with vertical walls is computed by using 
the asymptotic expansions of spheroidal wave functions. The results obtained are in good 
agreement with the experimental data on the spins and parities of the ground and isomeric 


states of nonspherical odd nuclei. 


Tue energy level scheme for nucleons in a non- 
spherical axially symmetric nucleus proposed by 
Nilsson! agrees satisfactorily with experiment. 
Nilsson’s scheme was obtained on the assumption 
that the effective field in which the nucleons move 
is described by the potential of an anisotropic 
oscillator. As is well known the approximation of a 
harmonic oscillator for the self-consistent nuclear 
field is good only for light nuclei, whereas for 
heavy ones the self-consistent potential is closer to 
that of a rectangular well (cf., for example, refer- 
ence2). Therefore Nilsson did not simply use the 
harmonic oscillator potential in constructing his 
scheme, but added to the Hamiltonian a term pro- 
portional to the operator of the square of the or- 
bital angular momentum of the nucleon, and thereby 
made his potential closer to that of a rectangular 
well. 

Nevertheless, it is of interest to construct an 
energy level scheme for nucleons in a rectangular 
spheroidal well. This problem entails consider - 
able mathematical difficulties. It was first solved 
by Moszkowski?® for the lowest states of the nucleons 
by the perturbation theory method. Later Gottfried‘ 
constructed an energy level scheme for nucleons in 
a rectangular deformed well. In his paper Gottfried 
expanded the potential in powers of a parameter 
that describes the deviation from the spherical 
shape, and starting with the spherically symmet- 
rical case as the zero-order approximation, he 
solved the secular equation which refers to all the 
nucleon states under consideration. However, as 
was pointed out by Kumar and Preston,’ in doing 
this he incorrectly took into account terms pro- 
portional to the square of the deformation, which 
is important in the case of nuclei whose shape de- 
viates appreciably from spherical. Moreover, in his 
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calculations Gottfried did not take into account the 
existence of the continuous spectrum which, cer- 
tainly in the case of the higher lying levels, may 
affect the result appreciably. Finally, the choice 
of the zero-order approximation for the functions 
was no improvement, and this, of course, also ad- 
versely affected the convergence of the method, 
particularly for large values of the parameter des- 
cribing the deviation from the spherical shape. 
Thus, it has become necessary to carry out the 
calculation of the energy levels of nucleons in a 
rectangular spheroidal well by a method which 
would be applicable to large deformations and to 
high nucleon energy levels. 

Such a method was proposed in the preceding 
papers®»! by the present author. The problem of 
finding the energy levels of nucleons of mass M 
in a rectangular potential well having the spatial 
shape of an ellipsoid of revolution reduces, as is 
well known, to the solution of the Schrodinger 
equation 


{—sq 4 +¥ ()— gece St V (r)-pl}o= £4, @) 


where c is the velocity of light, 8 and § are 

the nucleon spin and momentum operators, kK is 

a dimensionless constant. The potential V(r) has 

the form: 

V 0 within the ellipsoid (x? + y?)/a? + 2?/b? = 1 (2) 
(ies Vo outside the ellipsoid 

The semi-axes of the ellipsoid a and b are re- 

lated by the condition that its volume is independ- 

ent of the degree of deviation from the spherical 

shape: 


b= re. (3) 


100 


| 


ib 
il 
\ 
N 


80 


Wa 
i 


( 
x 


0 


50 


50|- 


a4 


Qe y 02 


where ry is the radius of a sphere of equal volume. 


The solution of Eq. (1) can be expressed in 
terms of spheroidal functions for which asymptotic 
expansions have been obtained in inverse powers 
of the parameter y =f(2ME)'!/2/h, where f is 
half the distance between the foci of the ellip- 
soid (2). The details of the calculation and nu- 
merical estimates of the range of applicability 
of this method are described in references 6 
and 7. 

Numerical calculations of the nucleon energy 
levels were carried out on the “Ural” electronic 
computer of the P. N. Lebedev Physics Institute 
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Nucleon energy level scheme in a rec- 
tangular spheroidal well. Along the hori- 
zontal axis are plotted the square of the 
eccentricity of the ellipsoid €? and the 
corresponding ratio of the axes b/a, 
along the vertical axis is plotted the 
nucleon energy in units of h?/2Mr,”. The 
numbers opposite the curves denote twice 
the value of the component of the angular 
momentum along the symmetry axis, while 
the sign signifies the parity of the state. 
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for values of the constant Vy equal to 35, 42 and 
50 Mev. The spin-orbit coupling constant k was 
fixed by the condition that in the case of a spheric- 
ally symmetric well the best approximation should 
be obtained to the scheme of Klinkenberg® arrived 
at by means of an analysis of experimental data on 
the basis of the shell model. This condition is best 
of all satisfied by the value x = 30. The constant 
ry was everywhere taken equal to 8.4 x 107!8 em 
(which corresponds to A * 200 in the formula 

ry) = 1.4 x 1078 AY3 em, where A is the atomic 
weight). The calculations were carried out for 
values of the ratio of the semi-axes b/a taken 
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TABLE I 
IY State of the odd nucleon 0” (n, J, j) 
Nucleus B experi- theory Z scheme N 1 4 g 
ment (present work) SHOES Grecheme z, 
{ 2 3 4 5 6 7 8 
Ente 0.4 of oe See 4) See as) S/t (1g 7/2) Pat (1g 7/2) a 
Gd} 0.3 3/7 S/ot |8/ot (1618/9) or |8/ot (47 13/2) or | 8/a+ (14 18/2) or 
8/7 (1h 8/9) 8/27 (1h 9/2) 3/a~ (14 9/2) 
Gd}s? 0.3) 8 /- */ot [8 /o* (161% fo) or |8/o+ (12 18/2) or | 8/o+ (1 13/9) or 
3/27 (14 °/2) 8/27 (14/9) 8/~ (1h 9/2) 
Tbi59 0.4 3/o+ pat 3/o* (2d ®/») 8/9t (2d 5/2) 3/a+ (2d 5/9) a 
Dy161 0.2) 5/54 B/ot | 8/o+ (1i 13/9) 5/o* (Li 18/9) 5/o* (14 18/9) 
Byles OA). Sie 7 a ed a © CD) 5/2~ (1h °/2) S/o (1h 8/2) 
Eris? 0.4]  7/o+ 7/o+ | 2/at (1718/0) 7/gt (14 339) 7Jo+ (17 18/5) 
Tm169 0.3} 4/,+ atl j/e(2d 275) 1/94 wa 1/y+ (2d 3/9) b 
Sips O23 |e /am Pi omellimae om (2) 1/9) 5/a- (1h 9/2 5/a~ (1h 12/2) 
Lul75 0.4 Tot Wot 7/o* (1g 7/9) 7 Jat aan 7/9- (1h 23/2) Cc 
Hfl7? 0.3}  ?/a7 TN igs (Gey) 7/e- (1h 9/2) Ve (2f 7/2) 
Hfl79 Oa “Oye G/ot | ot (17 18/9) ®/o* (16 33/9) Jot (14 13/9) 
[aisl ORS oc ley 7/2* (Ag 7/2) "/a* (1g 7/2) 7/a* (1g ?/2) a 
Wiss Wee a) iss, | ya (2] 8/3) 2 (2 9/2) ? d,e 
Relss 187 On2 5, ot 5/ot 5/2+ (2d 5/9) 5/o* (2d 5/2) S/at (2d §/2) 
Os189 0.1 3/5 Sfo> | 8/o- (3p 3/e) 3/o~ (3p 3/2) M/a~ (3p 3/2) f 
[191,198 Oa) Bee 8/at | 3/,+ (2d 3/2) 3/at (2d 3/2) S/a- (2 */2) g 
Ac22? 0.21 3/e S/ot |3/ot(1i 13/9) or | 8/2* (1213/5) or | 3/g+ (4423/9) or h 
3/27 (1h °/2) 3/o~ (1h °/2) 3/a~ (1h 8/2) 
W288 erl).ci| yep ou |e om(222)/o) mel Sfotahi ie) o) OL — i 
F/a* (2g 9/2) 
U235 +0.3 Of 7 Jot Tot (2g 9/9) or 7 Jat (2g 9/9) or is j 
*/at (2g 7/2) "Jo~ (4 9/2) 
Np23? 40:2 he Syg% 5/5 5/* (1i 13/5) 5/at (Li 13/9) 5/o+ (Li 13/9) k 
Pu239 +0.2)  t/et Mat | /o* (2g 7/2) or | 1/2 (3d 5/2) or i I,m 
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a. The odd nucleon state shown in the table which agrees with experiment is obtained in the N scheme if one supposes that 
the deformation is larger by a factor 1.5 or 2 than the experimentally observed one. 


b. The coupling disruption factor in the Z echne. Atheor = 
. In the G scheme it is more natural to take ys (1g %), than 74 (1h*’4) given in reference 4. 
. The coupling disruption factor in the Z schemes atheor = —0.31, aexp = —0.18. 
. In the G scheme, no tolerable agreement with experiment can be obtained. 

. The result of the G scheme contradicts the experimental value of the spin of the ground state of Os 
In the G scheme it is more natural to take *4*(2d°4) than °4 (2f %4) given in reference 4. 
. As to the sign of the quadropole moment of Ac 
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j. In the Z scheme the state hs (2g °4) is obtained in the case f > 0, while 7,*(2g 74) is obtained in the case B <0. The 
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-0.67, aexp = -0.76. 


, see reference 17. 
i. The identification of the state of the odd nucleon in the Z and N schemes does not depend on the sign of the deformation, 
-however, in the N scheme the sdentstication shown above is difficult to obtain for both states and for both signs of the deformation. 
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pistcs shown in the table for the N scheme refer to the case 8 > 0; in the case B <0 the state of the odd nucleon is identified 


as va (ie /): 


k. In all three schemes the identification shown above for the state of the odd nucleon is more natural for 6 > 0, than for 


B <0. 


1. For the Z and N schemes the first of the states shown above refers to B > 0, the second refers to 8 <0. In the Z scheme 


for B > 0 the coupling disruption factor is atheor = —0.61, for B <0 atheor = —0.64, aexp = 
m. In the case B <0 the Z and N schemes admit the identification of the ground state as 4 (3p %4). 


n. In all three schemes the result does not depend on the sign of the deformation. 


-0.58. 


Oe 
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I) of the 

isomeric 

state (ex- 
periment) 


Nucleus B 


Z scheme 


D.. A.” ZAIKIN 
TABLE II 


State of the odd nucleon 1 (n, J, j) 


(present work) 


N scheme? G scheme* 


3 4 


5 6 


Brie? 0.4 Mo ‘a (2f 5/2) 'e- (2p 3/2) 1/a- (2f /2) 
Tm 0.3] 7/2+ and?/e-}] 7/e* (1g 7/e)and) 72+ (1g 7/2)and| 7/2* (1g 7/2) b 

Va- (14 3/2) Taq (14 1"/2) 
Hfi79 0.2 Vo 1/9~ (2f 5/2) 1/a7 (2f 5/2) a7 (2f §/2) 
wise 0,2} unknown | 1/s+(1i38/2) | ™/et (16 28/2) ? a 
Osis9 0.1] unknown | 13/o+ (4228/2) | 38/o+ (4 13/2) ? a | 
[191193 0.2 Ss W/g- (1h 4/2) | %/e7 (1h /2) 11/g (1h ™*/2) | 
Xe 0.2 "eo 1+ (3s 1/2) or 1/9~ (3p 3/2) Mo- (27 5/2) | 

Ma- (2f 7/2) | 
285 10.3] fet Mgt (2g 7/2) or /3/a* (3d 5/2) OF ce c | 

= ; Tat (2g °/2) Mat (2g 9/2) | 
Np?3? +0.2 5/o~ 5/2- (1h 9/2) 5/o~ (1h %/g) Or 5/o- (1h 9/2) d 
5/o (2f */2) 


a. In the G scheme no isomeric state is obtained. 
b. In the case of Tm’ two close long lived states are observed experimentally. 
c. In the case of the Z and N schemes the first of the states shown refers to 


B > 0, while the second refers to 8B <0. In the case B <0 both schemes permit | 


the isomeric state to be identified as 4 (3p %). | 
d. In all three schemes the identification shown is more natural in the case 


B>0. 


equal to 0.60; 0.70; 0.80 (oblate ellipsoid of revo- 
lution) and 1.20; 1.25; 1.35; 1.50; 1.70; 2.00 (pro- 
late ellipsoid of revolution). For a spherically 
symmetric well the levels were calculated by the 
method described in reference 2. As shown by 
calculations, the behavior of the energy levels and 
their order do not depend strongly on the magni- 
tude of the constant Vo, within the investigated 
limits of variation. A more significant effect on 
the order of levels was produced by variation of 
the spin-orbit coupling constant x. In the diagram 
we show the nucleon energy level scheme in a rec- 
tangular spheroidal well calculated for the values 
Vo = 42 Mev and xk = 30. 

A comparison of the level scheme obtained 
here with Nilsson’s! and Gottfried’s* schemes 
shows that the behavior of the nucleon levels as a 
function of the deformation is qualitatively the 
same, but that there are certain differences of 
detail. 

The results obtained were compared with ex- 
perimental values of the spins and parities of the 
ground states of non-spherical odd nuclei. As 
usual it was assumed that the ground state of such 
nuclei is determined by the state of the odd nucleon, 
with the spin I) being equal to the component of Q 
for this nucleon along the nuclear symmetry axis, 
with the exception of the case 2 =' when for the 
determination of I) the so-called “coupling dis- 
ruption factor” was computed (cf. reference 9, 


and also reference 1). The experimental values 
of the spins and the parities of the ground states of 
the nuclei were taken from the tables of Seaborg 
et al.!° The values of the parameter 6 describing 
the deviation from the spherical shape were cal- 
culated from the experimentally determined values 
of the quadrupole moments.'”!!> The results of 
comparison with experiment are shown in Table I, 
which also gives a comparison of the same quan- 
tities with Nilsson’s' and Gottfried’s results. 

It has been established experimentally that 
many of the nuclei considered in this paper have 
low lying isomeric states. These states can be 
identified according to our scheme. The results 
of such identification are shown in Table II. 

From the results given in the tables it may be 
seen that the nucleon level scheme obtained in 
this paper is in good agreement with the experi- 
mentally found values of the spins and parities of 
the ground states and of the low lying isomeric 
states of nonspherical odd nuclei. In our case the 
agreement is better than in Gottfried’s case.* 

The present level scheme, generally speaking, 
gives as good an agreement with experiment as 
does Nilsson’s scheme;! at the same time, it is 
free of the defect of Nilsson’s scheme associated 
with the fact that to make the latter agree with 
data on the ground states of a number of nuclei it 
is necessary to assume for these nuclei consider - 
ably larger values of the parameter that describes 
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the deviation from the spherical shape than are 
found experimentally. 

A direct comparison of our nucleon level scheme 
with Nilsson’s scheme shows that certain differ- 
ences in level order existing in the spherical case, 
which are due to the different choice of potential, 
gradually disappear as the parameter B (des- 
cribing the deviation from spherical shape) is 
increased. In the case of large deviations from 
the spherical shape, the order of levels in both 
schemes practically coincides. This fact indi- 
cates that the results of the shell model applied to 
strongly deformed nuclei are much less critical 
to the choice of the potential shape than in the 
case of spherical wells. 

One should particularly note the odd isotopes of 
the actinides for which (with the exception of Ac??") 
the sign of the quadrupole moment is either not 
known or is not known sufficiently reliably, and 
consequently the same uncertainty exists with 
respect to the sign of the parameter describing 
the deviation from the spherical shape. Neither 
our scheme nor Nilsson’s scheme, contradicts the 
assumption of an oblate shape for some of these 
nuclei. 

Let us investigate the conclusions to which we 
would be led by such an assumption in the case of 
U2. First we note that it is in agreement with 
the measurements of B. Bleaney et al.,!? who ob- 
tained for U*® a negative quadrupole moment. As 
seen from Table II, in this case (i.e. for B <0) 
neither our scheme nor Nilsson’s scheme contra- 
dicts the assumption that the isomeric state of 
uU*% has. negative parity (cf. note “ce” of Table II). 
However, such an assumption would lead to changes 
in the properties of low lying levels of U2 and 
Pu239 from those adopted at present.!9!3, Firstly, 
on the basis of data‘*»!4 on the multiplicity of the 
y -transitions in U2, we would have to change the 
parities of the low lying levels of this nucleus in 
the schemes of references 10 and 13. Secondly, on 
the basis of the data on the a-decay of Pu?*’, one 
should expect that since the spins of the isomeric 
state of U2> and of the ground state of Pu?’ coin- 
cide then, apparently, their parities also coincide. 
We should therefore ascribe '/,~ to the ground 
state of Pu2%?, According to both our scheme and 
Nilsson’s scheme, such a possibility can be real- 
ized if the Pu2®? nucleus is oblate (cf. note “m” to 
Table I). In this case, just as in the case of U**, 
on taking into account the data‘® on the multiplicity 
of the y-transitions in Pu?’ one would also have 


to change the parities of the low lying levels of 
Pu? in the schemes of references 10 and 13. How- 
ever, the changes noted above would not contradict 
the available experimental data obtained from in- 
vestigations of mutual transformations of the 
actinides (a detailed bibliography on this subject 

is contained in references 10 and 13). Thus, the 
problem of the shape of the actinides may be solved 
only by reliable measurement of the signs of their 
quadrupole moments. 
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ALPHA SPECTRUM OF THE NATURAL 
SAMARIUM ISOTOPE MIXTURE 
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Submitted to JETP editor March 26, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 546-548 
(August, 1959) 


ic Alpha Spectrum of Sm!4". The alpha spectrum 
of the natural mixture of Sm isotopes has been 
studied by means of a gridded pulse icnization 
chamber functioning by electron collection. The 
chamber was filled with chemically pure argon 
(99.9% A, 0.02% Os, 0.08% Ny, and 0.005% CO,). 
The alpha-particle source, with an area of 
400 cm?, furnished a counting rate of 8 pulses per 
minute. However, to improve the quality of the 
spectrum, considerable electron collimation! was 
introduced, depressing the counting rate to 2 pulses 
per mintue. The measurements were made con- 
tinuously during the course of 50 hours. The sta- 
bility of the amplification coefficient requisite 
over the entire range under these conditions was 
assured by a forced stabilization scheme. The 
alpha spectrum obtained is presented in, Fig. 1. 
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S FIG. 1. Alpha-particle 
. 300 45 kav spectrum of Sm'*’, obtained 
. with electron collimation. 
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The half-width of the line amounts to 43 Kev. In 
work with intense alpha-emitters such as U“*4, 
the half-width value is 30 Kev. The deterioration 
of the resolving power is connected with the large 
thickness of the samarium source. At the resolu- 
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tion attained, we observed no other groups of 
alpha particles radiated by other samarium iso- 
topes or due to the fine structure of smal 

2. Energy Measurement of Sm'*’ Alpha-Par- 
ticles. Strictly speaking, the ionization chamber 
measures not the alpha-particle energy, but the 
ionization produced by the alpha particles in the 
chamber gas. From Fano’s theoretical work? it 
follows that with argon these two quantities must 
be proportional. Experimentally,® such propor- 
tionality is observed in the high-energy range of 
alpha particles (>4 Mev). Data‘ for this range 
are contradictory and inaccurate. It would there- 
fore be interesting to measure, along with the 
ionization, the energy of the Sm!" alpha particles 
with a modern high-aperture spectrometer. 

In our experiment the ionization measurement 
was executed in the following manner. U?*4 with 
an alpha-particle energy of 4.768 Mev served as 
a reference emitter. To eliminate the influence 
of the nonlinearity of the electronic apparatus, the 
amplitudes of the pulses from the test and refer- 
ence emitters were compared by means of a gen- 
erator which delivered input pulses to the pream- 
plifier, and the amplitudes of these pulses were 
adjusted in such a way that the output value was 
exactly equal first to the pulses from the alpha 
particles of the test emitter and then to those from 
the reference emitter. The amplitude of the gen- 
erated pulses was measured at the preamplifier 
input by means of a special instrument with an 
accuracy of 0.01 to 0.005%. After applying correc- 
tions for imperfect shielding of the chamber grid 
and for the rise time of the alpha pulse (a total 
correction of 10 Kev), the value obtained was 
Eq = 2.19 + 0.01 Mev. Jesse and Sadauskis® give 
Eq = 2.18 + 0.02 Mev. 

3. Estimated Upper Limit of Sm!4* Abundance 
in Natural Mixture. From previous work’ the 
energy of Sm‘“6 alpha particles is known to be 
~ 2.55 Mev. The spectrum of natural samarium 
alpha particles in the 2.0 —2.8 Mev energy range 
is shown in Fig. 2. To reduce the background ef- 
fect, the operating volume of the ionization cham- 
ber was specially limited in such a way that the 
ionization produced outside this space did not 
register in the counting device. 

Furthermore, by discriminating the pulses ac- 
cording to the time of their appearance at the col- 
lecting electrode and at the high-voltage electrode, 
it was possible to reduce considerably the cosmic 
radiation background and to exclude pulses due to 
alpha particles emitted by the chamber grid. The 
over-all background for the 1.5 —2.5 Mev range 
amounted to ~ 1 pulse/hour. 
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FIG. 2. Spectrum of alpha particles from the natural mix- 
ture of samarium isotopes (without collimation). At the right — 
part of the spectrum on a magnified scale. The observed counts 
in the energy range for the Sm**° alpha particles are indicated 
by black dots. The areal difference between the solid and 
dashed curves was employed to estimate the upper limit of 
the Sm**° content. 


The number of fixed alpha particles at the de- 
cay energy of Sm'4° does not exceed the back- 
ground count. Comparing the count of pulses from 
Sm!47 alpha particles possessing an energy of 2.19 
Mev with the count of pulses which can be triggered 
by alpha particles having an energy of 2.55 Mev and 
taking into account the half-lives of these isotopes, 
viz., T(Sm!4’) =10! years and T (Sini4*) = 5 x 
10’ years, (with allowance for the respective per- 
centage contents in the natural isotopic mixture ) 
we deduce that the natural mixture of samarium 
isotopes contains not less than 2.5 x 10 °% of 
sm 146. 

According to the latest data of mass-spectro- 
metric analysis® this value has been determined 
as equal to 8 x 107°%. 
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USE OF THE (d,p) REACTION TO 
EXCITE STATES WITH LARGE SPINS 
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(August, 1959) 


I; has been proposed to use the inelastic scatter- 
ing of complex nuclei for the excitation of nuclear 
states with large spins.! We desire to call atten- 
tion to the fact that (d, p) reactions can be-effec- 
tively applied to light nuclei for the same purpose. 
In this case, not only can single-particle levels 
with large spins be excited, but, thanks to peculi- 
arities of the angular distributions, it is possible 
to segregate such levels from the rest. 

For the ordinary stripping process? the angular 
momentum summation rule has the following form 


Ji in= Je, (AJ) max = J, (1) 


where Jj and Jf are the initial and final states, 
and jn is the total momentum of the capturing 
nucleon, determined by the shell structure of the 
nucleus. Ordinary stripping is forbidden if con- 
dition (1) is not fulfilled. In this event the following 
processes may occur, also characterized by differ- 
ential cross-section peaks at small angles: stripping 
with change of spin orientation (spin-flip ),° and 
the process of direct ejection of a proton from the 
nucleus with capture of the deuteron in the bound 
state (“knockout” Ast For the latter process we 
may write 


Ji + ip, + In, = Uh + jp. 


where Jp, and jn, refer to the proton and neutron 
in the incident deuteron, and Ip, to the expelled 
proton. From (1) and (2) it is evident that in a 
knockout process the difference between the spins 
of the initial and final states, AJ, can attain con- 
siderably larger values than in ordinary stripping. 
As an example illustrating the general features 
of the knockout process, we calculated the angular 
distribution of the neutrons evolved as a result of 


(AJ) max = 3]; (2) 
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this process in the reaction B!?(d, p) B!!* (Eexe 
= 2.14 Mev, J* =47), for which ordinary strip- 
ping is forbidden. The calculation was carried 
out for deuteron energies of 4, 8, and 12 Mev 

(R = 4.8 x 107!3 cm), using the formula from ref- 
erence 7. The computed results are exhibited in 
Fig. 1, wherein Butler’s curves are reproduced 
for comparison. From these graphs it ensues 
that at all energies the maximum region is nar- 
rower for ordinary stripping than for the knock- 
out process. Computed results for angular dis- 
tributions in the same process were presented 
recently by Evans and French.’ The curve ob- 
tained for Eg =7.7 Mev, R=5x 107% cm, is 
shown in Fig. 1b. Unfortunately, formulas for 

the cross section are not given in reference 7, 

so that it is impossible to compare the calcula- 
tion procedures. 


We 50-60" 90°00" 30° 60 0 8B? 9" 8° 6 

FIG. 1. Angular distribution of protons in the B*°(d, p) B*** 
reaction (the cross section is expressed in relative units), The 
solid curve was calculated in the present work, the dot-dash 
curve was calculated in reference 5, the dash curve is by 
Butler, and the experimental points are from reference 6. The 
Mev values on the charts correspond to the incident deuteron 
energy. 


In Fig. 1b the dots represent the experimental 
data of Evans and Parkinson.’ It is evident from 
the plot that the curve calculated for the knockout 
process agrees approximately with the experimen- 
tal results, especially if we add some isotopic back- 
ground, which can be due to a mechanism con- 
nected with the formation of a compound nucleus 
and with the “stripping of heavy particles.”4»?»!° 
At the same time it must be borne in mind that 


good accord between the calculated and experimen- | 


tal angular distributions should not be expected, 
since flip-spin is possible in this reaction. For 
the latter process the angular-momentum sum- 
mation rule can be written in the form 


Jit+in ts, +p = Je, (AY) max = f+ 1, (3) 
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where Sp is the proton spin. According to esti- 
mates by Bowcock,® the angular distribution for 
this process also differs from that for ordinary 
stripping and agrees well with the experimental 
data. 

Thus the task of detecting states with large 
spins (more precisely, states for which AJ > j) 
resolves itself into the most accurate possible 
determination of the differential cross-section 
peak and the segregation of the large-spin levels 
in relation to the location and width of the peak. 
At sufficiently high deuteron energies it is still 
possible to study such peaks experimentally in 
angular distributions which are several tenfolds 
smaller than for ordinary stripping and only a 
few times larger than the isotopic background 
level. 

The knockout process, like stripping with 
change of spin orientation in the (d, p) reaction, 
is considerably more sensitive to the Coulomb 
field than the ordinary stripping process, since 
in the latter case the proton remains outside the 
limits of the nucleus. Furthermore, the orbital 
momenta of the deuteron, different from zero, 
play a substantial role in the excitation of states 
with large spins. For these reasons, in order 
to excite levels with large spins it is necessary 
to use deuterons with energies several times 
greater than the Coulomb-barrier height (Eq 
$15 Mev for Z~ 12, Eq> 8 Mev for Z~ 5). 
At lower energies the forward peak will be sup- 
pressed. The reaction Mg*4(d, p)Mg™* (Eexe 
= 1.61 Mev, J* =%"),"! for which Fig. 2 shows 
the experimental results at 8 Mev, can serve as 
an example of this. 


3+ d6/dQ 
FIG. 2. Angular distribu- | | | | 
tion of protons in the reac- | | | 
tion Mg”*(d, p) Mg5*, 1 
0 
———_.—_—_—_—— 
0 JO 60° N° 


The following reactions may be cited as ex- 
amples of the possible utilization of the proposed 
method: a) Li®(d,p)Li™, J*="%, Eoxo ~ 4 
Mey;}2.18 b) ci2 (p, dyct!* Je = ee Ute and 
We in the excitation energy range 3 to 10 Mev;'8 
c) B' (p,d)B!*, J*=4-, Eoxo ~ 6 Mev;!8 
d) C!(p, d) GY IF 4" ne sees 

In conclusion we emphasize the fact that the 
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investigation of states with large spins. by the 
proposed method possesses advantages over other 
means [reactions with complex nuclei, (a, p) 
reactions, and others], since the angular distri- 
bution features of the (d, p) reactions are re- 
vealed with significantly greater clarity. 
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Iw VESTIGATIONS undertaken for the purpose of 
finding the new 102nd element were recently 

crowned with success. Groups headed by Flerov 
in the U.S.S.R. and by Seaborg and Ghiorso in the 
U.S.A. have synthesized the short-lived isotopes 


102753 and 102754, of which the first decays via 
emission of an 8.8-Mev alpha particle with a 
period from 2 to 30 seconds,!** and second decays 
both via fission (30%) and via emission of alpha 
particles with energy close to 8.3 Mev with a 
period of approximately 3 seconds.’ In addition, 
it was shown that the activity with a period of 
approximately 10 minutes, observed previously 
by the Swedish scientists,’ was in all appearance 
not connected with the element 102. 

We wish to call attention to the anomalous 
properties of the isotopes of the 102nd element, 
observed even on a simple graph showing the 
dependence of the alpha-decay energy on N 
(analogous to the graphs cited in reference 4). 
However, the observed slight excess of the alpha- 
decay energy of isotopes of the 102nd element 
over those of the neighboring even elements can 
be the consequence of the fact that these isotopes, 
which are quite far from the beta-stability curve® 
(as are, in general, all the lighter isotopes of the 
heavy elements), have excessive alpha-decay en- 
ergies, other conditions being equal. To exclude 
the extraneous effect of the increase of the alpha- 
decay energy upon deviation from the beta- 
stability curve, we used the empirical dependence 
of the alpha-decay energy Qq on Z, for nuclei 
with identical N but different Z (see reference 
5) 

Qa(N,Z) = Qa(N) —0.8(Z—2*), (De 


where Z* is the value of Z corresponding to the 
most beta-stable nucleus for a given A, and 
Q4(N, Z) is the alpha-decay energy of the nucleus 
(N, Z*) in Mev. One can put (see references 5 
and 6) 


Z* = 0.356 A + 9.1. 


It follows from (1) that the Qa (N) found from 
the experimental values of Qq should coincide at 
each value of N, even in the presence of neutron 
shells and subshells; oniy in the case of proton 
subshells will the corresponding points deviate. 
Figure 1 shows the dependence of Qe on Ne For 
each of the values of N it was found here that the 
values of Q%, calculated from different experi- 
mental values of Qg (taken from reference 7), 
were almost the same. Nevertheless, to exclude 
the spread (which reaches +0.15 Mev), we have 
drawn the curve Q4 = Q%(N) only through the 
averaged points. As can be seen from Fig. 1, in 
this region only two isotopes of the 102nd element 
lie without any doubt above the curve On = QG(N). 
Inasmuch as the isotopes of the 102nd element are 
converted into Fm by alpha decay, this is evi- 
dence of a reduced binding energy past Z = 100. 
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We note that the rise of the curve Q% = Q4(N) 
itself indicates the existence of subshells at 
N=152 and N= 144, as has already been noted 
earlier.® The change in the properties of the nu- 
clei past Z= 100 manifests itself also in a sharp 
decrease in the period of spontaneous fission at 
10274, which is observed when the spontaneous - 
fission period log Tg is plotted vs. Z?/A (such 
a graph was plotted earlier‘). At the same time 
one observes, in both isotopes of the 102nd ele- 
ment on the graph log Tg ={f(Eg) (see Fig. 2), 
an increase in the forbiddenness in alpha decay. 


log (Ty) 
11 


0 


FIG. 2. Dependence of the period of alpha decay (T,, sec) 
on the energy of the alpha particles.””’ 


Thus, the latest data in our possession are evi- 
dence that at Z=100, apparently, there occurs 
either a filling of one of the subshells (which 
would be in accordance with the Mayer-Jensen or 
Nilsson scheme) or else a jump-like change in 
the deformations. In the former case, assuming 
the Nilsson scheme to be correct, one can assume, 
for example, a deformation parameter 6 ~0.18 
to obtain jumps in the binding energies past 
Z=92, 96, and 100 (see reference 8). The in- 
crease in the probability of spontaneous fission 
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FIG. 1. Dependence of the reduced 
energies of alpha decay Q* on the num- 
ber of neutrons: @—experimental and 
calculated values (Refs. 1, 2, 7), O- 
estimated values.’ 


oo" 
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for 1027°4 is possibly connected in part with 
the appearance of spontaneous fission into three 
fragments,”° as observed in the case of Cf?” 
(reference 10). 

In connection with the reduced stability of the 
nuclei past N=152 (references 4 and 6) and 
Z=100, one must review all possible limits of 
the existence of nuclei!!»!2 on the downward side, 
even compared with the pessimistic estimates 
of Ivanenko.'!! A preliminary estimate based on 
the spontaneous-fission curve shows now that 
the limit of nuclei with a lifetime of approxi- 
mately 107!2 — 10~!® seconds should lie most 
likely between Z=108 and 112, i.e., very far 
from the “optimistic” estimates of Wheeler.'! 

In conclusion, we express our gratitude to 
Prof. D. D. Ivanenko, Prof. A. Ghiorso, S. Thomp- 
son, and Prof. G. N. Flerov for valuable discus- 
sions and remarks, and also to S. I. Larin who 
graciously reported to us that the number Z = 100 
stood out also on a curve he plotted for the de- 
pendence of the energy differences of the alpha 
decay of the neighboring isotopes on Z. 


'G.N. Flerov, Report to the Eighth Mendeleev 
Congress, Moscow, March 1959. 

2A, Ghiorso, Report to the Eighth Mendeleev 
Congress, Moscow, March 1959. 
3 Fields, Friedman, Milsted, Atterling, Forsling, 
Holm, and Astorom, Phys. Rev. 107, 1460 (1957). 
sae ete Huizenga, Phys. Rev. 94, 158 (1954); 
N. N. Kolesnikov and S. Larin, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 28, 244 (1955), Soviet Phys. JETP 
1, 179 (1955). 

°N. N. Kolesnikov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 30, 889 (1956), Soviet Phys. JETP 38, 
844 (1956). 

°N. N. Kolesnikov and A. P. Krylova, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 38, 274 (1957), Soviet 
Phys. JETP 6, 212 (1958). 

"Strominger, Hollander, and Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 

oS Gr Nilsson, Danske Vidensk. Selsk. Math.- 
Fys. Medd. 29, 1-68 (1955). 
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Congress, Moscow, March 1959. 

i DenD. Ivanenko, Co. Mengenees, ( Mendeleev 
Anthology ), U.S.S.R. Acad. Sci. 1956. 
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ON THE DISTRIBUTION FUNCTION FOR 
DISSIPATIVE PROCESSES IN A RAREFIED 
RELATIVISTIC GAS 


S. S. MOISEEV 
Poltava Construction Institute 
Submitted to JETP editor April 4, 1959 
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le motion of a rarefied gas or of a gas witha 
large flow gradient, cannot, generally speaking, 
be treated as the motion of a continuous medium, 
and additional consequences of kinetic theory must 
be used. 

As is known, Grad! considered such a flow by 
adding to the independent parameters (in addition 
to the mean velocity, density, and temperature ) 
also the heat flow and the tensor of viscous 
stresses. Using a specific form of nonrelativistic 
Maxwellian distribution (which can be considered 
as a weighting function for three-dimensional 
Hermite polynomials in velocity space), Grad 
expanded the distribution function in Hermite 
polynomials. Retaining only the first three terms 
of the series, he obtained a distribution function 
over the coordinates and velocities, describing 
the processes of viscosity and heat conduction in 
the nonrelativistic approximation. 

It is easy to obtain a distribution function for 
rarefied relativistic gas, with allowance for the 
phenomena of viscosity and heat conduction, by 
introducing orthogonal polynomials with a weight 
exp (—-oV1+u2). Here o=mce?/kT, where T 
is the temperature in the proper reference sys- 
tem of the given gas element; u2 = ay where 
ug are the spatial components of the four-veloc- 
ity of the gas particles.* By way of an example 
we cite the first two polynomials of this type 


g = 1/2VrouKF(s), gi? = al2V x ohK¥ (<a), 
ba = oh Ug. (1) 


Here K,(o) is the MacDonald function. 
As is known,” the scalar distribution can be 
written in the form 


F = icf (x, p)8(H + me). (2) 


Here H is the invariant Hamiltonian function, 
while x and p are the 4-coordinates and 4- 
momentum of the particle. The scalar f(x, p) 
coincides with the ordinary distribution function 
and its expression in the proper coordinate sys- 
tem of the gas in equilibrium differs from 

exp (-oV1+u2) only by a multiplicative factor. 
If we now expand f [exp(—oV1+u?)]7!7 in 
terms of the functions [exp(—ovV1+u2 72 eae 
(the expansion is valid in the sense of converg- 
ence in the mean) and confine ourselves to the 
first three terms of the expansion, we obtain 
after simple calculations an expression for 

f(x, p) in the proper system of reference of 
the given element of gas 


. eae 2 oraptate 
f(x, p)=exp(— 6 VI + u?) { 4n (mc)? Kz (c) 8ritc® Kg (sc) 
oft Ka (s) 
ct 24anm?®c®K4(c) es bababy — 3 Ke (c) Taceta|} : 6) 


Here n_ is the density of the particles in a proper 
system of the given element of gas, Tap is the 
additional term in the three-dimensional portion 
of the energy-momentum tensor due to the dissi- 
pative processes, and Tapy are the spatial com- 
ponents of the tensor Tj,7 = {pip F7d‘p. 

The expression for Tj,7 in any system of ref- 
erence can be obtained from its components in the 
proper system of reference. As a result we ob- 
tain 


273 2 3K 
Tie = ae z a (UiSe1 + Ue big + Ur Sik) + meus U;UU, 
+ BORN) (Uiter + Ue tia + Urrix) + Rize, (4) 
Kg (c) 


where Uj is the 4-velocity corresponding to the 
average motion, and Rj,j is a tensor, whose com- 
ponents Raps and Raggy vanish in the proper sys- 
tem and whose remaining components coincide with 
the components of Tj,7 in the same system. The 
tensor Tjk] can be used in the study of transport 
phenomena, and also to investigate the structure 
of a shock wave. We note that for large values of 
o, Eqs. (3) and (4) go into the corresponding non- 
relativistic expressions. 

Inasmuch as the function f is a scalar, its 
form for any system of reference should be 
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_ Ot 4 5; bp 
F(x, p) = exp (12 42) COCaaAOR + “Beme oF Ks (3) 
oh (me)? [K? (¢) — Ks (6) Ks ()] 
1 Sent eRiG | Ren a [K2 (6) — Ka (s) Ka (s)] 


X (VU RU + YUU + vy, UU) | 


x |& nbs — a 5) °) Ser 4 + En8e2 + &: il, 


where the qj have the same meaning as in refer- 
ence 2, and vj is an additional term in the vector 
of material flow density, due to the dissipative 
process. 

Inasmuch as_ Tjj] = —~m’c? (cnUj + vj), the 
parameters that determine the state of the gas 
are n, T, Uj, Tik,.and Rij7. Using Eq. (3) 
and the requirement that the mean energy be 
expressed only in terms of the Maxwellian por- 
tion of the distribution function, it is easy to show 
that Tjj = 0. 

In conclusion, I consider it my pleasant duty to 
thank Prof. V. L. German for interest in the work 
and for valuable advice, and to G. I. Budker and 
S. I. Braginskii for very valuable discussions. 


*The Greek indices run through three values, and the Latin 
ones through four; repeated indices imply summation. 


‘YH. Grad, Commun. on Pure and Appl. Math. 
2, 331 (1949). 

pcre. Belyaev and G. I. Budker, Dokl. Akad. 
Nauk SSSR 107, 807 (1956), Soviet Phys.-Doklady 
1, 218 (1956). 
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It is known that a free electron placed in crossed 
electric and magnetic fields drifts in the direction 
perpendicular to the electric and magnetic fields. 
The drift velocity, i.e., the mean velocity of the 


electron’s motion* (apart from a part dependent 

on its initial velocity), is equal to v = cH rie xH 1 
where E and H are the intensities of the electric 
and magnetic fields. In addition, the electron exe- 
cutes an oscillatory motion along the electric field, 
at a frequency eH/mc; that is, the frequency in 
crossed fields does not depend on the electric 

field.! 

The situation is different for an electron in a 
metal or semiconductor. The complicated disper - 
sion law has a pronounced effect on the character 
of the motion of a conduction electron. We shall 
start from the classical equation of motion, the 
Lorentz generalized equation, 


dp/dt = e{E+c1[vxH]}, v= 0e/Op. (1) 


It is easy to show that the integrals of the motion 
in this case are 


e* (p) =e (p) — vop = const, 
V> = cH [EX H]; pz="eonst, (2) 


The z axis is taken along the magnetic field; vo 
coincides with the mean velocity of the electron’s 
motion, i.e., with the drift velocity, only in case 
the trajectory of the electron in momentum space, 
as determined by Eq. (2), is closed. In fact, on 
introducing the velocity Vy in Eq. (1) we get 


dp/dt = (e/c) [v — v,]x H. (3) 


From this it is clear that v=vy if dp/dt =0. 

This happens in the case of closed trajectories. 
Equation (3) shows that the motion in crossed 

fields of a particle with the dispersion law e¢ 

= e€(p) can be treated as motion in a magnetic 

field alone of a particle with the dispersion lawty 


e* (p) = ¢(p) — vyp.. (4) 


Therefore the results obtained before are easily 
transferred to this case. In particular, the period 
T* of revolution of an electron around a closed 
orbit is?? 


2 


T* = — (c/eH) AS*/de*. (5) 


Here S* is the area bounded by the curve deter- 
mined by Eq. (2); it depends, naturally, on the elec- 
tric field. It is interesting to note that this de- 
pendence disappears in the case of a quadratic 
dispersion law: the presence of the term —Vop 

in the Eq. (2) merely perturbs the trajectory 
without changing its area. Thus the dependence 

of the period of revolution on the electric field is 
an effect specific to an electron with a complicated 
(non-quadratic ) dispersion law. It should be no- 
ticed that cases are possible in which a conduction 


LETTERS ‘TO THE EDITOR 393 


electron in a magnetic field executes a finite mo- 
tion (its trajectory in momentum space being a 
closed curve), whereas in crossed fields it exe- 
cutes an infinite one, since the trajectory (2) is 
an open curve. 

The explicit dependence of the period on the 
electric field can be obtained only for a definite 
law of dispersion. However, if E/H «1, itis 
possible to obtain the result 


T*=T{1—(oveHT) $03 Trdl(n+p/R)}. 6) 


Here T is the period of revolution in a magnetic 
field, n=v,/|v,| is the normal to the trajectory 
of the electron in a magnetic field, and R is the 
radius of curvature of the trajectory. The inte- 
gration extends over the trajectory in a magnetic 
field. Thus AT/T ~ (c/v)(E/H). 

Once we know the frequency of revolution of the 
electron (w* = 27/T*), it is easy to write down 
the distance between quantum energy levels in the 
classical approximation:** 


As* = ha* = 2n|e|hH/c (dS*/de*). 


In connection with the dependence of the fre- 
quency of revolution of an electron in crossed 
fields on the size of the electric field, an inter- 
esting peculiarity should apparently occur in dia- 
magnetic resonance in those semiconductors in 
which the dependence of the energy of the current 
carriers on the quasimomentum is appreciably 
nonquadratic: the resonance frequency should 
depend on the electric current passed through 
the specimen. 

A nonquadratic dependence of the energy on 
the components of the quaasi-momentum occurs 
not infrequently near the edge of the conduction 
band. Often it is a consequence of the crystal 
symmetry. Here the quadratic dependence on 
the magnitude of the momentum is retained near 
the edge of the band, but the angular dependence 
becomes complicated. Thus the energy spectrum 
of “holes” in Ge and Si crystals has the form® 


e = Ap? + [BYpt + C* (p2p2 + pip? + p2p2)|" 
where A, B, and C are constants. 

To observe such effects in metals is in all 
probability impossible, since in a metal (in con- 
sequence of the large electrical conductivity) it 
is impossible to produce any appreciable electric 
field. To estimate the order of magnitude of the 
effect, we must start from formula (6), remem- 
bering however that the resonance frequencies 
are determined not by all the electrons but by 
those that have extremal effective masses. Cait 
can be shown that for these electrons no effect 


linear in the electric field is present because 
of the symmetry of the trajectory. Therefore, 
apparently, Aw/w ~ (c/v)*(E/H)?. 


*We have in mind the mean velocity in a plane perpendicu- 
lar to the magnetic field. 

tExcept for an unimportant constant, €* coincides with the 
total energy of the particle. 
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3W. Shockley, Phys. Rev. 79, 191 (1950). 

41. M. Lifshitz, Report at a session of the 
physics-mathematics section, Academy of Sciences, 
Ukr. S.S.R., 1951; I. M. Lifshitz and A. M. Kosevich, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 29, 730 (1955), 
Soviet Phys. JETP 2, 636 (1956). 
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Tae identification of particles in high energy 
stars* is often made by comparing the measure- 
ments of the momentum p, of one of the par- 
ticles with its possible limiting values under pre- 
determined assumptions about the mass and the 
number of remaining particles 2, 3,..... salle 
These last are united into one composite particle 
having some effective mass Meff. The formula 
for the momentum of particle 1 at an angle of ob- 
servation 9, under the assumption that the other 
particle has amass Meff gives the limiting pos- 
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sible values of the momentum of particle 1510228 
Ordinarily the value m=m,+m3+...+Mpy 

is taken for meff, a result which considers the 
velocities of particles 2, 3,...,n to be equal in 
magnitude and direction.” 

We shall show that the solution for the bounds 
Pimax> Pimin Of the momentum p, of particle 1 
can be restricted if one takes into account the 
angles 6;; between the other charged particles 
indie MCS, = 2303)..2 «55 0). and. of ithe lower 
limit pj of their momenta p; is estimated. 

An attempt has been made earlier! to take into 
account information about the angles and momenta 
of the particles for purposes of identification. Un- 
like reference 4, the present work includes this 
information directly in megg. In this way only 
knowledge of the lower bounds of the momenta 
is required (in reference 4, knowledge of the 
values of pi themselves is required, which is 
difficult for large pj and leads to an indeter- 
minacy in the limiting values for p;). 

To deduce a necessary formula, we note that the 
equation for the momentum p,; (or energy E,) of 
one of the secondary particles having the total en- 
ergy E and momentum P coincides with the equa- 
tion for p, in the decay of a particle with energy 
E and momentum P into two particles with masses 
m,; and meg, if we take 


... + En)? — (po +... + pn). (1) 


It is easy to show that the roots of the equation 
above for p,; have the characteristic 


mer = (Ee 


AP max/AMef; <0} dp imin|/dmesy > 0. 


This means that increasing the estimate for meff 
shrinks the region of solutions for the value p,. 

To increase this estimate, we write (1) as 
three positive terms 


mer = Dy mi + 2D) (EE; — pipj) +2 Dd) pip; (1 — cos 94). 
r= t<j haf (2) 


Taking into account EjEj —pipj = mjmj and pj 
>Pi (where pj is the lower bound of pj),+ we 
immediately get the following estimate: 


fe =n =m + =m +2 ‘ pi pj(1—cos Dupe 


2<i<f (3) 


Here the sum is carried out over all pairs of 
charged particles, except particle 1. The masses 
of the neutral particles are included in m. 

Thus, if we take m instead of m for the value 
of Meff, Pimin 29d Pyyax Come closer and 
closer together as pj increases and 0;; becomes 
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larger. For narrow beams of secondary particles 
the use of formula (3) gives no effect. vs 

If for some particles i and j not only p but 
also p is known, p can be changed to p in the 
equations and the term EjEj —pjpj —-mjmj can be 
added. This makes p;max 2nd Pymin converge 
even more. 

The most probable contribution from neutral 
particles to meff can be taken into account by 
adding to A? the term 4n’(4n’—1)p?(1—cos @), 
where p and @ are the average values of pj 
and 64; in the given interaction. 

The results of this work are given in more de- 
tail in reference 5. 

The author takes this opportunity to thank I. M. 
Gramenitskii and M. I. Podgoretskii for their val- 
uable comments. 


*We consider high energy stars to be those in which there 
are tracks of relativistic particles. 

tFor gray tracks, for example, one can take p, = m,; for 
neutral particles, p, = 0 is taken. 
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thi ET us assume that each of the eight known bary- 
ons is described by a four-component wave function. 
The general equation for all the baryons is in this 
case an equation for a 32-component spinor. A 32- 
dimensional spinor space can be treated as a rep- 
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resentation of a 10-dimensional vector space.! 
The basis vectors of this space are related to ten 
32-row matrices ['4, where 


leer rT O8e"  (g, b= 1 98 o, 10% 


There corresponds to a reflection of the basis 
vectors eP in the vector space the following 
transformation of the matrix T@: 
ee Pe ete 10; 

(no summation over b). 

We divide the 10-dimensional vector space into 
a 4-dimensional Minkowski space (the matrices 
corresponding to the basis vectors are I’, 
v=1, 2, 3, 4) and a 6-dimensional isotopic space 
(the matrices here are [4, a =5,_6,....,10). 
With the aid of the isotopic space transformations 
we can determine the following 3-component iso- 
topic vectors, whose components satisfy the same 
relations as the components of ordinary spin: 


oan etl), 282 = (Fe) ee, aT); 
oe (heel). OSS et rT, rs), 
Pie pe scl el ty 1°): 

We assume that the general equation for all 
baryons is of the type? 


5 
{T°d / dx, — hol exp [T° >) a.J*|} $= 0, (1) 

R=1 
where =a rok i ain ner rand: ap are 
some small isotopic vectors whose components de- 


pend on the potentials of the meson and lepton fields. 


Equation (1) is solved by perturbation theory, 


where we express the Hamiltonian of the unperturbed 


problem as 


Mae 


H = he {IsE"0/ Axe — kT 4lexp [re aids || Sort 42) 


k=1 


I 


The form of the baryon is characterized here by 
three quantum numbers 73, W3, and £3, which 
appear as eigenvalues of the operators 
ate (er and (i/2) P°rr® 
(see references 3 and 4). The baryon scheme can 
be described by a unit cube whose center lies at 
the origin of the coordinates 73, w 3, and ¢3 

(see diagram ). 

From (1) and (2) we can determine the pertur- 
bation Hamiltonian which describes the weak inter- 
action transitions between baryons. Every baryon 
can be displaced along the edges of the cube and 
along the diagonals marked in the diagram by 
dotted lines. All the indicated processes are 
possible in principle, although by the energy con- 
servation law some of these, for example 
m- + >- +7, cannot be realized. Other proc- 
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esses, for example, 2* — A’ + B* +v, are ob- 
viously realizable but are seldom found, since 
competing processes are more probable. The 
scheme described gives all known baryon trans- 
formations and does not give any forbidden transi- 
tions. All the weak interaction transitions noted 
can also proceed from positive energy states to 
negative energy states and vice versa. This means 
there can exist processes of the type N + P — B~ 
+ v, whose probability is small compared with 
that of the strong interaction processes. 


1D. K. Rashevskii, Usp. Mat. Nauk 10, 2—3 
(1955). 

2H. Oiglane, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 1511 (1957), Soviet Phys. JETP 6, 1167 (1958). 

on Tiomno, Nuovo cimento 6, 69 (1957). 

AN, Dallaporta, Nuovo cimento 11, 142 (1959). 
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ie EVY and Perlman! assumed that the a decay 
of the Bi?!? isomer with Ty/2 = 2.6 X 10° yr and 
Eq = (4935 + 20) kev goes to the ground state of 
[12% From the energy balance of the @ and ~B 
transitions Bi?! — Pb?" the authors concluded 

that the long-lived state of Bi?!” is the ground 

state and that RaE (Ty = 5.01 days) is meta- 
stable with an excitation energy of about 25 kev. 
We detected? the fine structure of the @ spec- 
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trum of the long-lived bismuth with the most in- 
tensive group of a particles with Eg = (4930 
+ 10) kev. These data did not contradict the as- 
sumption of Levy and Perlman about the subse- 
quent levels in the Bi2!9 nucleus. In the present 
paper we give a further study of the radiation 
from the long-lived bismuth isotope which led to 
the necessity to change the decay scheme of Bi?!”. 
The measurements were performed by means 
of a burst ionization chamber with a grid and with 
a scintillation y-spectrometer. The resolving 
power of the chamber was 28 kev for the a line 
of U?*3 with an energy of 4816 kev. In Tables I 
and II we give the results of measurements of 
the energy and of the relative intensities of a 
particles and y transitions which accompany 
the qa decay of the long-lived Bi2!? isomer. 


TABLE I. a-particle energies 


Relative 
Energy, kev intensity, 
Ao | not detected <0.03 
ay 5130+15 ~0.4 
Ae 4930+ 10 60 
As 4890+10 34 
a4 4590+10 o+1 
Os 4480+15 ~0.5 
ag (Po?1°) 5300 <0.01 


TABLE II. y-transition 


energies 
Relative 
Energy, kev intensity, 
To 
Cel 260+10 60 
"2 300+140 3 
3 340+10 
Y4 | 620+20 


To explain the decay scheme of Bi?!” we in- 


vestigated a-y coincidences. The y-ray de- 
tector was a scintillation counter 4rranged in a 
coincidence set-up with the burst ionization cham - 
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FIG. 1. Coincidences y spectrum: a—with E, = 4930 and 
4890 kev, b—with E, = 4930 kev. 


260 


400 


+ 
200 620= 20 


10 20 JO 40 


Channel number 


FIG. 2. Coincidences y spectrum with E ,= 4590 kev. 


ber. The spectrum of y lines which were in co- 
incidence with a particles of well-defined energy 
was measured. The results of the measurement 
are given in Figs. 1 and 2. We observed coinci- 
dences of the most intensive group of a particles 
with an energy of 4930 kev with y lines with an 
energy of 260 kev. These a particles correspond 
thus to the transition not to the ground state of 
T12% as was assumed earlier, but to an excited 
one with an energy of 260 kev. Besides, we ob- 
served coincidences of y lines with Ey = 300 kev 
with a particles with an energy of 4890 kev and 
of y lines with E, = 340 and 620 kev with a 
particles with an energy of 4590 kev. The maxima 
in Fig. 2 corresponding to E, = 260 and 300 kev 
are caused both by cascade transitions and by co- 
incidences with scattered qa particles with Eq 

= 4930 and 4890 kev. A comparison of the y 
emission from the bismuth sample studied with 

a y-ray reference source shows that the observed 
number of y transitions is approximately equal 
to the total number of q@ decays. 

On the basis of the data obtained we assumed a 
decay scheme for Bi?!0™ (Fig. 3). The energy of 
the a decay of RaE to the ground state of T12% 
can be evaluated from the energy balance and is 


00 
5°27 


(za) (9-) 26-0" yr 


ol, 480 ~05% 
4450 540; a (04 
Ly 1090 34% 


a - Sdays (RaE) 


Ni 
\y 
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“| by 4930 60% 
,5130 21% ‘ 


FIG, 3. Decay scheme of Bi??°™, 


LETTERS TO THE EDITOR 


Qq = (5064 + 15) kev, if we take the value 
Eg max = (1510 + 10) kev? for T12%, The total 
a -decay energy of the long-lived Bi2!? isomer 
is Qq = (5286 + 15) kev if we take into account 
the recoil of the nucleus and the energy of the Y 
quanta. This value of Qq is 220 kev larger than 
the above mentioned energy of the a decay of 
RaE. One must thus assume that RaE with T, yp 
= 5.01 days is the ground state of Bi#!9 and the 
state with T,/, = 2.6 x 10° yr a metastable one. 
The partial lifetime of Bi?!°"™ relative to an elec- 
tromagnetic transition Ty can be estimated from 
the build up of Po?! from the subsequent decay 
through RaE. It is clear from Table I that the in- 
tensity of the a@-line of Po*!® with an energy of 
5300 kev is < 0.01%, which corresponds to Ty 
= 10'" Ware 

The energy levels of Bi?! were calculated by 
Yu. I. Kharitonov on the nuclear shell model basis 
taking pair interaction and the interaction with the 
nuclear surface into account. It was shown that 
the lowest levels of Bi?!? corresponded to the 
‘(hyp p ( B9/2)n configuration and that one should 
assign spins and parities 1” and 0° to the ground 
state and first excited state and 9” to the isomeric 
state. Similar calculations for T12 point to a 
doublet structure of the levels and lead to spin 
values corresponding to the configurations 


(Sif2)p' (P1/2)n'» (d3/)p'(P1/2)n's (d5)p'(Pi/2)n° 


or (Sip )p' (f5/2 in’ (Fig. 3). For the given values 
of the spins and parities the a@ decay to the ground 
state of Tl? must be forbidden, because of parity, 
which agrees with the experimental data. 

In conclusion the authors express their deep 
gratitude to L. A. Sliv for a discussion of the re- 
sults obtained, and to E. G. Grachevaya, N. B. 
Obel’skaya, V. K. Makhnovskaya, and L. Ya. Rudaya 
for the chemical purification of the specimen from 
radioactive impurities and for the preparation of 
the samples. 


HB. Levy and I. Perlman, Phys. Rev. 94, 152 
(1954). 

2 Golenetskii, Rusinov, and Filimonov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 1313 (1958), Soviet 
Phys. JETP 8, 917 (1959). 

3D..E. Alburger and G. Friedlander, Phys. Rev. 
Beso? (1951). 
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EXPERIMENTAL INVESTIGATION OF 
THE HARMONIC OSCILLATIONS OF A 
DISK IN ROTATING HELIUM II* 


&. L. ANDRONIKASHVILI and D. S. TSAKADZE 
Tbilisi State University 
Submitted to JETP editor April 28, 1959 


J. Exptl. Theoret.Phys. (U.S.S.R.) 37, 562-564 
(August, 1959) 


Tae problem of the oscillations of a system of 
circular disks suspended from a torsion fiber in 
helium II, and participating together with the latter 
in uniform rotational motion, has been investigated 
by us!>? and by Hall.*** It has been shown that the 
period of oscillation of such a stack of disks de- 
pends upon the ratio of the frequencies Q (the 
frequency of the oscillations ) and w (the rota- 
tional frequency ), as well as upon the spacing of 
the disks and the condition of their surfaces. 
These investigations, however, failed completely 
to take into account the possibility of changes in 
the damping processes in rotating helium II. 

With the object of studying this aspect of the 
problem, we constructed an apparatus in which 
a transparent beaker of organic glass 44 mm in 
diameter filled with liquid helium performed uni- 
form rotational motion at angular velocities of 
from w=13 107? sec”! to w = 129 x 10-3 sec 
A single circular disk 1 mm thick and 30 mm in 
diameter, suspended within the beaker of helium, 
took part simultaneously in two types of motion: 
rotation, with the same velocity as the beaker; 
and harmonic oscillation about an axis perpen- 
dicular to its own plane and parallel to that of 
the beaker. The surface of the disk was alterna- 
tively covered with granules with linear dimen- 
sions 1 © 50yu, or polished. The frequency of 
the oscillations of the disk was 0.581 sec”! in the 
case of the rough surface and 0.551 sec! for the 
smooth surface case. 

The logarithmic damping decrement 6 of the 
oscillations of the disk was determined by noting 
the time required for a light spot associated with 
it to traverse a fixed path between two photomul- 
tipliers rotating, together with a scale, in synchro- 
nism with the beaker. A detailed description of 
this apparatus, as well as of the theory of the 
method, has been given in reference 5. Calibra- 
tion of the system was carried out using classical 
liquids (water, helium I), for the viscosity coef- 
ficients of which good agreement was obtained with 
tabulated data. In both cases the damping remained 


-1 
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constant over the whole velocity range investigated, 
to within the limits of experimental error. 

In the case of helium II, the damping decrement 
has a clearly-expressed dependence upon the rota- 
tional velocity, while the curve showing the depend- 
ence of the relative increase in the damping arising 
as a result of the rotation upon the rotational fre- 
quency passes through a maximum (Fig. 1), both 
in the case of the roughened disk (curve a) and 
of the smooth disk (curve b). Our attention is 
drawn to the fact that the ordinate of curve a ex- 
ceeds that of curve b by a factor of not less than 
two over the whole range of rotational velocities. 
The character of the fall of the curve beyond the 
maximum is quite different for the rough and 
smooth disks, as is the sign of the curvature. 


el - TOE Ld 4 


0 10 20 30 40 50 60 10 8 9 100110 iw 10" 

FIG. 1. Relative increase in the disk damping decrement 
as a function of angular velocity of rotation: a—for disk with 
roughened surface, b—with smooth surface; 5. — damping 
in stationary helium II, 6—damping in rotating helium II; tem- 
perature 1.78°K. 


In the smooth disk case the curve, near the 
origin, runs parallel to the x axis, which indi- 
cates, evidently, that under these conditions a 
slippage of the vortices is observed relative to 
the polished surface (i.e., the vortices are not 
fixed on the surface). 

The temperature dependence of the maximum 
increase in the relative damping (at w = 55 x 10° 
sec”!) for the roughened disk is shown in Fig. 2. 
It is characteristic that over the whole tempera- 
ture interval the increase in the damping arising 
from entrainment of the superfluid component 
does not exceed 65 - 70% of the damping due to 
friction with the normal component. 

To explain the features of the behavior of the 
curves presented in Fig. 1, Yu. G. Mamaladze, 
has suggested that the linear dependence of 
(6-6s)/5g upon w found at the beginning of 
the curve gives place to a more complex depend- 
ence when the distance between neighboring vor- 
tices becomes equal to their effective diameter. 
On this hypothesis the parameter v = €/pgI' of 
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FIG. 2. Tempera- 
ture dependence of the 
maximum value of the 
relative increase in the 
damping of the disk 
with roughened surface. 


[AD eLS, LE ee a) 3, 


Hall and Vinen, where ¢€ is the vortex energy 

per unit length and I is the circulation, was 
computed from the data of the present experiment. 
It was found that v = 6 to 8 x 1074 cm? sec"}, 
which agrees well with the value found by Hall 
himself. 

The authors thank Yu. G. Mamaladze and S. G. 

Matinyan for their valued counsel, and L. A. Zam- 
taradze, T. G. Shults, and I. M. Chkheidze for their 


aid in performing the experiment. 


*Presented at the All-Union Conference on Low Tempera- 
ture Physics, Tbilisi, October, 1958. 


1D. S. Tsakadze and E. L. Andronikashvili, 
paper presented to the Fourth All-Union Conference 
on Low Temperature Physics, Moscow, 1957. 

2D. S. Tsakadze and E. L. Andronikashvili, 


Coo6ujenua AkagemMuu Hayk I'pysuucxon CCP (Commun. . : 


Acad. Sci. Georgian S.S.R.) 20, 667 (1958). 
3H. E. Hall, paper presented to the Fourth All- 
Union Conference on Low Temperature Physics, 
Moscow, 1957. 
4. E. Hall, Proc. Roy. Soc. A245, 546 (1958). 
5 Andronikashvili, Mamaladze, and Tsakadze, 
Tp. uH-Ta dusuku Akagemun Hayk I’py3suncxohu CCP 
(Trans. Inst. Phys. Acad. Sci. Georgian S.S.R. ) 
T3eG959); 
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LOCALIZATION OF A HIGH-FREQUENCY 
INDUCTION DISCHARGE 


M. D. RAIZER and S. E. GREBENSHCHIKOV 


P. N. Lebedev Physics Institute, Academy 
of Sciences, U.S.S.R. 


Submitted to JETP editor April 30, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 87, 564-565 
(August, 1959) 


W: have investigated a high-frequency induction 
discharge in an axially symmetric magnetic field 
in the pressure range 1 —100 mm Hg in various 
gases (air, hydrogen, and helium). 
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The discharge was produced by a self-excited 
pulsed 150 kw oscillator using GU-12A tubes. The 
pulse-length was one microsecond, the frequency 
15 Mes, and the anode voltage 15 kv. The coil 
used to produce the high-frequency magnetic field 
had an inductance of 0.2uh and constituted the 
entire plate circuit of the oscillator. Two coils 
were used; the magnetic field produced by one 
was such as to satisfy the stability condition for 
a pinch in an equilibrium orbit,!** (i.e., the field 
at the orbit Hy = H/3, where H is the mean 
value of the magnetic field inside the orbit); the 
field produced by the second coil was essentially 
uniform. The discharge was excited in the cyling 
drical vacuum chamber (diameter = 28 cm, 
height = 3 cm). 

In the figure are shown typical streak photo- 
graphs of discharges in various gases taken with 
an SFR-2 camera. The slit in the objective of the 
camera was parallel to the radius of the vacuum 
chamber. The radius R=14cm corresponds 
to the wall of the vacuum chamber. The equilib- 
rium orbit is at a distance of approximately 4 cm 
from the side wall of the vacuum chamber. In air 
or hydrogen (Fig. 1, a and b) at a pressure of 
10 mm Hg the breakdown occurs at 2 —3 cm from 
the side wall and clearly defined plasma loops are 


formed; the small radii of these loops are approxi- 


mately 5mm. The large radius of the loop in air 
expands at a velocity of 3 x 104 cm/sec; the radius 
of the loop in hydrogen contracts at a velocity of 
104 cm/sec. The loops exist for the duration of 


the oscillator pulse. In helium (cf. figure) the 
plasma loop which is formed at breakdown sep- 
arates into two separate loops, which exist simul- 
taneously. 

With all other conditions being approximately 
the same the oscillation frequency of the plasma 
loops is inversely proportional to the mass of the 
gas: in air — 16 kes, in helium — 6 kes, and in 
hydrogen — 4 kes. The loop current, measured 
by changing the oscillator frequency, is approxi- 
mately 200 amp; the intensity of the induced elec- 
tric field is approximately 1,000 v/em. The cur- 
rent in the loop is determined by measuring the 
loop inductance.? 

Spectroscopic measurements of the discharge 
in hydrogen at a pressure of 10 mm Hg (ISP-50 
spectrometer ) indicate that the current channel 
contains only atomic hydrogen ions. The electron 
temperature, as determined from the relative in- 
tensities of the Hg, Hg, and Hy lines, is ap- 
proximately 5000°, corresponding to a plasma 
conductivity of 2 x 10!3, 

The nature of the discharge changes in a uni- 
form magnetic field; in discharges in helium and 
air the current flows in a localized region at the 
sidewall of the chamber and does not form plasma 
loops. In the discharge in hydrogen there is a 
clearly defined loop, the small radius of which is 
approximately 5 mm; the oscillations of the large 
radius fall off much more rapidly than in the cases 
cited above. 

A plasma loop in a uniform magnetic field 


SOUS waa Bae , {Reise SCs SSIS Se SG As RE 
t, psec. 700 600 500 400 F00 200 100 0 


Streak photographs of the dis- 
charges: a) air, p= 7 mmHg; J = 
200 amp; b) hydrogen, p—10 mmHg, 
J = 200 amp; c) helium, p—10 mm 
Hg, J = 260 amp; d) helium, p—60 
mm Hg, J = 220 amp. 
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which is subject to electrodynamic forces tends 
to reduce its large radius, contracting to the 
center of the vacuum chamber.” However no es- 
sential difference was observed in the behavior of 
the plasma loops in the two series of experiments 
indicated above. This may be due to the fact that 
the electrodynamic forces, which are proportional 
to the square of the current, are small or to the 
presence of strong dissipative forces due to the 
high gas density. 

Thus, it has been established that in a high- 
frequency induction discharge at pressures above 
1 mm Hg sharply defined plasma loops are formed; 
these remain separated from the walls of the 
vacuum chamber and exist for the duration of the 
high-frequency magnetic field pulse. 

The authors are indebted to R. A. Latypov for 
assistance in the construction of the apparatus 
and for help in carrying out the experiments, 
V.A. Kiselev for carrying out the spectroscopic 
measurements, and L. M. Kovrizhnykh, M. S. 
Rabinovich and I. S. Shpigel’ for a discussion of 
the results which have been obtained. 


iy ve Kovrizhnykh, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 36, 1834 (1959), Soviet Phys. JETP 9, 
1308 (1959). 

2S. M. Osovets, ®u3uka naa3Mbl “ mpobsema 
ylpaBAeMbIX TepMOsfepHHIX peakuun (Plasma 
Physics and the Problem of a Controlled Ther- 
monuclear Reaction), Vol.II, 1958, p. 238. 

3M.D. Raizer and S. E. Grebenshchikov, 
Oruet ®UAH (Reports, Institute of Physics, Acad. 
Sci.) 1958. 
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MAGNETOSTRICTION OF ANTIFERRO- 
MAGNETIC NICKEL MONOXIDE 


K. P. BELOV and R. Z. LEVITIN 
Moscow State University 
Submitted to JETP editor May 5, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 565-566 
(August, 1959) 


Dara on the magnetostriction of antiferromag- 
nets are at present lacking in the literature. On 
the basis of general considerations, however (the 
presence of domain structure), the magnetostric- 
tion of antiferromagnets should have an appreci- 


able magnitude, at any rate larger than that of 
ordinary paramagnets. 

We have measured the magnetostriction of 
polycrystalline nickel monoxide, NiO, prepared 
by the standard ceramic technique. Before the 
magnetostriction measurements, the room-tem- 
perature mass susceptibility and the Curie point 
of the specimens were measured by way of control. 
The measurements showed that in fields up to 
7000 oe, the susceptibility is slightly field-depend- 
ent and equal to 6 xX 107°; the Curie point was de- 
termined by the jump in Young’s modulus and was 
251°C. These data agree with results obtained 
for NiO by other authors.! 
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FIG. 1. Temperature 
dependence of the mag- -2 | 


netostriction of NiOina _, 
field of 14,200 oe. 
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The magnetostriction measurements were made 
by the wire-probe method by use of a photoelectro- 
optical amplifier. Figure 1 shows the temperature 
dependence of the transverse magnetostriction, 
measured in a field of 14,200 oe. The magneto- 
striction has a negative sign and decreases mono- 
tonically on approach to the Curie point. Figure 2 
shows the field dependence of the transverse mag- 
netostriction at various temperatures, and also 
the longitudinal magnetostriction at room temper- 
ature; the latter has a positive sign. What attracts 
attention is the fact that there is a certain “crit- 
ical” field (Hg © 5000 oe) below which the mag- 
netostriction is practically zero. Only after attain- 
ment of this field does the increase of magneto- 
striction begin. 

In our opinion the magnetostriction in antiferro- 


FIG. 2. Longitu- 
dinal and transverse 
magnetostriction of 
NiO. 1, longitudinal 
magnetostriction at 
21°C; 2, transverse 
magnetostriction at 
ZIG Ssates oC: 
4yat 742°C; 
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magnetic nickel monoxide is dependent on the pres- 


ence of a domain structure. This is indicated by 
the decrease of magnetostriction with increasing 
temperature, and also by the opposite signs of the 
longitudinal and transverse magnetostriction. The 
presence of a critical field is connected, in our 
opinion, with the existence of a coercive force, 
which is of order 104 oe for antiferromagnets 
according to an estimate given by Néel? and by 
Labhart.® 

We also observed, in the specimens studied, 
a decrease of Young’s modulus on application of 
a strong magnetic field (the antiferromagnetic 
AE -effect); this also indicates the existence of 
magnetostriction in antiferromagnetic nickel 
monoxide. 


1R. Street and B. Lewis, Nature 168, 1036 
(1951); F. Trombe, J. phys. et radium 12, 170 
(1951). 

21. Néel, Ann. phys. 3, 137 (1948). 

3H. Labhart, Z. angew. Math. Phys. 4, 1 (1953). 
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SPACE ASYMMETRY OF LOW ENERGY 
POSITRONS FROM 1*-yu*-e* DECAY 
A. O. VAISENBERG 
Submitted to JETP editor May 7, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 566-568 
(August, 1959) 


‘Tue aim of this note is to discuss the totality of 
the data obtained in this laboratory and given in 
the literature on the asymmetry in the space dis- 


tribution of low energy positrons from the 7*-yu*-e* 


decay. 


We shall be interested in the asymmetry coeffi- _ 


cient ajy_¢ averaged over the spectrum from 
€ =0 up to the energy €. The two component 
neutrino theory! gives for this coefficient the 
following expression 

Ap—e = a(— Qe? + Bet) / (2e% — £4). (1) 


Here a is the asymmetry coefficient averaged 


over the entire spectrum and it is, as is well known, 


negative; ¢« is expressed in units of the maximum 
positron energy in the p-e decay. It follows from 
this expression that for small energies the asym- 
metry coefficient ay-~ should decrease from the 
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positive value of —a, at the very beginning of the 
spectrum, to zero at € = ¥%.° Until now this predic- 
tion of the theory has not been verified with suffi- 
cient accuracy because the number of low energy 
particles in the spectrum of the decay positrons 

is small. Radiative corrections to the spectrum 
(Kinoshita and Sirlin? and also V. P. Kuznetsov, 
private communication ) and the dispersion in the 
energy measurement in photoemulsion? result in 

a decrease of ay-¢ by approximately 40% in com- 
parison with (1), and in a shift of the energy at 
which aj-¢ goes through zero from ¢€ =% to 

€ = 0.55 — 0.60. 

The following measurements were carried out 
in our laboratory: 1) a measurement of the entire 
spectrum for 1102 particles with a= 0.07734 
2) a measurement of the spectrum of slow elec- 
trons in which 345 particles were selected with 
energy €< 0.6 with a=0.077;4* 3) a measure- 
ment of the entire spectrum for 565 positrons with 
a = 0.28.3 Measurements 1) and 2) were per- 
formed in the usual emulsion NIKFI-R and meas- 
urement 3) in the same emulsion but placed in a 
magnetic field of 17 kgauss. 

It is convenient to discuss the resultant experi- 
mental data in terms of the relative difference of 
the number of positrons emitted forwards and 
backwards 


8 = (Np— Np) / (Ng + Nz). 


In the graph and in Table I are shown values of 
Nr, Np, andthe excess 6 in the energy inter- 
vals 0—0.3, 0.3—0.6, 0.6—0.8, 0.8—1.0, and 
> 1.0. These results were obtained by combining 
data from all three above-mentioned spectra. 
These data show that the asymmetry falls sharply 


The dependence of the excess 6 = (N.. - N,)/ (N.. + N,) 
on the positron energy €. The dashed line shows the depend- 
ence 6(&) predicted by the two-component theory under the 
conditions of small (upper curve) and large (lower curve) dis- 
persion of measurements. Eighty percent of the positrons were 
measured with intermediate values of dispersion. 


LETTERS TO THE 2Direh 


402 
TABLE I 
ee aT 
N, 149 352 211 134 79 
Ne 140, 364 270 189 124 
N 289 713 481 O28 206 
3 +0.03+0.06 —0.01+0.04 —0.12+0.04 —0.17+0.05 —0. 2540.07 _ 
TABLE II 
¢ = 0—0.3 e = 0—0.6 
Refer- aj; kj 
ence Nj Ni- Nip N; Ni¢ Nip 
4 245 130 115 784 398 386 0,08 0.64 
3 42 19 23 218 103 115 0.28 0.90 
5 74 41 33 373 184 189 0.14 0.64 
6 24 15 9 209 105 104 0.14 0.64 
7 32 12 20 205 89 116 0.14 0.64 
8 183 103 80 _ — — 0,19 0.50 
Totals 600 320 280, ves) 879 910 
observed ane 
+0.07+0.04 —0.02+0.0: 
Excess 6 expected 
+0.04 0.0 


as one goes from the high end of the spectrum 
towards low energies and is practically absent 
for 6 <.0.5. 

The statistical accuracy of the low-energy re- 
sults will be significantly improved if one con- 
siders not only these data but also all other known 
data on the asymmetry at low energies obtained 
by the photoemulsion method. These are given in 
Table II (Nj stands for the number of particles 
in the energy interval indicated). All these meas- 
urements were carried out under quite similar 
conditions by the same method and with approxi- 
mately the same experimental accuracy. They 
form a group of data which are in good agreement 
with each other. Table II also contains data ob- 
tained with a propane bubble chamber since the 
method of measurement and selection used by the 
author is analogous to the photoemulsion methods. 
In the last two lines of Table II we give the ob- 
served and expected values of the excess 6. For 
the interval 0 —0.3 the expected value of 6 was 
found from the formula 6 = aZNjajkj /ZNj where 
kj is a coefficient determined by the geometry of 
the experiment, and @ =0.6 serves to approxi- 
mate the decrease of the expected excess due to 
averaging over the interval 0 —0.3, due to radi- 
ative corrections and due to the dispersion in the 
measurements. In the interval 0 —0.6 the ex- 
pected excess equals zero. A comparison of the 
values of the excess 6 in the last two lines of 
Table II shows that the observed values do not 
contradict the values expected on the basis of the 
two component theory. 

Measurements of the asymmetry at low ener- 


8 


gies have also been performed by the magnetic 
spectrometer method.’ The results so obtained 
are in agreement with those given here. 


*The data as given here differ somewhat from the values 
given in reference 4. This is due in the first place to the fact 
that an analysis of the data showed that the scattering con- 
stant had to be changed from K = 25 used in reference 4 to 
K = 23.5/100 used in this work. In the second place, three 
newly measured particles were added to spectrum 1, which in 
reference 4 consisted of 1099 particles. 
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THE NUMBER OF ELEMENTARY BARYONS 
AND THE UNIVERSAL BARYON REPULSION 
HYPOTHESIS 


Ya. B. ZEL’ DOVICH 
Submitted to JETP editor May 11, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 87, 569-570 
(August, 1959) 


& ONSIDER a hypothetical experiment in which 
neutrons are compressed to a density such that 
the energy at the Fermi surface exceeds a few 
Mc?. In that case a partial transformation of 
neutrons into other baryons — protons and hy- 
perons — will be thermodynamicaliy favored, and 
it will be necessary to consider as many independ- 
ent Fermi distributions as there are elementary 
particles. The problem of the number of elemen- 
tary particles may be approached in this way since 
if some particle is in reality not elementary it 
would not give rise to a separate Fermi distribu- 
tion. If, for example, the 2* is abound p and 
K° complex, then at high densities it will turn out 
that “inside” the &* there isa p identical to 
other free protons (the Z* will be “crushed” ). 

In the asymptotic expression for the energy of 
a relativistic Fermi gas « = ANY?, where N is 
the total density of all baryons, the coefficient A 
is given by 


AR 8 (er Al yy “ne = av" 


? 


where v is the number of the kinds of truly ele- 
mentary particles and a is the coefficient for 
v=1. Thus there exists in principle, a possibil- 
ity of determining v; it was assumed in the above 
that in the limit of large densities all interactions 
are small compared to the Fermi energy. 

If one were to insist on designating as different 
particles (index 1 and 2) that are actually made 
up of identical fermions with different surround- 
ing boson clouds, then the increase in the total 
energy of a system consisting of N, particles of 
one type and N, particles of the second type, in 
comparison with the Fermi energy of each group 
separately,. will give the appearance of a repulsion 
of these particles: 


€ =a(N, HN) /* = aN Pia eV, 


where V is the energy of the apparent interaction. 
The question arises whether the experimentally 
observed nucleon repulsion (“hard core”) at small 
distances is not precisely such an “apparent” inter- 
action, due to the fact that all baryons contain “in- 
side” them one common fermion — the carrier of 


the conserved baryon charge. Such a repulsion 
may be investigated in an elementary example.* 
Let us consider the collision between a proton p 
and a mesic atom H consisting of p and 7. 

We may treat p and H as two different spin 3 
particles. Then the 3S state of the system with 
parallel spins and zero orbital angular momentum 
is allowed. The wave function »~ for the system, 
after separating out the center of mass motion and 
the spin function, may be written as 


b(R, p) = D(R)x(R, @); 
P=Tlr— (ty +1r.)/2. 
For the 3S state x should be an odd function and 
may be written approximately as 
x~ = Ble (ep— R/2)— o(p + R/2)), 


where q@ stands for the ground state function of 
the m in the atom: 


R=1f,—fp. 


o(e + R/2)=9¢(t.— fy). 


As the protons approach each other x goes 
over into the function describing a P -state meson 
(lq =1) in the field of the two protons with a pro- 
jection of the angular momentum onto the direction 
R equal to Jp =0. In deriving the Schrodinger 
equation for ©@ it is customary to add to V (r,—-Yr,) 
= V(R) the meson energy E7(R) calculated from 
the function y as <y*Hqy> where 


e(p —R/2)=9(t2—M"1), 


Hy = — (#?/ 2m) Ap + V (| te — 11 |) + V (tx — 12). 


Actually it is also necessary to consider the effect 
of the operator (—h/2u)AR on x(R,p) (p is 
reduced mass of the two protons). For small R 
the contribution of this term is (due to the angular 
part of Ap) 


Ey = <y* | — (42/2) Ar [> = (h?/ 2p) 2R°?. 
The Schrodinger equation for ® 
— (hn? /2u) Sp® +[V (R) + Ex (R) + h?/ wR2]D = EO, 


insures the vanishing for R=0 ofa spherically 
symmetric function ® only ifthe term KE, is in- 
cluded. Such a result is self-explanatory: two 
protons with parallel spins must at small distances 
be ina state L=1 and E, is the centrifugal 
potential. However E, appears as the effective 
potential in the equation for the function ® de- 
scribing the spherically symmetric (S) state. 

In the study of the scattering of p on H after 
elimination of the 3S component the contribution 
fo E, will manifest itself as a strong repulsion 
at small distances. In contrast to the usual term 
E, the expression for E, does not depend on the 
properties (mass, charge) of the meson. 
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The appearance of E,; is entirely due to the 
fact that the “interiors” of the two different par- 
ticles p and H are identical. If the meson cloud 
surrounding the proton in the H atom is in a state 
with 1; =1 then a repulsion will appear not only 
in the °S but also in the 'S state. The average 
value of the coefficient of fhe term h?/2uR? should 
be of the order of unity. 

In the study of two identical particles (e.g., two 
atoms H) with meson clouds having 17 =1 there 
also appears a repulsion in the 1s state. However 
the average Fermi energy in this case remains un- 
changed; that is, the repulsion in the 1s state is 
compensated for by an attraction in the 3P state 
(reduced centrifugal potential in that state). 

Let us return from models to baryons. The 
hypothesis of one common “core” leads to the 
conclusion that in the interaction of different or 
identical baryons in S states there should appear 
a strong repulsion at small distances with a poten- 
tial ~ h’/2uR’. The present-day data’ on the p-p 
and p-n interactions at small distances are in 
agreement with this estimate. No such repulsion 
should be observed in the interaction of any bary- 
ons with any antibaryons. 

In the interaction of identical particles the 
short range interaction, averaged appropriately 
over the various angular momentum states, van- 
ishes. The study of short range forces between 
different particles in various spin and angular 
momentum states could replace the “gedanken” 
experiment on the determination of the number v 
of elementary particles from the density depend- 
ence of the energy considered at the beginning of 
this note, and would make it possible to establish 
whether or not the different pairs of particles 
under study have a common “interior.” 

I take this opportunity to express my gratitude 
to A. D. Sakharov; a discussion with him on the 
state of matter in superdense stars served as the 
origin of this work. 


*This example was discussed by S. S. GershteYn in connec- 
tion with the theory of hydrogen mesic molecules. 

tThe total orbital angular momentum of the system equals 
zero, however the meson also carries one unit of angular mo- 
mentum. 


1D. S. Signell and R. E. Marshak, Phys. Rev. 
109, 1229 (1958). 
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Moscow State University 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 571-572 
(August, 1959) 


R ECENTLY Zel’dovich! called attention to the 
possibility of a direct transition of a w*y™ pair 
through a virtual photon into an electron-positron 
pair. It is of interest to study this process in 
more detail, in particular using not only the non- 
relativistic approximation employed by Zel’dovich. 
The matrix element describing this process 
can be obtained directly from the exchange part 
of the matrix element for Bhabha scattering (see, 
e.g., reference 2, formula 49,49) by replacing the 
initial state electron and positron wave functions 
in it by w-meson wave functions. Keeping this 
remark in mind it is easy to write down the ex- 
pression for the probability of the transition 
u*u —e*e’. In the center-of-mass system, 
neglecting the rest masses of the electron and 
positron in comparison to their energies, we 
obtain 


dw = (e4dQ / 8ch?L*K;) S*S, (1) 
where the spin part of the matrix element is 
S = by abybet abe. (2) 


Here qa, is a four-vector composed of Dirac 
matrices and the b’s are the spinor amplitudes 
of the wave functions of the corresponding par- 
ticles. Further calculations dealing with the spin 
states of the particles are considerably simplified 
if use is made of a table given in the monograph 
by Sokolov? (formulas 21,17 and 21,18). Applying 
these formulas to Eq. (1) and summing over the 
electron and positron spins we find 


; 4d sah xe ; 
dw (S,, S,) = : (1 2 “| ae 2 
(Sus Su) So LR SuSu Ke a Ke (1 — sus, cos a 


Here hk is the momentum of the particle, chK 

= chv k? + ke is its energy, s is the projection 

of the particle’s spin onto its direction of motion, 
and 6 is the angle between the meson and electron 
momenta. In Eq. (3) SuSp can take on the,values 
+1, where the value —1 corresponds to the ortho- 
state of u*y” with total spin parallel or antipar- 
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allel to the direction of motion of the mesons. 
Setting sysj =—1 in Eq. (3) we find 


dw; = dw*, = (edQ/ 4ch?L°K?) (1 +cos?6). (4) 


In order to find the transition probability p*y7 
—e*e” in.the third ortho-state where the projec- 
tion of the total spin of the mesons onto their direc- 
tion of motion is zero, we introduce the appropri- 
ate symmetric combination of the spinor ampli- 
tudes directly into Eq. (1) and write it in the form 


diy = (e*dQ / Bch L°K7,) (bE wy vbebe* cay be) +2" bE (1) ab, (1) 
+ BE (— 1) etyybu (— 1)) +27 {6u (1) atonby (1) 
+ byt (— 1) @evbp (— 1)}. (5) 


For simplicity let us choose the z axis along the 
direction of motion of the mesons. One can then 
show that b(s) =p304b(-—s). With this fact in 
mind we obtain from Eq. (5), after summing over 
the electron and positron spins, the following ex- 
pression for the transition probability in the third 
ortho-state: 


dur, = (e*dQ ! 4cn?L°K7) ; 
Ne ke Kae Pa / hl —.cos: 8), (6) 


A comparison of Eqs. (4) and (6) shows that the 
transition probability in the orthostate depends 
strongly on the value of the projection of the total 
spin of the mesons onto their direction of motion. 
When this projection equals +1 the electrons are 
emitted mainly along the direction of motion of 
the mesons, whereas when this projection equals 
0 the electrons are emitted mainly in a direction 
perpendicular to the line of motion of the mesons. 
' In the nonrelativistic approximation (ky — 0, 
cos? @ — tes) the p*u —e*e transition proba- 
bility is the same in all three ortho-states and is 
equal to 


ws = 4net / 3ch? L3ky,, (7) 


which agrees with the result of Zel’dovich. How- 
ever as the meson energy increases wf decreases 
much faster then wf, w%, and in the extreme rela- 
tivistic limit (when K,, > ko,) the probability wf 
vanishes. 

As can be seen from Eqs. (3), (4), and (6) the 
utp —e*e” transition probability in the para- 
state is zero not only in the nonrelativistic ap- 
proximation but in general. 

I am indebted to Prof. A. A. Sokolov for his 
help and advice. 


ya. Zel’dovich, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 36, 646 (1959), Soviet Phys. JETP 9, 
450 (1959). 
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91eKTpomMHamMuky (Introduction to Quantum Elec- 
trodynamics), M., Fizmatgiz, 1958, Ch. 4. 
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TIBILITY OF BISMUTH AT EXTREMELY 
LOW TEMPERATURES 


N. B. BRANDT, A. E. DUBROVSKAYA, and 
GAs IkY LIN 


Moscow State University 
Submitted to JETP editor May 14, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 572-575 
(August, 1959) 


Ir can be deduced from galvanomagnetic meas- 
urements that bismuth belongs to the group of 
metals having equal numbers of electrons and 
holes. We can now regard it as established that 

a portion of the Fermi surface for groups of elec- 
trons is well described by Shoenberg’s three- 
ellipsoid model,! proposed on the basis of the 
measurement of quantized oscillations of the mag- 
netic susceptibility of bismuth at helium temper- 
atures. 

Experiments by other authors on oscillations 
of magnetic susceptibility ,2”° electrical resistance 
and Halil emf**°»® in high magnetic fields, related 
to another part of the Fermi surface, have not 
until now yielded positive results. We thought 
that these oscillations were not observed at helium 
temperatures because of their small amplitude, 
which would be sufficiently enhanced for observa- 
tion at much lower temperatures. For this pur- 
pose we developed the apparatus’ and measured 
the anisotropy of magnetic susceptibility of bis- 
muth at extremely low temperatures. These ex- 
periments are of interest in themselves since, as 
far as we know, the magnetic susceptibility of 
metals and semiconductors has not before been 
studied at these low temperatures. 

The apparatus, which is a torsion balance, is 
shown in Fig. 1. The salt pill, 1, with the heat 
link,® 2, and the sample holder, 3, are fixed to 
the balance suspension system. The glass sleeve 
for the balance, 4, consists of two tubes separated 
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FIG. 1. a— Schematic 
drawing of the apparatus. 
b — Specimen holder. 


by the copper connector, 5, inside which two cop- 
per pieces are freely fixed, with holes in their 
centers, to shield the specimen and salt from 
radiation. The sleeve, 4, is in the liquid helium 
bath and can be evacuated by the charcoal pump, 
7. After adiabatic demagnetization of the salt the 
balance was lowered until the pill was in the cen- 
ter of the magnetic shield, 8, while the specimen 
was in the center of the pole pieces, 9, of the 
electromagnet. In a single-run adiabatic demag- 
netization of the salt and cooling of the specimen 
could be repeated 6 or 7 times. The temperature 
was deduced from the susceptibility of the salt. 
The apparatus heated up from 0.06° to 0.1°K in 
60 to 70 minutes, so that curves could be plotted 
of the dependence of the moment of the forces, A, 
due to the anisotropy of the specimen, acting in 
the plane perpendicular to the balance axis, on 
the direction of the uniform magnetic field H, 
within a temperature interval of about 0.02°K. 
We used a cylindrical single crystal of bismuth 
of diameter 3.6 mm and length 7-8 mm, grown 
from Hilger bismuth, purified by thirty vacuum 
recrystallizations. The trigonal axis was perpen- 
dicular to the axis of the balance and the binary 
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10. 05 1G. = 
Hy BS I0 IS 1D i. 10°08 
FIG. 2. Dependence of the moment of the forces, A, (in 
arbitrary units) acting on the specimen, on the magnetic field 
strength for w = 81.5°. Curve 1 is for T = 1.6°K, curve 2 for 


T = 0.07°K. Curve 3 represents the high frequency component 
deduced, at T = 0.07°K. 


axis parallel to it. The error in orientation of 
the axes was not more than 0.3 —0.4°. 

At the lowest temperatures high frequency os- 
cillations can be seen, superimposed on the curves 
of the low frequency oscillations. Figure 2 shows 
the dependence of A on H for a particular value 
of 7%, the angle between the direction of H and 
the trigonal axis of the specimen. 

The frequency of oscillation of the susceptibil- 
ity (or of A) with changing His proportional to 
the area of the corresponding extreme cross- 
section, Sm, of the Fermi surface perpendicular 
to H.? The angular dependence of Sm for the 
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FIG. 3. Angular dependence of Sn for the new oscillations 
(curve 4) and for the oscillations connected with Shoenbe rg’s 
three-ellipsoid model (curves 1, 2, 3). 
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new oscillations is shown in Fig. 3 by the dashed 
curve. It appears that these oscillations corre- 
spond to a group of holes which have a Fermi 
surface in the form of a surface of revolution, 
stretched out along the trigonal axis.* On the 
assumption that this surface is closed, a rough 
calculation leads to a value of the “hole” concen- 
tration n ~ 0.5 x 10'8 cm? and an effective mass 
along the trigonal axis mj = (47) (9Sm/8E) 
0.06 my (mp is the free electron mass). It is 
most probable that the high frequency oscillations 
in the angular range 105° > % > 75° belong to an- 
other group of charge carriers. (Measurements 
in much greater magnetic fields are necessary 
for studying this question.) This is in agreement 
with the suggestion that there must be at least 
three charge carrier groups in bismuth.!” 

We are most grateful to A. M. Kosevich for 
discussion of the results, to A. I. Shal’nikov for 
his interest in the work and to M. V. Volkova for 
assistance with the measurements. 


*More exact measurements show that the part of this sur- 
face, corresponding to the angular range 180° > w > 105° and 
75° > W > 0°, approximates an ellipsoid. 
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A number of events were recently observed!” 
which corresponded to a charge exchange scatter - 
ing of m mesons on hydrogen (m +p — 7° +n) 
followed by the decay of the 7’ meson into a 
Dalitz pair and a photon: 


no—>e +e*+y¥. (1) 


The probability for the decay (1), summed over the 
polarizations of the particles in the final state, was 
calculated by Dalitz? and Kroll and Wada.’ In this 
paper we give the results of a calculation of the 
probability for the 7° meson to decay according 
to the mode (1), taking into account the spin states 
(longitudinal polarizations ) of the electron-posi- 
tron pair and of the photon. 

The direct interaction Hamiltonian for process 
(1) is given by 


Aint = Cg Vne (bEO; Dat (aAT) ) Ver 


Here #70, %6-, Yet and A* are the wave func- 

tions of the 7° meson, electron, positron and 

photon respectively; D is the Dirac operator; 

@ =p,0 is a Dirac matrix; if the 7’ meson is 

pseudoscalar Oj; =p, andif it is scalar Oj = p3. 
The field amplitude of a circularly polarized 

photon is given by the formula’ 


af =(B — il [nxB)) /V2, 


where Kk is the photon wave vector and Bin is 
an arbitrary unit vector. For a right-circularly 
polarized photon 7=1 (spin parallel to K) and 
for a left-circularly polarized photon l= —-1 
(spin antiparallel to kK). We made use of formula 
(21.15) in Sokolov’s® book to calculate the matrix 
elements of the decay (1) with longitudinal polari- 
zation of the pair taken into account. We obtain 
the following expression, in the rest system of 
the 7 meson (pseudoscalar), for the probability 
for the decay (1) with prescribed polarizations of 
the particles: 


+ (btaATD) Ober}. (2) 


= *y% (3) 


ke dQ, (dk_) 


i erg? 
aw (Sinshs l (0) Ron —K_)+ konK_k_K, cos 0 


R24 (2n)8 “hy ky K_( 


xX {D, + s.s, B, + [s_ Pz + Is, Py}, (4) 
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where 
®, = Rg PRR sin? 8 + 2 [K_ (Rox — K_) ¢° 
(4 kok) (Ret kit (2K hon) @) 1 
, = q “k_ky sin” 6 [Aon (KK 4 — Ro) + 2h5q"] 
+ (2/k4) (gh (K+ (Row — K-) — ko) — K+ 
X (k_ + ky cos 8) [K_ (k= + k_ky) + (2k —RowK—) q1), 
Dy = 2g *k_R* sin” RonK—G + 2k— (Rom — K—) q° — 2 (k- 
+k, cos0) [K_(k2:-+ k_ky 4- (2K— — kon) 4) — hed], 
Dy = 2g 7k ky sin” Wonk 4g 
+ 2(K—/k4) K+ (Ron — K—) — Ro] — (2/ By) (A> 
+ kk) [4 (RE + k_ky + (2K—— Rom) q) + Fog], 
q=—x=k+k,, cos€0=k_k,/k_k,, Ron = mac/h, 


— 2bk_ cos 0 La Vb? — k2 (a? — 4 k® cos? 8) 
Re = 2 2 2 
G2 — ARS Cosa 


, 


a= 2 (Ron bree hy OK) nore, 


ao i=); 
K, =Ve+ ke. (5) 


Here E, =chK,, py; =fhk, stand for the total en- 
ergy and momentum of the electron and positron; 
ky = myc/h is the rest mass; dQ, is the solid 
angle of positron emission; s,,S_=+1 are the 
eigenvalues of the projection operator o+k,/k,. 
For s. = 1 (ss, = 1) the electron (positron ) 
has right polarization and for s_=-1 (s,=-1) 
left polarization. The corresponding expressions 
for ®; (i=1,2, 3, 4) are also easy to obtain for 
the case of a scalar 7° meson. Formula (4) gives 
the angle and energy dependence of the degree of 
longitudinal polarization of the created pairs and 
the correlation between polarizations (the terms 
proportional to s_s,, Js_, ls,) in the decay (1); 
this could be of value in the determination of the 
properties of the mn’ meson. It follows from (4) 
and (5) that for extremely relativistic electrons 
and positrons (when k_, k, >ky and 4, = 9, 
3; = @,) the probability for the decay (1) will 
differ from zero only if both the electron and 
positron of a pair are right polarized (s_=s, =1) 
or left polarized (Ss_=s, =-1). In that case the 
m® -decay with the emission of a left polarized 
electron (s_=-—1) and right polarized positron 
(Ss, =+1) or vice versa (s. =+1, s, =-—1) is 
forbidden since the probability (4) vanishes. 

In conclusion we express gratitude to Prof. 
A. A. Sokolov for his interest in this work. 
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ly the present note we derive formulas for the 
interaction energy connected with the Van-der- 
Waals forces of interaction between uncharged 
particles suspended in a liquid. The distance be- 
tween the particles will be assumed large com- 
pared with their dimensions. 

In principle this problem can be solved on the 
basis of the general theory of Van-der-Waals 
forces in dielectrics.! However, as shown earlier,” 
the expression for the interaction forces of arbi- 
trary bodies in a medium can be derived by sim- 
ple transformation from the corresponding expres- 
sion for the interaction forces in vacuum. Indeed, 
the expression for the additional pressure in a 
medium of dielectric constant ¢€ can be obtained 
from the expression for the pressure in vacuum 
by multiplying the integrand in the integral with 
respect to frequency* (this integral determines 
the pressure) by 3/2 by replacing the dielectric 
constant of the interacting bodies «, by €,/e, 
and by increasing all the linear dimensions by a 
factor of Ve. In accordance with this, the energy 
U_ of the interaction of the particles in the medium 
can be obtained from the energy of interaction in 
vacuum Up, by replacing the dielectric constant 
of the particles €, by «,/e, their volume V by 
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ef? V, and the distance R between them by Ve R. 

On the other hand, the energy of interaction of 
small particles in vacuum is given directly by the 
formulas of London or Casimir-Polder (at dis- 
tances, which are respectively smaller or larger 
than the characteristic wavelengths A, in the 
spectrum), because only the smallness of the 
dimensions of the interacting systems is used in 
the derivation of these equations. We shall find it 
convenient to rewrite these equations in the follow- 
ing form:? 

co 


Uy = (3h /aR°) | a? (it) a, for R<)h, 


Uy = (23 he / 42 R7) aw? (0), for R>, (1) 


where a(w) is the complex polarizability of the 
particles. Considering that the polarizability of 
spherical particles of volume V with dielectric 
constant «; is given by 


3 &,(o)—1 


AONE Sa ricyraer a @) 


and performing the transformation indicated in the 
beginning of the article, we obtain a final equation 
for the interaction energy in the liquid 


Loe} 
27 kV2 e) ((&)— e (i) ict 
(U=—seage\ [Stamey] & for R< ro, 
0 
ec ays oe he ef cent?) —2(9) a7 n 
U 64 73 Ri Sale (O) + 2e (0) ike for R> 0° 


(3) 


We note that for the second equation in (3) to be 
applicable it is enough that the dimensions of the 
particles be small only compared with the distance 
between them (and not compared with dj). 
Equations (3) can be also rewritten in a differ- 
ent form, taking into account the fact that the 
change in the dielectric constant of a liquid, due 
to the presence of N particles per unit volume, 
is equal to 


Se = 3NV (ce, —e) €/ (1 + 26). (4) 


(where NV «<1; see, for example, reference 3, 
problems of Sec. 9). 
Using (4), we rewrite (3) in the form 


BR fae (iz)? _ dé 
U = TERS \ ( aN ) eq for R< do 
0 
= 23 Tic de (0) \2 f n 3 
64n8 R72 aa an]? or R>hy (9) 


[~(w) is the dielectric constant of the mixture 
and N is the number of particles per unit vol- 
ume ]. 

We note that in this form Eqs. (5) describe not 
only the interaction of macroscopic particles sus- 


pended in a liquid, but also the interaction of par- 
ticles with dimensions on the order of interatomic 
distances, as well as the interaction between mole- 
cules of a dissolved substance in a solution. Here, 
however, the value of the quantity 9¢(w)/aN — 
the derivative of the dielectric constant of the so- 
lution with respect to the concentration — can 
naturally no longer be calculated from Eq. (4), 

but must be obtained directly from experiment. 


*We use the equations for the absolute temperature zero, 
and the influence of the temperature on the interaction forces 
under ordinary conditions is very small. 


'T, E. Dzyaloshinskii and L. P. Pitaevskii, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1797 (1959), 
Soviet Phys. JETP 9, 1282 (1959). 

2 Dzyaloshinskil, Lifshitz, and Pitaevskili, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 229 (1959), 
Soviet Phys. JETP 10, 161 (1960). 

31. D. Landau and E. M. Lifshitz, 
JACKTPOAMHAMUKAa CNAOWHbIX cpeq, (Electrodynamics 
of Continuous Media), Gostekhizdat, 1957. 


Translated by J. G. Adashko 
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abe key to the understanding of superconductivity 
lies in the Cooper phenomenon, i.e., in the fact 
that two electrons with opposite momenta and spins 
near the Fermi surface can form bound states. 
These states obviously represent bosons, which 
form a condensate at low temperatures. 

In constructing a theory of superconductivity 
it is then natural to take the Bose condensation 
of these bosons explicitly into account. In analogy 
to the theory of superfluidity of Bogolyubov we 
therefore introduce the boson creation and anni- 
hilation operators c*(q) and c(q). 

The Hamiltonian which takes account of the 
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creation and the decay of the bosons is written 
in the form 


H = She (k) (a* (k) a (k) + 6*(—k) 6(—R)) 


+ (9) 6" (q —k) a" (k)), (1). 


where a*(k) and a(k) (b*(k) and b(k)) are 
the Fermion operators for electrons with “right” 
(“left”) spin; ¢ (k) =k?/2m; w(q) is the energy 
of the bosons; it is important that w(0) #0, i.e., 
that the bosons have a non-vanishing rest energy. 
We shall further assume that the overwhelming 
majority of the bosons lies in the condensate. We 
therefore neglect all terms with q ~ 0 in the 
Hamiltonian (1). This leads to the approximate 
Hamiltonian 
H' = dye (hk) (a* (k) a (k) + bt (—k) b(—R)) + 0 (0) c* (0) (0) 


k 


+ f (0) D) (ct (0) a (&) 6 (—k) + 6 (0) b* (— Aj at (bk). (2) 
k 


As in the theory of superfluidity, we disregard 
the non-commutativity of the operators c*(0) 
and c(0), i.e., we regard these operators as 
numbers. Without loss of generality we may 
regard 


c* (0) = (0) = A/F (0) (3) 


as a real number. In this approximation we obtain 
the model Hamiltonian 


Hr= dye (k) [at (&)a(k) + 6* (—k) 6(—A)] 


k 


+ A DS) la(k) b(—k) + 0" (— ky at (I 
k 


+ (0) A?/j2 (0). (4) 


It can be easily verified that the Hamiltonian H 
commutes with the operator of the total number 
of electrons: 


N = Di[a* (k) a(k) + 6*(—k) 6(—&)] 4 


2 2c* (q)e(q). (5) 
q 


Denoting the chemical potential by uu, we see 
that the operator Hp — uN can at once be diag- 
onalized by the canonical transformation of 
Bogolyubov: 


a(k) = € COS Ge + ye sin ge, 
b(—k) = — Eg sin oe + me COS Gx, (6) 


where 
tan 20, = A/[e(k) — yp]. 
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In terms of the new coordinates é;, Nk we have 


Hr—pN = Di{le(#) — vl 
k 


Ed Ee — nnn) 
+ (w (0) — 2) 4°7 f? (Q). (7) 


—V fe (k) — pl? + Az(1 


We average the operator (7) over the state with 
an energy E corresponding to the given tempera- 
ture? Ah: 


(Hae —pNde = >) {le (2) — vl 
k 


a Vie (k) — p]? + AVL — 2n (k))} 
+ [w (0) — 2p] A?/f? (0), (8) 


where 


n(k) = fee = <n ike 
= [exp {[V le (A) — ul? + 02/7} + 177. 


To find A we minimize <Hp-yuN>g with 
constant n(k). We have 


ax Hp — UN) 
a A V fe) — ee a 
~~ 2S area tanh ar 
_ 2 [o (0) — 2p] 
f? (0) 
which leads to the following equation for the deter- 
mination of A: 
‘eal f2 (0) > tanh (V fe (4) — pl? + A? / 27} 
2 [0 (0) 2h) V fe (4) — yl? + A? 
Comparing (10) with the corresponding formula 
of the usual theory, we see that our model leads 
to superconductivity if w(0) —2u>0. At first 
sight it seems reasonable to set w(0) — 2u 
= —24<0, since w(0) — 2u is just the binding 
energy of the pair. It should be noted, however, 
that the Hamiltonian (1) does not take account of 
the direct interaction of the unpaired electrons 
with one another. The amplitudes ¢c*(0) and 
c (0) and the energy w(0) are therefore the 
renormalized amplitudes and energy of the pair. 
As our calculations show, we can neglect the four- 
fermion terms in the Hamiltonian and at the same 
time renormalize the pair energy such that the 
inequality w)—2u >0 is satisfied. 
We see that the quantity f7(0)/[w(0)-—2y] 
=g>0 is the same as the interaction constant 
in the Bardeen-Cooper-Schrieffer theory. 
Translated by R. Lipperheide 
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(August, 1959) 


In many processes, rapid heating of a substance 
to a high temperature, on the order of several tens 
of thousands of degrees, produces a gas cloud 
which then scatters in vacuum.* 

During the stage of sufficiently large expansion, 
the scattering of the gas occurs with an almost 
constant average velocity, u, corresponding to 
the total conversion of the initial internal energy 
€,) into kinetic energy, (u = V2€, if the process is 
adiabatic). The dimensions of the cloud are in 
this case on the order of r = ut and the mean 
density (the number of atoms per cubic centi- 
meter) is 


N= Mg (fo/r)? = No(to/t), to=ro/u, (1) 


where ng and rg are the initial density and di- 
mension of the heated body. The gas cools adia- 
batically 


T = (AeS/R)¥—-1 pv ~ t-3801-D), (2) 


Here y is the adiabatic exponent, S the specific 
entropy, and A is a constant determined from the 
known equations of statistical mechanics. 

At high temperature the gas is strongly ionized. 
In thermodynamic equilibrium, the degree of ioni- 
zation would rapidly tend to zero upon cooling. 
Actually, however, if the expansion obeys Eq. (1), 
the number of particle collisions, even after an in- 
finite time interval, is limited and the recombina- 
tion is never completed at t—->» (T—0): aso- 
called “quenching” occurs (unlike the plane case, 
when n~ 1/t, see reference 2). 

To estimate the residual ionization, let us con- 
sider the kinetic equations (for simplicity we re- 
strict ourselves to the case of a monatomic gas 
made up of atoms of a single element, incapable 
of producing negative ions). If x is the actual 
degree of ionization, xeq the equilibrium degree 
of ionization, and a(x, n, T) is the coefficient 
of recombination, then the kinetic equation can 
be written in the following form, which will be 
found convenient later on: 


dx /dt = an[xeqg— *"], (3) 


where the quantity anxdg represents the rate of 
ionization, transformed with the aid of the princi- 
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ple of detailed balance, and. anx® is the recom- 
bination rate. Using Saha’s equation for Xeq << 1 
we get 


Xen =2 (0) / oy) (2rmeen | py lg te TAT 
STO SNR le (4) 


Let the ionization at first, at high temperatures, 
be almost in equilibrium and let it “follow” the 
cooling: x © Xeq(t), x’-—xq © xq. Quenching 
begins when the difference between the recombi- 
nation and ionization rates increases to a value 
on the order of the rates themselves. This instant 
t; and the corresponding quantities T,, n,, and 
X; © Xeq, can be estimated by inserting into (3) 
dx/dt = dxeq/dt and putting x’ — Xéq py Bq: We 
obtain an approximate equation which is solved 
together with (1) and (2): 


OM Xeq ity = 3/o(¥ — 1) 1/kRT. (5) 


The recombination consists of photorecombination 
and recombination in triple collisions with partici- 
pation of electrons.{ Expressing the coefficient of 
the latter with the aid of the principle of detailed 
balance we obtain 


& = UeSpy + X(NVese/ BT") 1/ kT, (6) 


where Ve is the velocity of the electrons, Oph 
=const/T is the cross section for photorecombi- 
nation, and de is the average cross section for 
ionization by electrons of energies greater than I. 

Starting with the instant t,, it is possible to 
neglect in Eq. (3) the rate of ionization, i.e., the 
term proportional to Xéq: If we put approximately 
y= 7, (T ~ n?/3 wv taane which does not lead to a 
large error, the integration reduces to elementary 
quadrature. 

The expressions are particularly simple if one 
of the recombination mechanisms predominates. 
Thus, if the quenching begins early, at relatively 
large densities and at high ionization (the initial 
dimension ry and the time scale t) are small), 
the recombination proceeds principally via triple 
collisions and the residual ionization is Xo 
~ x, (kT, /21)'/2. In the case of large time scales, 
to the contrary, the quasi-equilibrium stage is 
drawn out, and the principal role is played in the 
quenching region by photorecombination: Xo 
 X, (KT/1). 

By way of an example we list the calculated 
residual ionization of iron vapor, from initially 
heated solid iron of normal density, at Ty = 
116,000°.t An estimate of the energy and entropy, 
with allowance for the electronic specific heat, 
yields «)=72 ev/atom, S=61 cal/mole-degree, 
u = 15.5 km/sec. If the initial radius is ry =10m 
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(large iron meteorite), then x, = 4.2 x 10-3, 

T, = 4550°, n, = 1.4 x 10!" cm”, ANG) exXep oe 

x 1074. If rg =10cm, which is closer to the labo- 
ratory scale, then x; = 0.58, T, = 9300°, n, = 6.6 
2 10'Poem=*, r= 50 em, jahd= x... 0.15. 

The smaller the mass of the evaporated sub- 
stance and the greater the initial heating, the 
greater the residual ionization. 

I express deep gratitude to Ya. B. Zel’dovich 
for interest in the work and for valuable comments. 


*For example, when high-energy meteorites strike the sur- 
face of a planet that has no atmosphere, during explosions of 
wire by electric currents in evacuated apparatus, during evap- 
oration of anode points in pulsed X-ray tubes,’ etc. 

tTriple collisions in which heavy particles participate are 
important only if x < 10~* and do not play any role under our 
conditions. 

tIn view of the absence of experimental data we assume 
the following likely values for the cross sections: 


6,=3:10 cm’, ep Res 2:10°2AT cm?(T is in ev). 


1Vv. A. Tsukerman and M. A. Manakova, J. Tech. 
Phys. (U.S.S.R.) 27, 391 (1957), Soviet Phys.—Tech. 
Phys..2,.353. (1957). 

2Ya. B. Zel’dovich and Yu. P. Raizer, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 1402 (1958), Soviet 
Phys. JETP 8, 980 (1959). 


Translated by J. G. Adashko 
114 
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(August, 1959) 


The molecular beam magnetic resonance method 
(MBMR) has a number of advantages as compared 
with other methods of measuring nuclear magnetic 
moments in those cases in which the molecular 
beam consists of atoms in the Sj) state. The in- 
teraction of such atoms with an external magnetic 
field depends solely on the orientation of the nu- 
clear magnetic moment. The magnetic resonance 
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spectrum consists of one line and the shape of the 
line is not distorted by other interactions. More- 
over, the position of the, resonance is not subject 
to chemical shifts. Thus, the diamagnetic correc- 
tion, which has been calculated accurately only for 
atomic and molecular hydrogen,’ can be examined 
carefully. 

The MBMR method (using atoms in the Sy 
state) has been used to measure the magnetic 
moments of Ba!®5 and Ba!37,2 Ne2!,3 and Sr®".4 
The application of this technique to other nuclei 
has been limited by the possibility of producing 
and detecting the appropriate atomic beams. It 
has been found possible to carry out these meas- 


’ urements in atomic beams of all the alkali earth 


metals using apparatus developed for this pur- 
pose.’ This apparatus has been described by us 
earlier.* 

Atomic beams of strontium, barium, and mag- 
nesium have been obtained by heating these metals 
(natural isotopic composition) in an oven source. 
A calcium atomic beam with sufficient intensity 
for detection of the Ca*® isotope was obtained by 
heating a mixture of CaO with 6% of the Ca* iso- 
tope and mischmetal. The atomic beam was de- 
tected by a mass-spectrometer detector, using 
surface ionization of the atoms on tungsten, 
cleansed by oxygen under the optium conditions 
for each element.° The detectable intensities of 
narrow beams (I), the corresponding source 
temperatures (t), and the surface ionization co- 
efficients (8) for the optimum detection condi- 
tions are given in Table I. 


TABLE I. 
Isotope | f, °C counts / B 
sec 
Mg? 600 200 |2-10-4 
Case 1070 300 0.02 
ate 730 104 0.2 
135 
Baer | CO een un [eOKe 


The measurements, carried out by the tech- 
niques which have been described,°® were made at 
fixed field. The field was measured by the mag- 
netic resonance of protons in water and the mag- 
netic resonance of the Sr®’ in the atomic beam; 
in the latter case the source was loaded with the 
necessary amount of metallic strontium in addi- 
tion to the material being investigated. The val- 
ues of the magnetic moment pu (with the diamag- 
netic correction) thus obtained are given in nu- 
clear magnetons in Table II. In these calculations 
the magnetic moment of the proton has been taken 
as 2.79275° while the magnetic moment of Sr8? 
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TABLE II 
Nucleus p 
Mg2s —0.8554.0.002 
‘Cass 4.3174.0.003 
Sree —0.0924+0.0009 
Bal -+1.837040.0008 
Bares +0. 936440 .0009 


has been taken from the value obtained in the 
present work. The spins of the nuclei investi- 
gated in the present work have been taken from 
reference 7. The ratio of the resonance frequen- 
cies in Bais? and Ba!® is found to be 1.1187 

= 0.0003. The sign of the magnetic moments is 
determined from the Millman effect.’ The sign 
of the magnetic moment of Ca‘? was not deter- 
mined. The chief source of error in these meas- 
urements is the instability in the detected inten- 
sity of the atomic beams and the spread of values 
of the magnetic field which arises in the remagnet- 
ization of the magnet which produces the homo- 
geneous field. 

The value of the Sr®” magnetic moment, which 
we have obtained earlier, has been refined in the 
present work by virtue of the more exact calibra- 
tion of the uniform magnetic field. In order to ex- 
clude systematic errors use was made of two elec- 
tromagnets, each of which was calibrated independ- 
ently. The results obtained with each magnet are 
the same. 

All values of the magnetic moments obtained 
by the MBMR method in the present work agree 
with the values obtained by nuclear induction 
(within the limits of the quoted errors ).?~'” 

In conclusion the authors with to thank T. S. 
Bokuchav, K. G. Mirzoev, and I. N. Leont’eva 
for help in carrying out the measurements and 
M. I. Guseva, V. M. Gusev, and D. V. Chkuaseli 
for preparing the enriched Cae samples. 
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In considering nuclear reactions it is often neces- 
sary to evaluate the cross section for the forma- 
tion of a compound nucleus. In the nonresonance 
region at comparatively large energies, this cross 
section is satisfactorily determined by the well 
known formula! 


co 
nw 4s,KR 
BEES \:(5) Sp ee 7 
ie 2 oe Ai + (KR + 8;)? my 


where k and K are the wave numbers of the par- 
ticles inside and outside the nucleus; R is the 
radius of the nucleus; 


s = kR/(Gi+ F), 
A, = kR(G,G; + FiF 1) /(Gi+ Fi) with r=R, 


where F 7(r) denotes the regular solution of the 
radial equation, while Gj,(r) is the irregular 
solution at zero. 

The use of Eq. (1) is inconvenient for charged 
particles at large values of the Coulomb param- 
eter 1 = Z1Z,.e7/tiv > 1. In the present commu- 
nication we obtain for dg a closed expression, 
valid under the condition that the particle energy 
is lower than or very little higher than the Cou- 
lomb barrier. 

In this case the following expressions? hold for 
the radial Coulomb functions 
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Fy (r) = (24) 0[(2y)—* (n+ V7? + (E+ 0)? — er), 
G, (r) = (24) u (27) (q+ Va? + (U4 2)? — kr), (2) 


where v and u are Airy® functions. These func- 
tions are related to Bessel functions of order 1 
in the following manner: 


Bl-Vei la Gen(eey. 0 
i eo Co a) 


Since the Airy functions vary substantially when 
the magnitude of their argument changes by an 
amount on the order of unity, the root in the argu- 
ments of the functions (2) can be expanded in pow- 
ers of (1+4)*n~’, retaining only the linear term. 
Furthermore, it is permissible to change in (1) 
from summation with respect to 7 to integration 
with respect to the variable t: 


t= (1+ 4/9) (Qn) + 2, 29 = (2%) (24 — Fr), 
Deir) soa (21)"\ dis 
1=0 


For the evaluation of the integral thus obtained, 
we note that the quantities u’(t)/u(t), v’(t)/v (t), 
and u(t)v(t) vary very slowly with t in com- 
parison with wart) [indeed, waett) determines 
a substantial range of t] and they can be regarded 
as constants, with t =z). Now, changing to a new 
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W: consider a uniform degenerate Fermi gas 
whose particles interact according to a short- 
range law [two-body potential V(rj.), range 

of the forces a]. The mean distance between 

the particles is assumed small compared to a. 
There are no restrictions imposed upon the mag- 
nitude of the interaction, and we assume only that 
the Fourier transform of the potential v(q) ex- 
ists. The properties of such a simple model are 
of interest for the problem of nuclear matter 
where ~~ 3 0r4 (see below) and also for some 
astrophysical problems. 


LETTERS TO 


THE EDI? OR 


variable of integration, x =v(t)/u(t), and noting 
that 


v' (t)u(t)—v(t)u’ (t) = 1, Udi ax, 


= (x) | me l(ttrees ce) | 
where 


a = k/ (24) Ku (2) v (2), = ul’ (2) R/U (2) (24)'* K;3. 
Y = U' (2) / 0 (2) (24)*K. 


Expanding the integrand in powers of k/(2n 13K 
and retaining only the first two terms, we have 
finally 


_ 8rn/k f ~4 0 (20) af k v (Zo) 
oe =e (ae) {tan TGs (QnyeK 4 (eo) ed 5 eal 
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We evaluate in the following the energy € per 
single fermion, which depends on the dimension- 
less “compression parameter”* £ = apy) > 1 and 
“coupling constant” a=v(0)/a. Here py 
= (3712p 1/3 is the Fermi momentum, and p the 
number density of the particles. 

It is well known that the kinetic energy of the 
nonrelativistic gas is equal to €) = 3p? /10. In the 
Hartree-Fock approximation the interaction energy 
corresponds to the first order of perturbation the- 
ory in a. Its non-exchange part is equal to 


81 = (9/2)\ Var ~ ofp. (1) 
The magnitude of the exchange term 
2 = — (85) | dp.dp.y (Pi —P2)s Pie < Por 
depends on the behavior of V at small r. If V (0) 
is finite, 
& = —V(0)/2~app/P<a. (2) 


To estimate the correlation energy (i.e., the 
higher terms of perturbation theory) we consider 
that the transition from the n-th to the n+1-st 
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order in q@ occurs either through the addition of 
another interaction vertex between those particles 
which are already present in the n-th term, or 
through the increase by unity of the number of 
particles which are correlated. In the first case 
there occurs in the expression for the energy a 
superfluous integration over the momentum trans- 
fer q~a', and in the second case over the mo- 
mentum of the new particle p ~ pp. 

If apy > 1, the ratio of the corresponding in- 
tegrals is small and the main part is played by 
that chain where in each (n-th) order of pertur- 
bation theory the maximum number (equal to n) 
of particles is connected. The energy of such 
many-particle correlations was found by Gell- 
Mann and Brueckner! and can for — > 1 be put 
in the formt 


se) Po 
es = (°/3 to) \ do\ dqq? (A + In(1 — A)), 
ea 


A (q, 0) = 8rpov (g)(1 —v tan“! (u-4)) Sat. (3) 


If a is so small that aé K< 1, 
Po 
©, = — 8n2(1 — In2) \ dqq*v? (q). (4) 
0 
For the most important kinds of interaction v?(q) 
x Cai* when aq > 1 [for a rectangular well, 
for instance, C =V (0)*a?/8r“]. The integral in (4) 
is thus equal to C ln é. 
A much more important caseis @é > 1 (but 
a/& <1). We introduce a momentum qj 
~ (at)¥2/a by the condition A (qo, 1) ~ 1. The 
main, logarithmic contribution to the integral over 
q in (8) gives a term of second order in A in the 
range from qy to py (the range from 0 to qo 
gives a non-logarithmic contribution since A ~ 1). 
We therefore return to (4) but with the limits of 
integration from qy to po. 


eg = —4(1 —In2) nC In(E/a)~a?(po/é)* Ing. (9) 


We now proceed to discuss the results. 

a) Even for a strongly imperfect compressed 
gas the correlation energy is small and the 
Hartree-Fock approximation is permissible.{ 

b) The equation of state of a compressed gas 
is of the form 


P = p2de/ dp = (0?/2) \Var 4+ 1 (3n%/Mp'h+... 6) 


and is determined not by the kinetic energy but by 
the interaction. Making the gas relativistic makes 
this conclusion stronger. The more the gas is 

compressed, the further it will thus be from being 


perfect. This property is quite clearly pronounced: 


even when ¢ ~ 1, the first term in (6) will be an 


order of magnitude larger than the second one 
(for a~ 1). Ina neutral electron-nuclear gas 
(Coulomb interaction) the first term in (6) falls 
out and the opposite situation occurs. 

c) If fVdr <0, i.e., if attractive forces pre- 
dominate, P< 0 and the gas tends to an unbounded 
compression. It is thus necessary to require that 
[Vdr > 0. This condition makes the well known 
considerations about the change in sign of the po- 
tential, which refers to the problem of the satura- 
tion of the nuclear forces, more precise. 

To extend the results obtained to real systems 
one must bear in mind the inevitability of the oc- 
currence in a strongly compressed gas of many- 
particle forces which depend moreover on the 
state of the interacting particles (momenta, spins, 
and so on). 

One may, on the other hand, think that these 
results have a not too limited range of applicabil- 
ity. The smallness of the correlation energy is 
thus apparently a general property of compressed 
Fermi systems: because of the Pauli principle 
there is only a narrow range of momenta of the 
intermediate states over which one must integrate 
and it decreases with increasing compression. 
Moreover, conclusions based upon Eq. (6) are 
valid also for not too strong compressions, as 
was noted. In that region, however, the experi- 
mental data on the interaction of nucleons can be 
described by a two-particle potential with a not 
very sharp dependence on the state.** 

The model under consideration does not enable 
us to describe a “hard core” corresponding to 
nuclear interactions. This problem will be con- 
sidered separately. 


*We use units where h=M= 1. 

tIn that paper a compressed electron gas was considered. 
The condition €> 1 (large range of the forces) brings that 
case nearer to the one investigated in the present paper. We 
note that in quantum field theory language the approximation 
under consideration corresponds to the lowest approximation 
in & for the polarization operator. 

+The opposite situation occurs in a well known sense for 
a rarefied gas: although the interaction is small in that case 
compared with the kinetic energy, all terms in an expansion in 
a (for @ > 1) are equally important. 

**It is easy to take this dependence into account in the 
formulas given above. For a system of particles of two kinds 
which are coupled by Serber forces, it is then necessary to 
use a coefficient 3/8 in (1) and (5) and ~3/2 in (2). 


1M. Gell-Mann and K. A. Brueckner, Phys. 
Rev. 106, 364 (1957). 
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if the present note we consider the possibility 
of using the electronic transitions between the 
conduction band (valence band) and the donor 
(acceptor ) impurity levels of a semiconductor 
to obtain electromagnetic radiation assisted by 
the phenomenon of stimulated emission in a 
fashion similar to that which takes place in the 
molecular generator.! 

To make semiconductor generators and ampli- 
fiers, one needs to obtain such a distribution of 
electrons (holes) in the conduction (valence) 
band as would exist if the effective temperature 
of the conduction electrons (holes) relative to 
the ionized donors (acceptors) were negative. 
Such a semiconductor has negative losses at the 
frequency corresponding to transitions of elec- 
trons (holes) from the conduction (valence ) 
band to the impurity level. Therefore, on irradi- 
ating a semiconductor in the condition described 
above with an electromagnetic wave, it is possible 
to obtain amplification of this wave due to the 
quanta of stimulated emission. Further, on 
fulfilling certain conditions (the conditions of 
self-excitation), such a device can function as 
a generator. 

To obtain negative temperatures it is proposed 
to use the impurity ionization mechanism which 
operates in a semiconductor specimen at a low 
temperature when an electric field pulse is 
applied. 

The peak voltage of the pulse is chosen so that 
impact ionization of the impurity atoms or direct 
field-extraction results. Thus, the number of 
electrons (holes) in the conduction (valence) 
band increases sharply, so that practically all 
the impurity atoms are ionized. Provided the 
decay of the voltage pulse is sufficiently rapid, 
all the electrons (holes) fall to the lowest en- 
ergy levels of the corresponding band. The elec- 
tron (hole) density and the crystal temperature 
should be chosen so that in the conduction 
(valence) band a state is thus created which is 


almost degenerate and which is equivalent to a 
negative temperature relative to the donor 
(acceptor ) levels. 

The state of negative temperature will be pre- 
served for the relaxation time of the electrons 
(holes) with the vacant impurity levels. For im- 
purity contents sufficiently small compared with 
the number of atoms in the crystalline lattice, the 
lifetime 7, of conduction electrons (holes) will 
be much larger than the time 7, between colli- 
sions of the electrons (holes) with the lattice. 
The time tT, can be controlled by the impurity 
concentration. During the interval T, the system 
may be used as a generator or amplifier of elec- 
tromagnetic oscillations. The oscillation fre- 
quency is determined by the position of the im- 
purity energy levels relative to the bands. The 
original spectral line breadth is determined by 
the energy spread of the occupied levels in the 
main bands. 

For the system to work as a generator it is 
necessary to satisfy the conditions of self-excita- 
tion, which involve the choice of the transmission 
and reflection coefficients of the waves at the spe- 
cimen boundary.”’? Reducing the surface reflec- 
tion coefficients or the dimensions of the specimen 
can change the system from a generator into an 
amplifier. 

Every pulse of the external voltage will be ac- 
companied by the formation of a state of negative 
temperature; thus such a system will function in 
a pulsed manner. 

The operating principle in quantum -mechanical 
semiconductor generators and amplifiers using 
electronic transitions between two different bands 
will not differ from that discussed above, since in 
this case also two characteristic times, T, and ° 
To, exist. 


*The present work was registered with the Committee on 
Discoveries and Inventions of the Council of Ministers of the 
U.S.S.R., with priority date July 7, 1958. 
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